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ABSTRACT

ARTICLE INFO

Let G be a graph. Let f: V(G) — {0,1,2,...,k— 1}
be a function where k € N and k£ > 1. For each edge uwv,

assign the label f (uv) = [ww f is called a k-total

mean cordial labeling of G if |t,,5 (i) — t,s ()| < 1, for
all i,j € {0,1,2,...,k — 1}, where ¢,,7 (z) denotes the
total number of vertices and edges labelled with z, x €
{0,1,2,...,k—1}. A graph with admit a k-total mean
cordial labeling is called k-total mean cordial graph. In
this paper we examine the 4-Total mean cordial labeling
of some trees.
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1 Introduction

In this paper, we consider simple, finite and undirected graphs only. Graph labeling is ap-
plied in several area of sciences like coding theory, x-ray crystallography, radar, astronomy;,
circuit design, communication network addressing, data base management, secret sharing
schmes, cryptology, models for constraint programming over finite domains, etc [2]. Cor-
dial labeling was introduced by Cahit [1]. Motivated by this labeling method the notion of
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k-total mean cordial labeling has been introduced in [5]. Alsoin [5, 6,7, 8,9, 10, 11, 12, 13]
the 4-total mean cordial labeling behaviour of several graphs like cycle, complete graph,
star, bistar, comb and crown have been investigated. In this paper we examine the 4-
total mean cordial labeling of some trees. Let x be any real number. Then [z] stands for

the smallest integer greater than or equal to . Terms are not defined here follow from
Harary[3] and Gallian[2].

2 k-total mean cordial graph

Definition 2.1. Let G be a graph. Let f : V(G) — {0,1,2,...,k — 1} be a function

where £ € N and £ > 1. For each edge wv, assign the label f (uv) = {w—‘ f

is called a k-total mean cordial labeling of G if |t,.f (i) — tmr (j)| < 1, for all 4,5 €
{0,1,2,...,k — 1}, where t,,,7 () denotes the total number of vertices and edges labelled
with z, z € {0,1,2,...,k —1}. A graph with admit a k-total mean cordial labeling is
called k-total mean cordial graph.

3 Preliminaries

Definition 3.1. [4] The Lilly graph I,, n > 2 is constructed by two copy of the stars
2K, n > 2 joining the two copy of the path graphs 2P,, n > 2 with sharing a common
vertex. Let V (I,) = {zs,y;: 1 <i<n} U{u;:1<i<n} U {v,:1<i<n-—1} and
E (L) ={upzi,uny; 1 <i<n} U{wuq:1<i<n-—1} U

{viviy1 : 1 <i<n—2} UA{u,vi}. Clearly |V (1,)| + |E (I,)] = 8n — 3.

Definition 3.2. [3] Let G, G5 respectively be (p1,¢1), (p2,¢2) graphs. The corona of
Gy with Gy is the graph G; ® G5 obtained by taking one copy of GGy , p; copies of G,
and joining the i vertex of Gy by an edge to every vertex in the i*" copy of Gy where
1 <0 <pr.

Definition 3.3. [4] The banana tree B (m,n) is a graph obtained by connecting one leaf
of each of m-copies of the star K, with a single root vertex that is distinct from all the
stars.

Definition 3.4. [4] The coconut tree C'T' (m,n) is a graph obtained from the path P, by
appending m new pendent edges at an end vertex of P,.
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Definition 3.5. [3] The graph G n > 2 is constructed by path and stars. Let the ver-
tex and edge set of G™ denote by V/ (G(")) = {u;, v, wi,w; ;0 1<i<n1<j<n-1}
and F (G(")):{uivi,viwi,wiwi,j 1<i<n1<j<n—1}U{uuy:1<i<n—1}re-
spectively.

4 Main results

Theorem 4.1. The Lilly graph I, is a 4-total mean cordial for all values of n > 2.

Proof Take the vertex set and the edge set of I,, as in Definition 3.1.
Clearly |V (I,)| + |E (1) = 8n — 3.

