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1 Introduction

Throughout here, all graphs are simple, undirected, and connected. Let V(G) be the
vertex-set of a graph G and u,v € V(G). The distance from a vertex w to v is minimum
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length of the paths from u to v. Two problems in a graph theory which is considering
the distance are metric and partition dimension. Independently, Harary and Melter
[14] and Slater [23] described the concept of metric dimension in a graph. Let W =
{wy,ws, ..., wr} be an ordered set of vertices of a graph G. For « € V(G), the represen-
tation r(x|W) of x with respect to W' is ordered k-tuple (d(x,w,),d(x,ws), ..., d(z,wy)).
A set W is a resolving set of a graph G if for every two distinct vertices z,y € V(G),
having distinct representation, i.e. r(x|W) # r(y|W). Clearly that the resolving set of a
graph G is not unique. The minimum cardinality of any resolving set of G is a basis for
G. A basis for G is called the metric dimension of a graph G, and denoted by dim(G).
Chartrand et al. [7] characterized graph having metric dimension one.

Theorem 1.1. [7] Suppose G is a connected graph on n vertices.
e The only graph having metric dimension 1 is a path P,.
e The only graph having metric dimension n — 1 is a complete graph K, . [

Imran et al. [15] show that the flower graph f,«3 has bounded metric dimension, while
for each n > 4, the metric dimension of f,,x3 is unbounded as m tends to infinity. Du-
denko and Oliynyk [8, 9] characterized all unicyclic graphs having metric dimension 2 with
vertices of degree 4. Next, Akhter and Farooq [1] gave the metric dimension of fullerene
graphs. Bailey et al. [4] consider the Johnson graphs J(n, k) and Kneser graphs K (n, k),
and obtain various constructions of resolving sets for these graphs. Girisha et al. [12]
described the metric dimension of sunflower graphs and flower snarks.

Chartrand et al. [6] initiated another problem of dimension of a connected graph, called
partition dimension. Let A = {S7,Ss,..., Sk} be an ordered k-partition of V(G) and S;
be the partition class of V(G) with respect to A for each i € [1, k]. A representation r(z|A)
for x € V(G) with respect to A is defined by r(z|A) = (d(x,S1),d(x,Ss),. .., d(z,Sk)),
where d(z, S;) = min{d(z, s)|s € S;} for each ¢ € [1,k]. A partition A satisfying for every
two vertices z,z € V(G), if r(z|A) = r(z|A), then x = z, is called a resolving partition.
The number of elements of a minimum resolving partition of a graph G is called the
partition dimension of a graph G and denoted by pd(G). They proved that the bounded
above of a partition dimension of a graph G is one more than its metric dimension, by
the following theorem.

Theorem 1.2. [6] Suppose that G is a connected graph of order greater than 1. Then,
pd(G) < dim(G) + 1. O

This bound is attainable if G is a path P,, cycle C),, complete graph K, on n vertices or
star K, on n + 1 vertices. A path on n vertices, denoted by F,, is a connected graph
having no cycle with two pendant vertices. A cycle on n vertices, C),, is a regular connected
graph of degree two. A regular connected graph on n vertices of degree n — 1 is called a
complete graph, K,. A star K;, on n + 1 vertices is a connected graph with n pendant
vertices and a vertex of degree n. A pendant vertex of a graph G is a vertex of degree
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one. They also characterized graph having partition dimension 2 and n, respectively, by
the result below.

Theorem 1.3. [6] Let n > 2 be an integer. Suppose G is a connected graph on n vertices.

e The only graph having partition dimension 2 is a path P,.

e The only graph having partition dimension n is a complete graph K,. [
Next lemma is property on how to determine a resolving partition of a graph.

Lemma 1.4. [6] Let G be a connected graph, A be a resolving partition of V(G) and x
and y be two distinct vertices of V(Q). If d(z,v) = d(y,v) for allv € V(G)—{z,y}, then

x and y belong to distinct elements of the resolving partition A. [

Chartrand et al. [6] gave characterization of graphs of order n having partition dimension
n—1. Tomescu et al. [24] determined the partition dimension of wheel W,, with n spokes.
Next, some researchers discussed the partition dimension of trees, see [3, 11, 17]. The
partition dimension of unicyclic graphs was studied in [8, 9, 18]. Furthermore, Amrullah
et al. [2] discussed the partition dimension of subdivision of a complete graph, S(K,).
Another results about partition dimension of graphs can be seen in [10, 13, 19, 26]. Some
researchers studied a relation between metric and partition dimension of a graph, see
5, 20, 21, 25].

