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Abstract

The existence of friendly programming environments, which allow the
transposition of models developed for different mechanical systems into
numerical procedures, easy to access, make it necessary to develop models of
mechanical systems used in industry. In this work, we propose to do this for
an internal combustion engine. The offered model allows the unitary solution
of problems of this type, which involves the calculation of the forces
appearing in the engine elements. It offers the possibility to analyze different
constructive types of engines. The model is a complex model that finally
provides the forces existing in different elements of the engine as well as the
developed engine torque.
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1. Introduction

A basic work in the field is represented by [1], which tries to systematize the main problems that may appear when
modeling an Internal Combustion (IC) engine. Different aspects of the analysis are followed, such as design,
optimization, stresses that appear in the engine, forces that develop, defects that may appear, etc. IC engines
represent an important element in the present world in the transport of goods and people and will remain so for a
long time. For this reason, the development of calculation models that allow obtaining results that can be easily used
by designers is a major objective for engineers. If you take into account the huge value of this industry, the
importance of such studies is easily justified. There is a rich literature that deals with the study of the forces that
appear in the components of an IC engine, Researchers study a wide range of problems related to the forces and
moments that occur in internal combustion engines and the mechanical effects they can cause. In the paper [2], a
software is presented that has the role of simulating the performance of the engine for turbocharged IC engines.
Graphical programming software, LabVIEW, was also used. A compact, multi-channel, real-time data acquisition
system was created for the checks. Data is collected both in the case of static and dynamic tests. In this way, the test
of an engine is made more efficient and precise. IC engines have energy losses due to the friction that occurs in the
slider-crank mechanism. This mechanism is distinguished by its constructive and functional simplicity, which is
why it equips all IC engines at the moment. A hypocycloid gear mechanism as an alternative to the classic slider-
crank mechanism is proposed in [3]. A kinematic and dynamic study of such a mechanism is presented in the
lecture. The effect of attaching a flywheel to this type of engine is also being studied. The advantages of the
proposed solution are the higher efficiency than the classic mechanism and the possibility of perfectly balancing the
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engine. The disadvantage is a more complicated technical solution, which involves increased costs. A study of the
forces occurring in the cam mechanism of an engine is made in [4]. This is how a camshaft for a 6-cylinder IC
engine is conceived and designed. CATIA V5R20 design software was used. Then the ANSYS 2019R2 software
analyzes the behavior of different materials and in different operating conditions, determining the field of stresses
and deformations. A model that takes into account clearance between piston skirt and cylinder liner is presented in
[5]. The general motion of the mechanism and the secondary motion of the piston caused by the changes in direction
of forces are taken into account. The kinematic analysis of a single-cylinder engine equipped with a crank-rocker
mechanism is performed in [6]. The significant kinetic parameters were determined for such an engine. Two variants
were studied in which the cylinder volume is 402 cc and 1140 cc). The forces that appear in the bearing were thus
determined, forces that are considered high and must be reduced. The crank-rocker mechanism has some advantages
over the usual mechanism with slider-crank. It is obvious that the advantages implied by the use of such a
mechanism must also be studied. In the papers [7-10] fundamental aspects of the calculation of an IC engine are
presented, followed by researchers in the proposed mathematical models.