Assign the label 0 to the n vertices x1, xs, ..., x,. Now we assign the label 1 to the n —1
vertices y1, Y2, - .-, Yn_1. Now we assign the label 2 to the vertex u;. Next we assign the
label 3 to the n — 1 vertices us, us, ..., u,. Finally we assign the label 3 to the n vertices

U1, Va, ...y Up. Obviously £,r (0) = t,p (1) = tins (3) = 2n — 1; tr (2) = 2n.
O

Theorem 4.2. The graph (P, ® K;) ® K, is 4-total mean cordial for all values of n > 2.

Proof Let us now denote by V ((P, ® K1) © K1) = {u;,v;,v;;: 1 <i<n,1<i<n}
and E ((P, ® K1) © Ky ,)={wv;, 00,5 : 1 <1 <n,1 <j<n}U{wus :1<i<n-—1}
the vertex and the edge sets of (P, ® K1) ® K, respectively. Note that

V((P,OK)® K )|+ |E(P,®K)®K,,)| =2n*+4n — 1.

Case 1. n =0 (mod 4).

Let n = 4r, r € N. Assign the label 0 to the r vertices uq, us, ..., u,. Now we assign the
label 1 to the r vertices w41, U,yo, ..., ug.. Next we assign the label 2 to the r vertices
Upi1, Ugpio, - - -, Uz We now assign the label 3 to the r vertices ug,y1, Usrio, - .., Uy
Assign the label 0 to the r vertices vy, vq, ..., v,.. Next we assign the label 1 to the r
vertices v,y1, Upio, ..., Ug.. Now we assign the label 2 to the r vertices vo.11, Vorio, ...,
vs-. Then we assign the label 3 to the r vertices v3, 11, V3ri9, ..., V4.

Assign the label 0 to the r copies of 47 vertices vy 1, V12, ..., V14r,U21, V2.2, - -+, V24r, - - -,
Up1, Ur2, - .., Upap. We now assign the label 1 to the r copies of 4r vertices v,y1,1, Vri1.2,
coey Upg1 4r,Ur42.15 Urg2.25 ooy Upg2.4ry -+ oy U2p 1, U2r2, -y U2p4p- Now we assign the label 2
to the r copies of 4r vertices Vo411, V2r412, - -+ V2ra14r,V2r42,15 V242,25 - - 5 V2r 2,475 - - -
Usr1, Usr2, ..., Usr4r. Finally we assign the label 3 to the r copies of 47 vertices vz, 41 1,
Usr41,2y - - -5 U3r+1,4r,U3r42,15 U3r42,25 -+ -5 Usp424ry -+ -y Vdr 1, Var2, - - -5 Udrdr-

Case 2. n=1 (mod 4).

Let n = 4r+ 1, r € N. Label the vertices u;, v;, v;; (1 <1 <4r), (1 <j <4r) as in Case
1. We now assign the labels 2, 0 to the vertices w411, v4,11. Next we assign the label
0 to the 7 + 1 vertices Vgp41.1, Var+1.2, - - -, Var+10+1. NOW we assign the label 1 to the r
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vertices Ugy41,42, Vart1r43, - - - Vart+1,2r+1. Finally we assign the label 3 to the 2r vertices

Var+1,2r425 Vdr4+1,2r435 - - -5 UVdr41,4r41-

Case 3. n =2 (mod 4).

Let n = 4r 4+ 2, r € N. As in Case 1, we now assign the label to the vertices u;, v;,
vi; (1<i<4r,1<j<4r). Now we assign the labels 3, 0, 0, 1 to the vertices w1,
Udr+2, Vars1, Vsrp2. Next we assign the label 3 to the 47 + 2 vertices vayry11, Vart12, - - -,
Vgr41,4r42. Finally we assign the label 0 to the 47 +2 vertices vay19.1, Vary2,2, - - -5 Varg2.4r42.
Case 4. n =3 (mod 4).

Let n = 4r + 3, r € N. Label the vertices u;, v;, v;; (1 <i <4r+2), (1 <j <4r+2) as
in Case 3. Next we assign the labels 1, 0 to the vertices wuy, 13, v413. Now we assign the
label 0 to the r + 1 vertices vay+31, Var432, - - -, Usrssr+1. We now assign the label 1 to the
T vertices V43,42, Var43,43, - - -, Usrts2r+1. Finally we assign the label 3 to the 2r + 2
Vertices Uyr43.2r42; Vdrt32r+3; « - - Vdr+34r+3-

Thus this vertex labeling f is a 4-total mean cordial labeling follows from the Table 1 and
Table 2.