Here, we focus on the metric and partition dimension of a graph. We give the exact
value of the metric and partition dimension of two classes of graphs, namely flower and
pencil graphs. Following Mphako-Banda [16], a flower graph, denoted by frxn, is a
graph formed by a cycle C,, and m copies of cycle C, around the cycle C,, so that
each cycle C), uniquely intersects with the cycle C),, on a single edge. It is clear that
a flower f,,«, has m(n — 1) vertices and mn edges. Following Simamora and Salman
[22], a pencil graph on 2m + 2 vertices, denoted by Pe,, is a regular graph of degree 3
having the set of vertices V' (Fe,,) = {uo, u1, . .., um fU{vg, v1,. .., vy} and the set of edges
E(Pey,) = {uittitr1, viviq1|i € [1,m — 1]} U {wwsli € [1,m]} U {uous, ugvr, Votm, voUm}. So,
a pencil graph Pc,, has 2m + 2 vertices and 3m + 3 edges. Indeed, Imran et al. [15] have
given the exact value of the metric dimension of the flower graph f,,x, in theorem below.

Theorem 1.5. [15] Let m and n be positive integers. Then

2 for m even and n = 3,
dim(frxn) = ¢ 3 for m odd and n = 3,
(%w form >5andn > 4. [

However, according to Theorem 1.5, there is still open problem for dim(f,,x,) for m €
{3,4}. In this paper, we will answer these, so that the problem is closed. Beside that, we
give the exact value of the partition dimension of flower graphs f,,x3 for all m > 3 and
fmxn for any integer n > 4 and m € {3,4,5}. The metric and partition dimension of a
pencil graph FPc, is also given for any integer m > 2.
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2 Main Results

In this section, we discuss the metric dimension of the flower and pencil graphs. We also
talk about the partition dimension of them. We give the exact value of the metric and
partition dimension of them.

2.1 Flower graph

For m > 3 and n > 3, suppose V (fumxn) = {u/,v] | j € [1,m],i € [1,n — 2]} is the vertex-
set of an f,x,, where d(u;) = 4 and d(v)) = 2 and E(fomxn) = {u'u™, w1 < j <m—
BU{vlv] 1< <m,1<i<n-3YU{wv]|l <j<m}u{uor, wvl52<j<m}
is the edge-set of an f,,«,. We will complete a metric dimension of a flower graph f,,«,
for any integer n > 3 and m € {3,4} by the following proposition.

Proposition 2.1. The metric dimension of a flower graph fuoxn for m € [3,4] is as
follow.

) 2 form=3 andn > 3,
dim( fxn) = { 3 form=4 andn > 4.

Proof We first consider a graph fsx,. Clearly that dim(fsxn) > 2. To proving

dim(f3xn) < 2, we suppose W; = {vl LU } for odd n and W, = { ! 2,112%} for
2

even n. Thus, the representations of all Vertlces in V(f3xn) are below.

e For odd n. Let a = Tl, then

(a,a+1) for j =1,
T<UJ|W1> = (aj ) fOr ] — 2’
(a+1,a) for j =3,
(a—i,a+1+i) fori=1,2,..., %3
r(vi W) = o 2 B
(Z a,3a— ) for 1 = 5 n—2,
(2|W) (a+i,a—1) fori=1,2,... 717
r(v; =
i W1 (3a+1—i,i—a) fori=2 28 p—2

(a+1+4i,a+i) fori=1,2,...,%3,
r(Wy) =< (n—1,n—1) for i = =L,

2
(3a—i,3a+1—1i) fori=2H =5 n—2

e For even n. Let b = ”7_2, then
(b,b+1) for j =1,
r(uw|[Wy) =< (b+1,b41) for j =2,
(b+1,0) for j = 3,
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r(vi[We) = { bmibriry) fori=12 5

(i—b,3b+2—i) fori=12 "2 n—2

b+1+i4,b+1—i) fori=1,2,..., 22
(w2I17s) = { ( ! :

(3b+2—1,i—b—1) fori=7%, ”T*Q, cn =2,

Wiy = § FLERIED TR
(@410, 3042-4) fori =322 o0 =2

We can see that every vertex of f3x, has distinct representation. Therefore, 2 < dim( f3xy)
< 2. Thus, dim(f3xn) = 2.