The vibrations that appear in 1C engines represent an important aspect dealing with the dynamics of the motor
mechanism. A series of results regarding engine vibrations or theoretical aspects for the study of vibrations are
presented in [11-17]. Aspects related to the materials used in IC engines are presented in [18]. As in other engineering
fields, the Finite Element Method (FEM) represents a useful and validated tool to obtain results in the modeling of
such a system . Studies of certain aspects related to dynamics of IC engines carried out applying this method are
presented in [19-22]. An analysis of the vibrations occurring in an 1C engine fueled with biodiesel, using FEM, with
the verification of the results by experimental methods is carried out in [23]. The specificity of this type of analysis is
given by the low calorific value of biodiesel. As a result, the duration of combustion increases and the level of
vibrations will increase if it is compared to a classic power engine. The dynamic response of such an engine change
obviously, in a negative way and for this reason the analysis from this point of view is required. Similar studies are
developed in [24, 25]. A mathematical model of an IC engine with the help of which the forces appearing in the
system are determined and the piston vibrations are studied is presented in [26]. The Matlab/Simulink programming
environment is used to implement the model. Stability is demonstrated in the case of engine operation at a constant
speed. A consistent and highly elaborated model for the study of IC engines is presented in [27]. In the case of this
model, the main functional parameters of the engine are followed. Numerical methods used for the study of such
mechanical systems are presented in [28, 29]. Other results that are useful in the study of materials from these
systems are presented in [30-32].

In the work, a model is developed that uses vector methods to analyze the forces that appear in the single
cylinder of an IC engine. The modeling is broad enough to analyze different constructive types of IC engines. The
calculation of the main forces that appear in this assembly and that can be used, later, to determine the field of
stresses and strains in the elements of an IC engine is followed.

2. Model and Methods

First, the kinematics and dynamics of a single cylinder will be studied. For an engine with several cylinders,
regardless of its type, the equations of motion can be obtained starting from the calculation of a single cylinder and
adapting to the actual situation encountered. In Fig. 1 is presented such a monocylinder.

2.1. Monocylinder

We attach the following coordinate systems to the slider crank mechanism:
- A fixed one, with one of the axes parallel to the axis of the cylinder, with the origin in A, and the unit

vectors of the base (11,72, );
- Two mobile systems, one with the origin in A, and having the unit vectors base (el,fl) moving with and

attached to the crank and the other with the origin in A; and having the unit vectors (el,fl) moving with
and attached to the connecting rod.

The length of the crank is ¥ = A, A, , the length of the connecting rod [ = A; A, and the eccentricity is

. r € . Lo . . _
e=A,A;. Itisnoted: 1= 7 V= 7 With these notations it is possible to write: A A, =re, ;
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AA, =le; AA, =T,. )

Fig.1: Slider crank for one cylinder

Taking A_U as the origin for measuring the displacement of the piston, the distance D = A A, will indicate the

law of motion of the piston and A A, = Du; . The contour equation of the slider-crank mechanism is:

AA+AA+AA+AA =0, 2)
or:
re, +1le, +en, —Du, =0. ®3)
If this relation is multiplied in a dot product by 7, we get:
r(e,n, )+1(e,m,)+e=0. )
If it is denoted by @ is the angle of rotation of the crankshaft, y is the angle made by the connecting rod e, with
U, Eq. (4) becomes:
—rsin@+Isiny +e=0. (5)
The components of ¢, and fo are, respectively:

e, =(cosf,~sin@) ; t, =(sinb,cosb) . (6)
When performing dot products, it is taken into account that we have:
u, =(1,0); n,=(0,1) . @)
It results .
sin :%:lsine—v. (8)

By the geometry of the slider-crank mechanism CcOSYy/ is always positive, so:

cosw:\/l—(ﬁ,sine—v)z, ©
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and the components of the vectors ¢, and {1 compared to the system defined by unit vectors (El,ﬁl) has:

e, =(cosy,siny), (10)
- T . T .
t, = (cos(t// + Ej’ S]Il(l// + E)) =(—siny,cosy). (11)
Multiplying in a dot product rel.(xxx) by 1, it obtains:
r(e,u,)+1(e,%,)-D =0, (12)
relationship that gives us distance D:
D=r(e,u,)+1(e,i,)=rcos@+Ilcosy . (13)
By deriving the relation (3) we obtain:
W, xAyA, +o, xAA, -0, =0, (14)
where @, is the angular velocity of the crankshaft:
Tn
w, =—— radls, (15)
30

if the engine speed n is expressed in rpm. It was noted with ¢, the angular velocity of the connecting rod and with
v, the velocity of the piston relative to the cylinder. Eq. (14) can be written:

- wor(Kx e, )+ a)ll(I?x e, )— v, =0, (16)

where K is an unit vector perpendicular to 77, and 71, so that the system defined by the unit vectors (ﬁl,ﬁl,l? )
is a straight reference system. Projecting Eq.(16) according to the directions 77, and 77, obtains:

—a)urﬁl(lzxéo)+ a)llb_tl(lzxél)—vl =0, (17)
— a1, (K x2, )+ o7, (K x &, )- v, (m,11,) = 0. (18)
From Eq. (18) it results:
- o, (K X ED)+ w, I, (K xe, ) =0, (19)
wherefrom it results: -
1, (K X EO) w,r(@k)  or(@e,) orcosd cosd
a)lz —7— — = — = — = :a)o/l s (20)
17, (K x2,) (7,f, I(we,) lcosy cosy
and:
- - . . . cosO .
v, = —a)or(ulto)+ a)ll(ult1 ) =—w,rsinfd—-wlsiny =-w,rsin @ —w,r siny =
cosy
g SNOY) 1)
cosy
By deriving Eg. (14) we obtain:
gy x AyA — @] AyA, +& x AJA, —w} AJA, —a, =0, (22)

where: g, is the angular velocity.
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Eqg. (22), if the vector expressions are taken into account AOA1 and A, A, , can be written:
re,K xe, —wire, +1e,K xe, —olle, —a,u, =0. (23)

Projecting this equation on ¢, respective 77, unit vectors, the equations are obtained:

re,g (Kxg)- wzr(éé)+|gle—l(|2xe) !l -a,(g0,)=0
re,n, (K x&,)-a (ﬁ€)+lglﬁ(Kx§l) 2(mg)=0 (24)
If it i taken into account that K x e, = f I? = t,, the previous relations can be written:
{rgo(gt_o) apr(e ( &) +1a(8h) - @l -2 (80) =0
re, (M) - gr(ﬁ€)+|51( t)-o (r‘]€) (25)
wherefrom:
1 n 2
a, = ——|rg,\e,t rle.e,)—wyl|=
1 (élﬁl)[ 0( ) (1 0) 1 ]
= 1 [rgo sin(@+y)— . rcos(0+y) -}l ] (26)
cosy
& = _1— [_Kgo(ﬁlfo )"’ on 1(ﬁ1§0)+a)12(ﬁ1(?1 )} =
n,t, l l
_ ! [—/180(:0549 a)/lsm¢9+a)15my/] (27)
cosy
We have used the relation (Elfl)=0
Substituting @, it obtains:
2
a, = L [rgo sin(@ + ) - a)gr{cos(é?ﬂ//) - COS2 Hﬂ (28)
cosy cos” v
2
g = A [— &, cos@+a)§[— sin @+ A COSZ 9 sin l//ﬂ (29)
cosy cos” v

2.2. V Engine

The results can be applied easily to a V Engine (Fig.2). To study the kinematic cycles of the two cylinders, we
take into account that & =@, where y is the angle made by the axes of the two cylinders. So the kinematic
elements of the second slider crank mechanism will be calculated with the Egs. (20),(21),(28) and (29) in which &
is replaced by @, . It is observed that if = 7z, the engine with opposite cylinders is obtained (Fig.3).
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Fig.2: Model for a V engine

Fig.3: Model of an engine with opposite cylinders

23 Star cylinder engine

If N is the number of cylinders in a plane of the engine, then the angle between two adjacent cylinders is

2w
—— (Fig. 4).
N(g)

17

7

Fig.4: Star cylinder engine
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The reference cycle of a reference cylinder being determined by the angle 6,, the speeds and accelerations of the
cylinders are obtained with relation (xxx) in which 6 successively takes the values:

490,490+2—7[,...49 +2—7[i,...00+2—7[(N—1), (30)
N N N

[

the cylinders are numbered starting from the reference cylinder in a direct trigonometric sense.