Case 5. n = 2,3.

A 4-total mean cordial labeling of (P, ® K1) ® Ki9, (P3 ® K1) ® K 3 is given in Table 3

and Table 4.

" by (0) ey
n=4r r(2r+1)—1| 4r(2r+1)
n=4r+1| 8 (r+1)+2 | 8&(r+1)+1
n=4r+2 | 4r(2r+3)+3 | 4r(2r+3)+4
n=4r+3| 8 (r+2)+7 | 8 (r+2)+38

Table 1: vertex labeling f (1)

n tns(2) tns(3)

n =4r dr (2r +1) dr (2r +1)
n=4r+1| 8 (r+1)+1 | 8&(r+1)+1
n=4r+2 | 4r(2r+3)+4 | 4r(2r+3)+4
n=4r+3| 8 (r+2)+7 | 8r(r+2)+7

Table 2: vertex labeling f (2)
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ni|iu | U | Us | V1 | U2 | U3
21213 |—-10]1]~—
31313 (3[0]1]1

Table 3: (P, ® K1) ® K19

n |V | V2 | V1,3 | V21 | V22 | U23 | V31 | Us2 | V33
2 3 3 — 0 0 — — — —
3 0 0 0 1 1 1 2 3 3

Table 4: (P K1) © Ky 3

O

Example 4.3. A 4 - total mean cordial labeling of (P5 ® K;) ® K} 5 is given in figure 1.

9 L 3 2
0 1 3 0
0
0
§oo 141 30303 0§ 3

Figure 1: 4 - total mean cordial labeling of (Ps ® K1) ® K5

Theorem 4.4. G™ is 4-total mean cordial for all values of n > 2.

Proof Take the vertex set and the edge set of G as in Definition 3.5.
Note that [V (G| + [E (G| = 2n* + 4n — 1.

Case 1. n =0 (mod 4).

Let n = 4r, r € N. Assign the label 0 to the r vertices uq, us, ..., u,. Now we assign the
label 1 to the r vertices w41, U,yo, ..., ug.. Next we assign the label 2 to the r vertices
Uopi1, Ugpio, - - -, Uge. Then we assign the label 3 to the r vertices ug, 41, Usrio, - - -y Uge
Now we assign the label 0 to the r vertices vy, vs, ..., v,. Next we assign the label 1 to
the r vertices v,y1, Vpi9, ..., V2. We now assign the label 2 to the r vertices vy, 11, Vo410,
..., v3,.. Next we assign the label 3 to the r vertices vs,11, V319, - ., Ugp.

Next we assign the label 0 to the r vertices wq, ws, ..., w,. Now we assign the label 1
to the r vertices w11, Wyia, ..., we,.. We now assign the label 2 to the r vertices wo, 1,
Waria, - - ., Ws.. Next we assign the label 3 to the r vertices ws, 11, Wsri2, ..., Wap.
Assign the label 0 to the r copies of 47 — 1 vertices wy 1, w2, ..., W1 4r—1,W21, Wa2, - - -,
Wadr—1y -+ Wr1, Wpa, ..., Wrar—1. Next we assign the label 1 to the r copies of 4r — 1
vertices Wy41,1, Wrg1,2y -+ Wrl dr—1,Wr421, Wrg22y -+ oy Wrg2dp—1y -+ W21, W22, - .y
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Warar—1. Now we assign the label 2 to the r copies of 4r — 1 vertices wa, 411, Wort1.2, - -

*9

Wor41,4r—1,W2r 42,1, W2rg2,2, -+ -y Wopg2dr—1, -+ W3p1, W3p2, - .., W3 gr—1. Finally we assign
the label 3 to the r copies of 4r — 1 vertices ws, 41,1, W3r11,2, - - -, War41,4r—1,W3r42.1, W3r42.2,
cewy W3r42.4r—15 - - oy War 1, War2, -« -y Whrdr—1-

Case 2. n =1 (mod 4).