Next, we will prove that dim(fixn) = 3. First, we show that dim(fix,) > 3. Let W
be a resolving set of fy.,. In this case, suppose that dim(fyx,) = 2, then there are the
following possibilities to be discussed.

e Both vertices are in the inner cycle, Cy. In this case, suppose that W = {u* u'} is

the resolving set of fixy, Where k,l € [1,4]. There are two possibilities about this
resolving set, i.e. either u! € N(u¥) or u! & N(u*). If u! € N(u*), then we have
r(vE W) = r(vf|W) = (1,2). Note that k — 1 =4ifk=1k+1=1if k = 4,
E+2=1 ifk:—S, and k + 2 = 2 if £k = 4. In the other hand7 if u! ¢ N(u*), then
Fh_|W) = (o[ W) = (2,2),

Both Vertices belong to the set of outer vertices, C,. In this case, suppose that W =
{vF,vl}, where k,1 € [1,4] and 4, j € [1,n—2]. There are two possibilities about this
resolvmg set, i.e. either k=1 or k#£1L. If k=1 then we get 7(vf W) = r(vfT3|W) =

(24 d(u*, v} ) 24d(uF,vh)). Ik # 1, then 1 < [k—1| < 2. For [k—I| =1, wlo.g. we
suppose that [ = k+1 and W = {v}, v} There exist two vertices v*~ and vt such
that r(v} ' [W) = r(vh5|W) = (1 + d(u"",vF), 1+ d(uF~!,v})). Now, we consider
|k —1] = 2. Let W = {v},v!} be a resolvmg set. If 1<i,j < |22 J then there
exist two vertices w1 and u!*! such that r(uFH W) =r(u l+1\W) (1+d(u*, v} ) 1+
d(u',v})). If1 <i < |252] and [2] <j< n—2, then there exist two vertices u' and
vht! such that r(u Z|W)—r(vl+1\W) (2+d(u®, vF), 1+ d(u™,oh)). If [2] <i<n—2
and 1 <j < [%2] then r(u* W) = r(uiH3|W) = (2+d(u k“, vf), 14+d(u!,0h)). If
[4] <4,j <n—2 then r(u*|W)=r(u Z\W) (I+d(uFt uf), 14+d(u' ™ oh)). I 1<i<
|252] and j="25! for odd n, then r(vi "} |W)=r(v k+1|W) (%52 + d(u, uf),n—1).

Next, for mteger i,j = "5, L there exist two vertices u* and u**! such that r(u*|W)=
r(uMH W) = ("71, 5.

One vertex is in the inner cycle and the other belongs to the set of outer cycles.
For i € [1,n—2], we obtain the following: if W = {u* ,vF} then r(v*T2|W) =
r(fTHW) = (2,24 d(uk,vF)), if W = {u*, 0!} for | = k+1 or | = k-+2 then
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r(k|W) = r(vﬁ:ﬂW) = (1,1+d(u*,v})), and if W = {uk,vf’l} then r(vk_,|W) =
r(of W) = (2, 24d(uk, v} ).

All cases would contradict the fact that W is a resolving set. Hence in all possible cases,
there is no resolving set with two vertices for V(fix,) thus implying that dim(fyx,) > 3,
which completes the proof.

Next, we will show that dim(fix,) < 3, for n > 4. Suppose that W; = {U}L;I,UL, v‘@}

2 2 2

for odd n and Wy = {vlﬂ, v, vt } for even n. Thus, the representations of all vertices
R

in V(fixn) are as follows.
e For odd n. Let a = ”T’l, then

(a,a+1,a—1+j) for j=1,2,
(a+1,a,a+4—j) for j = 3,4,

r(u!|Wh) = {

(a—i,a+1+1,a+1) for 1 <i< 2t
(i—a,3a+1—i,3a+1—i) for 2 <i<n-2,

r(vi[Wh) = {

( (a+i,a+14i,a+1+i) for 1 <i <23
r( W) =< (a+i,a+i,a+1+1) for 1 = ”T_l,
(3a+1—i,3a—i,3a+1—i) for 2 <i<n-—2,