24 Engine with master and slave connecting-rod

For the first piston and connecting rod, the problem is presented in section 2.1. For the connecting rod, the crank
arm is changed to A, A and the angle 0 to 61 (Fig. 5).

A]

Fig.5: Model of a V engine

Let be ¢ in this case the angle made by A; A, with the connecting rod unit vector €, , s be the length of the

segment A; A, so ¢ and s also define the point As. The length of the slave connecting rod is I2:
I, =AA, . (31)

If the angle 61 was determined, the problem was reduced to that of the single cylinder. It is noted with ¢, the

unity vector of the vector A; A, . Regarding the system (el,fl), e, has the components (cos@ , sing ), so
regarding the system (L_tz,ﬁ2) it will have the components:

(cos(p+w —y); sin(p+y —7)). (32)

The relationship can be written:

A A, =AA +AA, =12, +5e, . (33)
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Regarding the coordinate system defined by (,, 7, ), €, has the components (cos(8— y) ; sin(@ —y)). So:

A, A, =(rcos(@+y)+scos(p+y —y) ; —resin(@+y)+ssin(p+w —7)) . (34)
It is noted:
r,=rcos(@+y)+scos(p+y—y) ; r,=-rcsin(@+y)+ssin(p+y—y).  (35)
The angle 6 results from:
r, —rcsin(@+y)+ssin(p+y —y)

tanf, === : 36
Yr, reos(@+y)+scos(p+y —y) (36)

and the modulus of the segment A A is:

A A =Jrt+12 = +5 + 2rscos(0+ o +y). (37)
Having determined these quantities, using Egs. (20,21) and (28,29) in which 6 is replaced by 61, r by A A
and | by I».

25 Dynamics of a monocylinder

The calculation of the forces requiring the elements of the slider crank system (Fig. 6) can be done by two methods:
I.  The problem is simplified by reducing the assembled connecting rod to two masses:

- one of translation my, concentrated in A2 which gathers at the masses that execute the movement of translation
m, (piston, bolt, segments,....)

- the second mass, my, concentrated in As. It will rotate with angular speed ¢, around the axis of the shaft, at a

distance r from it.
Masses m; and m; are determined by the law of static moment (Fig. 6):

L L

mlzmbT ; mzzmbT, (38)
where my is the mass of the connecting rod.
(o)
— =
a) The two parts distributed in the mechanism

b) For car engines my and m; it is approximately calculated with the formulas:

¢ m;=0275m, ; m,=0.725m,. (39)

d) We cut the bar that joins the masses m=m;+m, (total translational mass of the connecting rod) and my, the
effort S is introduced in the connecting rod (Fig. 7).

e) Nm, —F,u, -G, +Fu -5 =0, (40)
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/\T a WS
L =0 = @

f)  The real rod and the equivalent rod

©-

Fig.6: The rod decomposed in two parts
where:

N is the force that appears at the contact between the piston and the cylinder;
Fg is the force given by gas pressure;

F/ =—m,a, isthe inertial force of the translational mass,
G, =mg=(m,+m,)g.

i
187

Fig.7: Forces acting on the two parts of the rod

Projecting the equations (40) on the directions defined by the unit vectors fl and 1, respectively, a system of
two equations with two unknown is obtained:

’ (41)
—Fguf -G, (U,0,)+Fu’-S(gm)=0
It results:
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N (Fg - F;)(Ulﬁ)+el(uoﬁ)

(nE)
~ —(Fg —~ Fli)sinz//—Glsin(w+5)
cosy (42)
We take into account that we have:
t, :(cos(w+%+5);sin(w+%+5)), (43)

in the fixed coordinate system defined by (ﬁo,ﬁo).

G~ Fi’ -G, (4, )+ Kl —F +F -G, cosé )
(EATY) cosy '
We take into account that we have:

i, =(cosd; sin§), (4%)
in the fixed coordinate system defined by (ﬁo,ﬁo).