Let n = 4r +1, r € N. As in case 1, Label the vertices u;, v;, w;, w;; (1 <1i <4r),
(1<j<4r—1). Now we assign the labels 3, 1, 0 to the vertices wuyq11, Vari1, Wary1.-
Next we assign the label 0 to the r + 1 vertices wary1,1, Warg1,2, - - -y Wapg1p41. We NOW
assign the label 1 to the r — 1 vertices wyri1 42, Wars1r43, - - ., Wargp12-- NOW Wwe assign
the label 2 to the vertex wy,412,41. Finally we assign the label 3 to the 2r — 1 vertices

War+1,2r4+2, War41,2r435 -+ -y War41,4r-

Case 3. n =2 (mod 4).

Let n = 4r+2, r € N. Now we assign the label to the vertices u;, v;, w;, w; ; (1 <1 < 4r),
(1<j<4r—1), as in case 1. we now assign the labels 2, 3, 0, 0, 0, 1 to the vertices
Ugyri1, Udri2, Vi1, Vario, Wari1, Warao. Next we assign the label 3 to the 4r + 1 vertices
War41,15 War41,2; - - -, Wart14r41- Finally we assign the label 0 to the 4r +1 vertices war42 1,
Whr42,25 - - oy War42 4r+1-

Case 4. n =3 (mod 4).
Let n = 4r+3, r € N. Label the vertices u;, v;, w;, w;; (1 <i <4r+2), (1 <j<4r+1)
as in Case 3. Next we assign the labels 2, 1, 0 to the vertices w4, 13, Vary3, Warr3. Now we

assign the label 0 to the r + 1 vertices w131, Wary32, - .., Wary3,+1. Next we assign the
label 1 to the r vertices War43,4+2, Wart3,43, - - ., Wars32-+1. Finally we assign the label 3
to the 2r + 1 vertices Wyry 32,42, Wari32r43; - - -, Wiar434r42-

f is a 4-total mean cordial labeling follows from the Table 5 and Table 6.

order of n tms(0) tms(1)
n=4r dr(2r+1)—1| 4r(2r+1)
n=4r+1| 8 (r+1)+2 | 8&(r+1)+1
n=4r+2|4r(2r+3)+4 | 4r2r+3)+4
n=4r+3| 8 (r+2)+8 | 8r(r+2)+7

Table 5: ¢,,7(0,1)
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order of n tmf(2) tms(3)
n=4r ar (2r +1) 4r (2r +1)
n=4r+1| & (r+1)+1 | 8&(r+1)+1
n=4r+2|4r(2r+3)+3 | 4r(2r+3)+4
n=4r+3| 8 (r+2)+7 | 8r(r+2)+7

Table 6: t,,7(2,3)

Case 5. n =2,3.
4 - total mean cordial labeling of G®, G®) is given in Table 7 and Table 8.

m | Uy | U | U3 | V1 | V2 | V3 | W | Wy | W3
21010 -1 |1 |—=1]2]2]|-—
31213120010 1/]0

Table 7: 4 - total mean cordial labeling of G, G©®)

Wi | W12 | W21 | Wo2 | W31 | W32

) ) ) )

N3
w
w

31 3 3 0 0 3 3

Table 8: 4 - total mean cordial labeling of G, G(3)

Theorem 4.5. BT (n,n) is 4-total mean cordial for all values of n > 2.

Proof Let us now denote by V (BT (n,n)) = {u,u;,v;,v;5: 1 <i<n,1<j<n-—2}
and E (BT (n,n))={uu;, u;v;,v;v;; 1 1 <i<n,1<j<n— 2} respectively the vertex and
edge sets of BT (n,n). Clearly |V (BT (n,n))| + |E (BT (n,n))| = 2n? + 1.

Assign the label 3 to the vertex u. Now we assign the label 2 to the n vertices uq, uo, ...,
u,. Next we assign the label 0 to the n vertices vy, vs, ..., v,.

Case 1. n =0 (mod 4).