((a+1+i,a—i,a+1+i) for1<i<
T(”?‘Wl) = (a+1+41i,a—i,a+1) for i = 2L,
(3a—i+ 1,i—a,3a—i) for " <i<n-—2

(a+i+1,a+i,a—i)  for1<i< 23,
r(v W) =< (a+i,a+i,a—1i) for i = 5=,
| (3a—i,3a—i+ 1,i—a) for L <i<n-—2

e For even n. Let b= 7, then

(b—j+1,b—j+1,b+j—1) forj=1,2,

r(u!|Wy) =
) {(b+j—3,b+j—4,b—j+3) for j = 3,4,

b—i,b+1+1,b+1 for 1 < < n=2
F(0} W) = ( i, b+i+ ,.—H) | or _z‘_ 52,
(i—b,3b—1—i,3b—1i) for § <i<n-—2,
(b—1+1i,b+i,b+i+1) for 1 <i < 752,

T(UEIVVa):{

(30-1—14,3b—2—14,3b—1—1i) for § <i<n—2,
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b+i,b—i—1,b+i) for 1< i

rd) = <
(3b—i,i —b+1,3b—i —2) for § <i<n-—2,

(

(

T { b+i + 1,b+4, b—z ~1) forl
3b—i—1,3b—i,i —b+1) for &

Since the representation of every vertex of fi., with respect to W is different, the set W

is a resolving partition. Hence, dim(fix,) < 3 and we conclude that dim(fyx,) = 3.

As an illustration, a metric dimension of f3.3, f3x4, and fyx4 is depicted in Figure 1, where

the representasion set is bold and diamond vertices (and bold triangle vertex). According

23
22 12 12

Figure 1: A metric dimension of f3x3, faxs and fix4.

to Theorem 1.5 and Proposition 2.1, there are different results for dim(f3x3). However,
this is clear by Figure 2.1.

Proposition 2.2. Let m > 3 be an integer. Then pd(fmxs) = 3.

Proof Suppose V(frx3) = {ui, vi|1 < i < m}, where d(u;) = 4 and d(v;) = 2 for each
i € [1,m]. To prove that pd(fx3) < 3, define an ordered 3-partition A = {S;, S5, S3} of
V(fmx3s) as follows.

e For m =0 (mod 3),

S1o= {unull <i< 2y
Sy = {uv|2+1<i<m-—2},
Sy = {uvim+1-2 <i<m}.
The representation of vertices of V( f,,x3) with respect to an ordered 3- partition A
are below.
(0,2 +1—14,49) for1<i<%,
rlulA) = ¢ (i—2,0,2(2)+1—4) for Z4+1<i<m-—1%2

i<m-2
(m—l—l—i,z’—Z(%),O) form+1—-%2 <i<m,
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(0,2 +2—4,1+1) for 1 <i< 2,
rilA) =49 (-2 +1,0,2(2)+1-4) for Z+1<i<m-—12
(m+1—1i,i—2(%)+1,0) form+1—%§i§m.

e For m # 0 (mod 3),

Si

Sy = {ui,vi”%W—l—lgigm—Fguu{um_tm,v[m]},
Sy = {ui,vilm—i—l—L%J§i§m}u{vm_L%J}

Il
—
&
s
—
AN
-~
AN
—
w|3
| I—
—
-
N

|

The representation of vertices of V( f,,x3) with respect to an ordered 3- partition A

are below.
(O,[%W+1—i,i) forlgzg[%,
r(uwilA) =9 (i—[2],0,2[2]—i) for [2]+1<i<m—|2],
| (m+1—ii=[3]=[5],0) form+i-[5]<i<m,
((0,(3W+1—zl+z) for 1 <i<|%2],
r(vilA) =9 (1=[2]44,0,m+1—|%2|—i) for [2] <i<m—[2],
\ (m—l—l—z,l—’—g-‘—tgj—kz,O) for m— L%J <i<m

We can see that every vertex of V(f,,x3) has distinct representation. Therefore, pd( fi,x3)
< 3. Next, by Theorem 1.3, we can conclude that pd(f,x3) = 3.

Proposition 2.3. Let n > 4 be an integer. If m € {3,4,5}, then pd(fmxn) = 3.

Proof By Theorem 1.3, we obtain pd(f,,xn) > 3. To prove the upper bound, we break
up the proof into three cases.