It results from here:

_ —F, +F -G, cosd)sin(0 +

T':S(Elto):Ssin(Hﬂ//):(  +F =Gy cosd)sin( W), (46)
cosy

(— F,+F -G, Cos5)cos(6?+w)

cosy

R'=5(e,e,)=Scos(0+y)= (47)

The forces T and R that act on crank are obtained adding the inertia forces to the determined forces T' and

R"
(-F, +F' =G coss)sin(0+y)

T=T+F, = +F,),

cosy (48)

where:
E, =-m,re,, (49)

and:
R R4E - (— F,+F -G, COS5)COS(0 +y) B 50
cosy

where:

E, =-m,wir. (51)

If G: is neglected, simpler expressions are obtained for N,S,7",R’, T,R:

N = —(Fg - Fli)tanl// : (52)
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—|\F, - F
S= —( . ~F) : (53)
cosy
T = _(Fg _ Fli )M : (54)
cosy
R— —(Fg B Fl,-)cos(Q +y) ; (55)
cosy
T = _(Fg - Fli )M -G, re : (56)
cosy Q
2
R=—(F, - g)os0+y) o o (57)
cosy <

Il. Connecting rod is considered a rigid body (Fig. 8). The dynamic equilibrium equations are written for the
connecting rod considered as a rigid body. If it is noted with sz' the inertial force due to the mass of

the assembled connecting rod, with M; the moment of inertia of the connecting rod, with Fp" the

force of inertia of the assembled piston mj,, the moments balance equation is written with respect to
point As:

A A, x| E, + Ei i, -G, ity + N, |+ A,Cx (-G 1, + F )+ M; =0 (58)

and the equilibrium equation:

Fig.8: Free body diagram for the rod as a solid

where:
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G, = mbg; (59)
E =-m,a.=-m, (ﬁl —~ ] A,C + &, x A2C>= —m, (a,, — o?L,E, - Elllfl); (60)
M}l; = _]bglK (61)

J, being the moment of inertia of the connecting rod with respect to the center of mass C; 4, is the acceleration

of the piston; e, is the angular velocity of the connecting rod and &, the angular acceleration. Equation (xxx)
becomes:

le, x|(- F, + i Ji, -G, + N, |+ L&, x [~ G, i, —m, (a,1, - 0?1, — & LE, )|~ ],6,K =0, (62)
or:
(@ xm - F, + F )= m,bLa, |- <@, \IG, +1,G, )+ IN(e, x 73, )~ L, &,m, €, xF, )~ J,&,K =0. (63)
Projecting this equation on the axis K gives:
—@m |- F, + E ) =ma, [+ @, G, +1L,G, )+ IN@,@, )+ LLem, e, =0,  (64)
wherefrom:

_ sin l//[(— Fg + Fpl)— mblzal /lJ 4 Sm(l// + 5)(Gp + ZZGb /l) _ l1lzglmb - ]bgl

(65)
cosy cosy [cosy
Projecting the equations (xxx) on the versors lTO and e, , the equations are obtained:
(_Fg + F;)(Ulf))_G (Uog)"‘ N (ﬁlt_O)_Gb (UOE)_mbal(Ulg)-i_
+mel (8%)-mell, (85)+T =0, (66)
and:
(_Fg +F;)(U€) (Ug) ( §)_Gb(UO§O)_mba1(Ul€0)+
+myel, (t8)-m,efl, (88,)+R=0. (67)
It results:
T= |__ (_ Fg + F;j )+ m,a, Kﬁlzo )+ (Gp+Gb Xﬁozo )_ N(ﬁlfo )+ mha)lzll (Elfo )_ mbglll(éléo ) =
=[~(-F, +F;)+mga, [sin0+(G ,+G, )sin(6—5)— N cos 6 +
+myfl sin(@+y)—myel cos(0+y), (68)
R=|-(-F, +F )+ mya, [me,)+(G,+G, Nuii,) - N2, )+ m,afl, (#2,) - myel @f,) =
- [—(—F + F‘)+mba1]cose+(G ,+Gy )cos(~0+5)~Nsing +
(69)

+myw’l, cos(0+y ) —mel sin(0+y).