Let n = 4r, r € N. Assign the label 0 to the r copies of 4r — 2 vertices vy 1, V12, .-,
U1,4r—2,U2,1, V22, - -y V24p—2, -+, Up1, Up2, ..., Up4r—2. Now we assign the label 1 to the r
copies of 4r — 2 vertices Ur+1,1y Ur41,25 -« Upr414r—2,Ur4215 Upr422, -5 Up424r—2, - -+, U2p 1,
Vor2, ..., Uorar—2. Next we assign the label 3 to the 2r copies of 4r — 2 vertices vg,41 1,
V2r 41,25 -+ -+ V2r41,4r—2,V204215 V2r422;5 - -+ V2r424r-2, - - W31, W3r2, ..., W3rar—2 Usry1,1,
U3r41,25 - - +» U3r41,4r—2,U3r42,15 U3r42,2, « - -5 Ur424r—25 - - +5 Udr 1, V4r2, - - -5 Udrdr—2-
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Case 2. n=1 (mod 4).
Let n =4r+1, 7 € N. Asin case 1, Label the vertices v; ; (1 <7 <4r), (1 <j <4r—2).

Next we assign the label 0 to the r vertices vay11.1, Var41.2, - - -, Varg1,,. We now assign the
label 1 to the r vertices Vap41,4+1, Vart1r42, - - -, Vars12-. Finally we assign the label 3 to
the 2r — 1 vertices Var41 2r+1, Var+1,2r42, - - 5 Vdp1dr—1-

Case 3. n =2 (mod 4).

Let n = 4r +2, r > 0. Now we assign the label to the vertices v;; (1 <1i <4r),
(1 <j<4r—2),asin case 1. We now assign the label 0 to the r vertices vgr41.1, Vari1.2,
.., Varg1,. Next we assign the label 1 to the r vertices vay41 41, Vart1r4+2; -, Vtrg1,2r

Then we assign the label 3 to the 2r vertices Vay11.2r4+1, Var41.20+25 - - -5 Vdpt1,4r-

We now assign the label 0 to the r vertices vy, 421, Vart22, - - ., Vary2,. Next we assign the

label 1 to the r vertices vVari2,41, Var2,r42, - - -, Vary22-. Finally we assign the label 3 to

the 2r vertices Vay12241, Var42,2r42, - - -, Var42,4r-

Case 4. n =3 (mod 4).
Let n = 4r + 3, r > 0. Label the vertices v;; (1 <1i <4r), (1 <j <4r—2), as in case

1. Now we assign the label 0 to the r 4+ 1 vertices v4y41.1, Var12, -+, Var+1,41. Next we
assign the label 1 to the r vertices vayi1,42, Vars1,743, - - -5 Var41,20+1- Lhen we assign the
label 3 to the 2r vertices vary1,2r42, Varg1,2r43, - - - Vdri1 drgil-

Next we assign the label 0 to the r vertices v4y421, Vary2.2, - - ., Vsp42,. Now we assign the
label 1 to the r + 1 vertices vVay42,41, Var42,42, - - -, Usrs22r+1. We now assign the label 3
to the 2r vertices Var+2.2r42 UV4r4+2.2r+3; - - -y Udr424r+1-

Now we assign the label 0 to the r vertices vayy31, Varys2, - - ., Vary3,. Next we assign the
label 1 to the r vertices vVar43,4+1, Vart+3r42, - - -, Vars32-. Finally we assign the label 3 to
the 2r + 1 vertices var 43241, Var43204+2, - - -5 Vdrt34r+1-

Thus this vertex labeling f is a 4-total mean cordial labeling follows from the Table 9 and
Table 10.

size of n tmys(0) tms(1)
n = 4r 8r? 82
n=4r+1|4r2r+1)+1|4r2r+1)+1
n=4r+2| 8 (r+1)+2 | 8 (r+1)+2
n=4r+3 | 4r2r+3)+5 | 4r(2r+3)+5

Table 9: t,,7(0,1)
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size of n tmf(2) tms(3)
n = 4r 8r? 8r? 41
n=4r+1| 4r2r+1) |4r(2r+1)+1
n=4r+2| 8&(r+1)+2 | 8&(r+1)+3
n=4r+3|4r(2r+3)+4 | 4r(2r+3)+5

Table 10: ¢,,7(2,3)

Example 4.6. A 4 - total mean cordial labeling of BT(4,4) is given in figure 2.

Figure 2: 4 - total mean cordial labeling of BT'(4,4)

Theorem 4.7. The coconut tree CT (n,n) is 4-total mean cordial for all values of n > 2.