(i) For m = 3. We define an ordered 3-partition A = {51, S5, 53} of V/(f3xn), where
S;={uw,vl}, for 1 <i<n-—2andj € [l,3]. So, the vertex representation of each
vertex of V(f3x,) is as follows.

(0,1,1) for j=1,
r(uw/|A) =< (1,0,1) for j =2,
(1,1,0) for j =3,

For1 <:< L”T*QJ,
(0,144,144) for j =1,

r(v]|A) =< (144,0,1+i) for j =2,
(1+4i4,1+i,0) for j =3,
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For L—J

| /\
/\
[\3

‘ (0,m—1—i,n—1i) for j =1,
r(vl|A) =< (n—i,0,n—1—1) for j =2,
(n—1—i,n—1,0) for j = 3.

(ii) For m = 4. To show that pd(fix,) < 3, we consider two cases.
e For n = 4. We set an ordered 3-partition A = {5, 53,53} of V(fixs), where

NS B I I | — {03 22 22 .3 _ [ .3 4 4
={u',u* vy,v5}, So={u’,vi,v3,v7}, and S5 = {u* vy, v}, v5}. The repre-
sentation of each vertex is as follows.

i r@A) r@ifA)  r(v|A)
1 (0,2,1) (0,3,2) (0,2,3)
2 (0,1,2) (1,0,3) (2,0,2)
3 (1,0,1) (2,0,1) (2,1,0)
4 (1,1,0) (2,2,0) (1,3,0)

e For n > 5. We define an ordered 3-partition A = {S1,Ss, S5} of V(fixn) as

follows.

Sio= {u, WPt U o], vl 0k Ui el 02 g
SQ = {u3}U{U%7UZ—Q}U {/U%7/U§7"'7’U2—2}7
SS = {U4} U {Uila U%v s 710;‘;72}'

We obtain the representation of each vertex of V(fixn) as follows.

(0, J,7), for j =1,2,
r(w/|A) =< (1, O 1) for j =3,

(1,1,()) for j = 4,

(0,4, 8;), forj=1,2,
r(v]|A) = { (;,0,8)), forj =3,

(Oéjaﬁja )7 fOl"j=4,
where

{ 244, fori=1,2,...,[24],
ap =

n—i, fori=["2],[%],....n—
1, fori=1,n—2,
ar =1 i—1, fori=2,3,...,[%2],

n—2—1i, fori=["= 11 [i1 coyn—3,
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144, fori=1,2,.. (TSL

a3 = : : n—1 nt1
n—i, fori=["=][%=],.
[

2

1+, fori=1,2,..., "7—31,
Y4 = ; : n—17 [n+l
n—l—z, forz:(TL(TL...,n—Q,
5 = 1+, fori=1,2,...,[%1],
O 1, fori:(%ﬂw,(%ﬂ,...,nq,
3, fori =1,
5, — 2+, fori=2,3,...,[%1],
? n—i, fori=/["2][2],....n—
2, for i =n — 2,
8, = 141, forizl,Q,...,("T*:ﬂ,
Tl n—1—d, fori=[%2], [, n -2,

By — 1+, fori=1,2,...,[%2],
Pl nb =i, ford=[2], 2], n—

(iii) For m = 5. We set an ordered 3-partition A = {5, S, 53} of V(f5xn) as follows.
Sio= {uuwPtu{o],03,.. . 0n o U {303, 02, ],

SQ - {u u Ul}U{U17U27"'JU§Lf2}U{U'ﬂiE I'TL 2—I ]}7
Sy = {u,vn_Q}U{vl,UZ,...,U?L_LLH}U{vf\iE[1,n—2]}.

Then, each vertex of V(f5x,) has the representation as follows.

( (0,3 —4,9), for j = 1,2,
r(w|A) =< (j—2,0,5—7), forj =34,
| (1,1,0), for j = 5,
( (0,2 +1i,1+1), fori=1,2,...,[%2],
r(vi|A) = ¢ (0,2, ), for i = "1,
L (O,n in+1—1), fori=[2][%2],...,n—2,
((1,0,3), for i = 1,
r(v?|A) =< (0,i—1,2+1), fori=2,3,..., %],
( (O,n—1—i,n+1—1i), fori= 2] 23] .. .n-2
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340 130 032 044

330 034

023
201QQ (0103

3020 014

r(v7|A) =

(1+
(%5
(n+
(2+1,1,0), fori=1,2,...,["77],
(2+i (%T— J0),  ford =T[5, [%2],.... [%57],
r(uflA) = ¢ (n— —[%5*), fori=["32],[31,..., [,
(n— zOn 2 —1), forq=[3n=8] 3227 n-—3,
L (2,1,0), for i =n — 2,
[ (144,1+1,0), fori=1,2, ,["T’:ﬂ,
r(w7]A) = § (15, L””J 0), for i = 232,
(n—

\

From all cases, we can see that every vertex of V(f.xn), m € {3,4,5}, has distinct
representation.