3. Torque transmitted to crankshaft
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The moment equation with respect to A, gives the motor torque provided by a cylinder (Fig. 9):
M,k =A,A x(-T)+A,C, xG, —J,&K, (70)

where (_Em is the weight of the crank and the crankarm and ], the moment of inertia of the mass G,, / g, around

the axis of the shaft, determined in A, .

Fig.9: Free body diagram for a crank arm

It obtains:
M,, =[rT+ pG,, sin(0—3)+],5,]. (72)
with p=AC.
Equilibrium equation:
R,+F -T-R-G,u,=0, (72)

where: KO(YO,ZO) is the reaction that occurs in the Ao joint, and:

— . -
F, =m,o;p ey —m,p 50101' (73)

is the inertial force due to the mass of the crank and the crank arm, by projecting on 1, , respectively 7, , offers:
Y, +m, e p (€t )~ m,pe, (Zmﬁo )_ G, - T(Eol_‘o )_ R(e 7, )=0, (74)
and:
Z, +m,a; p (eyiy)—m,pe, (Emr_lo )_ T(Eor_lo )_ R(e,72,)=0. (75)
It results:

Y, = _mma)gp (501% )"’ m, pée, (toﬁo)"' G, + T(Eoﬁo )+ R(Eoﬁo ) =
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=-m, w}p cos(0—35—E)+m, pe,sin(@—5—E)+G,, +Tsin(@—35)+Rcos(6-5), (76)
and:
Z, =—m, 02 p (€T, )+m,, pe, [ty 71, )+ T(E, 7, )+ R(E, 77, ) =

o__

=-m, @i psin(@+35+E)+m, pe,cos(—0+35+E)+Tcos(—0+05)+Rsin(—0+6). (77)

Je2.me;

Jerme;,

e2 - Me2

Jel,mej X

Figure 10. The crank arm parts for one cylinder

The center of mass of the crank arm is determined with the relations:

_ Mgy 1 COSE, + 1M T + My Pr COSE,

Ye = ; (78)
m

m

m siné, +m sin
zo = c1P1 & 2P & ' (79)

m

m

where:
My, M, -the mass of the crank arm 1 and 2;

m,,, m,, - the mass of the parts of the crankshaft relative to the crank arm 1 and 2 respectively;
m - the mass of the cylindrical part of the crank;

We have:
m,, =Mey + M, + My + 1My, +11 (80)
It results:
2 2
P:\/(yc"'zc)' (81)
and:
Z
tané =% (82)
Ye

For ], we have the calculus relation:
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]0=]11+]12+]f+mfr2+]cl+]C2* (83)

where:

J11, 1, - The moment of inertia relative to the axis of the crankshaft of the cylindrical parts 1 and 2 belonging
to the crankshaft, respectively;

Jc1,Jco - The moment of inertia of the crank arm 1, respectively 2, relative to the axis of the crankshaft;

]f -The moment of inertia of the cylindrical part of the crank relative to the axis of the cylinder.

4. Discussion and Conclusions

Determining the forces that require the components of IC engines and the moment that is transmitted to the
crankshaft represents an important stage in the design of any type of engine. It is necessary to know how many
forces are acting and based on the obtained values to make a calculation of the resistance of the materials. Also, the
moment that requires torsion of a crankshaft is an important element in an engine design because it will then require
the entire transmission of a car. This necessity requires the development of models that allow the calculation of the
forces that appear. This is useful to do quickly and with minimal costs. The vector model presented in the paper
comes to satisfy this major requirement. The forces that appear in the system are thus determined and, then, using
these values, one can apply, for example, the FEM to study the stresses and strains that appear in the engine
components. Knowing at any moment the engine torque and its evolution over time will also allow a calculation of
the car's transmission, using the appropriate model for each part of the transmission.
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