Proof Let P, be the path u; us ... u, and V (K (1,n)) =

{v,v; : 1 <i<n and v = u,} are the vertex set of CT' (n,n) and edge set E (CT (n,n))=FE (P,)U
E(Ki,).

Obviously |V (CT (n,n))| + |E (CT (n,n))| = 4n — 1.

Case 1. n =0 (mod 2).

Let n = 2r, r € N. Assign the label 0 to the r vertices uq, us, ..., u,. Now we assign the
label 1 to the r vertices u,41, Ur42, ..., u2,. Next move to the vertices of the star K ,.
We now assign the label 3 to the 2r vertices vy, vo, ..., Vo,

Case 2. n =1 (mod 2)r.

Let n =2r + 1, r € N. Assign the label 0 to the r + 1 vertices uy, ua, ..., u,r1. Next we
assign the label 1 to the r vertices u,12, U,y3, ..., uz41. Finally we assign the label 3 to
the 2r + 1 vertices vy, vg, ..., Vgry1.

f is a 4-total mean cordial labeling follows from the Table 11.
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n tmg(0) | timg(1) | tmp(2) | timg(3)
n=2r 2r —1 2r 2r 2r
n=2r+1|2r+1 2r 2r+1 1| 2r+1

Table 11: t,,7(0,1,2,3)

Example 4.8. A 4 - total mean cordial labeling of CT'(5,5) is given in figure 3.

Ty
(=)
[
—
.
»

W W o W %)

Figure 3: 4 - total mean cordial labeling of C'T(5,5)

References

[1] I. Cahit, "Cordial Graphs: A weaker version of Graceful and Harmonious graphs”,
Ars combin., 23, 201-207, 1987.

[2] J. A. Gallian, ” A Dynamic survey of graph labeling”, The Electronic Journal of Com-
binatorics, 25, 2022.

[3] F. Harary, ”Graph theory”, Addision wesley, New Delhi, 1969.

[4] R. Ponraj, A. Gayathri, S. Somasundaram, ”4-Remainder Cordial of Some Tree Re-
lated Graphs”, International J. Math .Combin, Vol. 2, 156-171, 2022.

[5] R.Ponraj, S. Subbulakshmi, S. Somasundaram, ”k-total mean cordial graphs”,
J.Math.Comput.Sci., 10, No.5, 1697-1711, 2020.

[6] R. Ponraj, S. Subbulakshmi, S. Somasundaram, ”4-total mean cordial graphs derived
from paths”, J. Appl and Pure Math. Vol 2, 319-329, 2020.

[7] R. Ponraj, S. Subbulakshmi, S. Somasundaram, ”4-total mean cordial labeling in
subdivision graphs”, Journal of Algorithms and Computation, 52, 1-11, 2020.



54 R. Ponraj/ JAC 56 issue 1, August 2024, PP. 44-54

[8] R. Ponraj, S. Subbulakshmi, S. Somasundaram, ”Some 4-total mean cordial graphs
derived from wheel”, J. Math. Comput. Sci. 11, 467-476, 2021.

9] R. Ponraj, S. Subbulakshmi, S. Somasundaram, ”4-total mean cordial graphs with star

and bistar”, Turkish Journal of Computer and Mathematics Education, 12, 951-956,
2021.

[10] R. Ponraj, S. Subbulakshmi, S. Somasundaram, ”On 4-total mean cordial graphs”,
J. Appl. Math and Informatics, Vol 39, 497-506, 2021.

[11] R. Ponraj, S. Subbulakshmi, S. Somasundaram, "4-total mean cordial labeling of
special graphs”, Journal of Algorithms and Computation, 53, 13-22, 2021.

[12] R. Ponraj, S. Subbulakshmi, S. Somasundaram, ”4-total mean cordial labeling of
union of some graphs with the complete bipartite graph K ,”, Journal of Algorithms
and Computation, 54, 35-46, 2022.

[13] R. Ponraj, S. Subbulakshmi, S. Somasundaram, "4-total mean cordial labeling of

some graphs derived from H-graph and star”, International J. Math. Combin, Vol 3,
99-106, 2022.