As an illustration, Figure 2 shows the partition dimension of the flower graph f;«7, where
the first partition is represented by the black vertices, the second one by the white vertices,
and the remaining by the diamond vertices.

2.2 Pencil graph

Here, we give the exact value of the metric and partition dimension of a pencil graph

Pc,,. A pencil graph, denoted by Pc,,, is a 3-regular connected graph on 2m + 2 vertices
and 3m + 3 edges which is having the set of vertices

V(Pcy) = {ug, v, .., Uy} U{vo,v1, ..., 0}



94 K. Wijaya/ JAC 56 issue 1, August 2024, PP. 83-99

and the set of edges
E(Pcp) = {uiuir1, viviga]i € [1,m — 1]} U{uvli € [1, m]} U {uouy, ugvr, votim, vovm, }-
First, we prove that the metric dimension of a pencil graph Pc,,, by the following theorem.

Theorem 2.4. Let m > 2 be an integer. The metric diension of a pencil graph Pc,, is as

follows.
2 if m even or m = 3,

dim(Pem) = { 3 if m > 5 odd.

Proof Based on Theorem 1.1, we have dim(Pc,) > 2. Next, we will show that
dim(Pc,,) < 2, by constructing a resolving set W, where |WW| = 2, such that the rep-
resentation of each vertex of the Pec,,\W is distinct. We break up the proof into three
cases.

e For m = 3. The metric dimension of Pcz is given by Figure 3. The resolving set
W is stated by he black and diamond vertex, namely W = {black vertex, diamond
vertex}.

1

13 22 31

Figure 3: dim(Pcs) = 2

e For m even. We consider W = {ug,um=}. The representations of each vertex of
V(Pey)\{ug, u m |} are described below.

W) = (4,2 —1), fori=1,2,...,2—1,
(2 - e . -

(2t — g — 1), fori="42 mHd oy,
(1,’”7”) for i =0,
r(vlW) =14 (i, 22 —1) fori=1,2,..., %,

(Bt — i —m2) fori=12, "2 m.

e For m > 5 odd. First, we show that every subset of V(G) with two vertices is
not a resolving set. Without loss of generality, we consider four cases, namely
W = {uo,vo}, W = {up,w;}, W = {u;,u;}, or W = {w;,v,} for some 4, j € [1,m].
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First, suppose W = {ug, vo}. In this case, every pair u; dan v; for all ¢ € [1,m] will
have the same representasion. We suppose now W = {ug, u;}. Foralli € [1, 2] W

is not resolving set, since the vertices um+s and vm+1 have the same representation,
2 2

namely (m+1, mt3 ). On the other hand, the vertices um+1 and Umis have the same

2
representation, namely (m_—‘,—l 71— m; ML) when i € [m; 3 m]. Furthermore, we consider
W = {u;,u;}. For some i,j € [1, ], we obtain r(uo\W) = r(n|W) = (1,5); for
some ¢,5 € [1,m — 1] satisfying 1 < j—i< 2 two distinct vertices ujy1 and v;
have the representation (j+1—1,1); for 4, j € [1,m] satisfying ™52 < j—i <m—1,
we have T(Ui+mTH|W) = T(vaTJrﬂW) (m+1,j i — L) for some i,j €[l,m—1]
satisfying j — 1 = mTH, two distinct vertices v;_; and v;;; have the representation
(mT“, 2). The last case, we consider W = {w;,v;}. For each i=j and ¢ € [2,m—1],
two distinct vertices u;—; and u;4; have representation (1,2). When W = {uy, v},
we obtain 7(u,|[W) = r(v,|W) = (3,3). Fori < jand 1 <j—i < ™ we obtain
r(uipa|W) = r(v|W) = (1,j — ). Fori < jand ™2 < j—i < m — 1, we get
T(UmTJrl|W) = r(vafﬂW) = (mH — g5 — =), Therefore every possible set with

two vertices is not a resolving set. So, dzm(Pcm) > 3.

Now, we prove that dim(Pc,,) < 3 by taking the set W = {ug, uy, UmT—l} This set

gave the representation of each vertex of V(Pc,,)\W is below.

(Z i — ), forv=2,3,. mT_?’,
r(u|W) = (m+1 i—l i— ) forz'—mﬂ,m;?’,...,m;?’,
(m4+2—i,m+3—i,i—"251), fori= "2 L m,

(1,2, 21, for i =0,
(Z,,m_ﬂ_z) fori=1,2,..., 721,
i|W) =
TN (g 9), for i = 2,
(m+2—z m—|—3 z—mT’?’), for i = mT”,mT%,...,m.

From all cases, we can see that every vertex of V(Fe,,) has distinct representation with
respect to the set W. Hence, dim(Pc,,) < 3. Therefore, dim(Pc,,) = 3, for each odd
positive integer m > 5.

Next, we show that the partition dimension of a pencil graph Pc,, for even m is one more
than its metric dimension.

Theorem 2.5. Let m > 2 be an integer. The partition dimension of a pencil graph Pe,,
is three for any integer m > 2, i.e., pd(Pc,,) = 3.

Proof According to Theorem 1.3, pd(Pc,,) > 3. Next, we will show that pd(Pc,,) < 3,
by constructing an ordered 3-partition A = {S7, S5, S5} such that the representation of
each vertex of the Pc,, is distinct. We break up the proof into three cases.
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e For m € {2,3,5}. The partition dimension of Pey, Peg, and Fes, is given in Figure 4,
where the first partition is given by the black vertices, the second one by the white
partition, and the remaining by the diamond vertices.

101 210 011 110 220
011@120 101 @210
110 220 102 201 310
012 103 202 301 210

[ [ [
011 110
-<I ]

102 203 303 302 201

Figure 4: pd(FPc,,) = 3 for m = 2,3, 5.

e For m > 4 even. Consider S; = {ug}, S2 = {u%}, and S3 = V(FPey,)\ {uo,u%}.
The representations of each vertex of V(Pe,) are as follows:

r(ulA) = (0,2,1),

y 9

Pluzld) = (3.0.1),

7 (ug|A) :{ (i.5 —i,0) for1 <i<2—1,
(m+2—ii—20) for2+1<i<m,
(T+27170) fOI‘i:O7

rild) = (g -0 0) for 1 <i <%

(
(m+2—i,1—%+i,0) for 2 +1 <

e For m > 7 odd. Consider Sy = {ug,u1}, So = {wm-1,un}, and S5 = V(Pe,,,)\{S1 U

Sa}. So, the representations of each vertex of V(P,,) are as follows.
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r(uold)  =1(0,2,1),
r(urlld)  =1(0,3,1),
r(Um-1|A) = (3,0,1),
r(um|A)  =(2,0,1),
[ (i—1,i42,0), fori=2,3,...,m3
m—3 m—1 . m—1
m=3 m-1 () for i = m—-L
T(UZ|A) = ( 2_1’ 2_3’ )7 Orz. mi—l’
("5, 52,0, for i = #5=,
| (m+2—i,m—1-4,0), fori="2 m5 ;2
( (i,i+2,0), fori=1,2,..., 23
(2 ml0), o i=
rwld) =9 (Emto), for = mi
(m+2—i,m—14,0), for ¢ =" 188 1,
[ (2,1,0), for i =m.

From all cases, we can see that every vertex of V(Pe,,) has distinct representation of an
ordered 3-partition A. Hence, pd(FPc,,) < 3.

3 Concluding Remark

This research completely the problem of the metric dimension of the flower graph f,,«»
namely

for m > 4 even and n = 3 [15],

for m =4 and n > 4,

for m = 3 and n > 3,

for m > 5 odd and n = 3 [15],

2] for m >5 and n > 4 [15].

dim( frxn) =

—1 W DN W N

However we still have the open problem of the partition dimension of a flower graph f,,«»
for each integer m > 6 and n > 4. Meanwhile, the metric and partition dimensions of the
pencil graph Pc,, are complete for every integer m > 2.
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