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Abstract

In this paper, a test particle model is developed to study the electron acceleration in a
magnetized plasma-filled waveguide by a twisted electromagnetic wave with variable
amplitude and phase along the longitudinal position. With appropriately assigned initial
values, the electron total energy gain is obtained using numerical analysis without
calculating the dispersion relation. Numerical results show that as long as the twisted
electromagnetic waves significantly affect the electron acceleration, during the passage
of an electron through the waveguide, one may employ an optimum value of the external
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magnetic field to obtain the maximum energy gain.
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Introduction

Electron  acceleration  mechanics, including
microwave acceleration, plasma acceleration, and laser
acceleration, have been operationalized (1-13). In this
regard, the mechanism of electron acceleration in the
interaction of twisted electromagnetic waves with
plasmas has attracted significant attention because of its
fundamental interest in twisted electromagnetic waves
physics as well as its relation to many potential
applications such as inertial fusion (1), metal cutting (2),
surface modification of materials (3), magnetic fusion
(4), transmutation of fission products (5), and electron
beam welding (6). In this field, the recent developments
in high-power pulse lasers, e.g., twisted laser pulses (7),
have opened new research frontiers (8-10).

In the 1990s, for the first time, Allen et al. reported
(7) that optical beams with helical phase fronts, like, for
instance, Laguerre Gaussian (LG) laser modes, carry a

Twisted Electromagnetic Waves;

Magnetized Plasma-Filled

well-defined orbital angular momentum (OAM) (14),
called twisted laser beams. Nowadays, twisted
electromagnetic waves are used in many research fields
of laser-plasma systems due to their unique feature,
which allows us to employ them in a wide range of
applications, e.g., in optical microscopy (15, 16) and
optical micromanipulation (17, 18).

From the laser electron acceleration point of view, it
has been discussed how high- intensity twisted
electromagnetic  waves influence the electron
acceleration mechanism in the vacuum (19). In this
regard, it has been shown that using a linearly polarized
LG laser pulse can reduce the electron beam beam’s
divergence angle. This can also change the acceleration
of off-axis electrons. The interaction of a twisted laser
beam with a plasma mirror has recently been
investigated. It has been shown that the twisted laser
generates high-quality ultrarelativistic electron bunches
(20).
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This paper examines the acceleration of a relativistic
electron during the propagation of high- intensity twisted
electromagnetic waves in a cold magnetized plasma
filling the cylindrical waveguide using an advanced
mathematical method combined with numerical
calculations. The amplitude profile and phase of the wave
depend on the longitudinal Z component. Therefore, the
nonlinear ponderomotive force « V'|E2| cannot be
ignored in this study. In this study, we assume that an
electron with finite initial energy injected inside the
waveguide interacts with the TM mode excited in the
system. The electron gets acceleration along the
waveguide length. In the acceleration of electrons by
twisted waves, the electric and magnetic fields play an
important role. In our study, while the B, component of
the twisted wave is zero due to considering the
propagation of the TM mode only in the system, the
longitudinal electric fields of TM modes ( E,) play the
dominant role in the acceleration of the electron. The
external magnetic field, providing electron confinement,
enables efficient electron acceleration by the longitudinal
electric field.

Considering the effect of variation in the twisted
electromagnetic waves’ amplitude and phase along the
longitudinal position, we find that an electron with an
initial energy of 100keV gets 1.6 GeV energy in 2.1 cm
of propagation along the waveguide length. Results show
that the acceleration gradient of electrons is very
sensitive to the initial phase and amplitude of the
nonlinear TM mode, and the external static magnetic
field.

Physical model and theoretical analyses

Consider a circular cylindrical waveguide filled with
a uniform plasma of density n,, immersed in a uniform
static axial magnetic field ﬁext = By2. For the plasma
system under study (21), using linear perturbation theory,
assuming small amplitude perturbations, the fluid
equations enclosed with Maxwell equations result in the
following dielectric tensor:

€11 g, O
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In which the dielectric tensor elements are as follows:
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wp, = /4mn, e%/m, is the plasma frequency, w. =
e By/m, c is the cyclotron frequency, c is the velocity of
light in the vacuum, and m, is the mass of the electron,
respectively. The zero elements in the dielectric tensor
could be attributed to neglecting the calculations’
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pressure and temperature gradient terms.

TM mode components

To illustrate the electron acceleration mechanism by
the twisted electromagnetic waves, the dynamics of a
single electron in the plasma-filled circular cylindrical
waveguide interacting with the twisted electromagnetic
waves are considered, as shown in Figure 1.

Let us consider the electric field component evolution
of the TM mode in the system under study:

2

w5 — e o

VZEZ+C—2[£' E] -[V(V-E)] =0 (3)
Using the obtained dielectric tensor, the spatio

temporal evolution of the electric field of the TM mode

propagating in the cylindrical waveguide filled by the
magnetized plasma could be found as follows:
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Now, to examine the interaction of the twisted
electromagnetic waves with the cold magnetized plasma-
filled waveguide, consider the twisted form of the TM
mode E,~A(z)](ur)e'?t, where z; = —wt + n8+Kk,z +
@(z), in which the phase of the TM mode ¢(z), depends
on the Z component and k,(k, = ), is the propagation
constant in the Z direction. Using equation (4) for the
defined nonlinear twisted form of the TM mode, the
electric field components in cylindrical coordinates are
obtained as follows:

Er(l‘, 6,2) = Znuf'(Z)]ﬁ(ur)ei(“””ne) (5)
Eg(r,0,2) =2, @]n(ur) ei(-wt+né) (6)
(1, 6,2) = o (7)) (ur)el-ot+® @)

Where ], (ur) is the nth-order of the Bessel function
and 2J5,(1r) = oy (F) = Ja (), 20, (r)/ () =
Jaci (D) 4 Jnea(ur),  £(z) = A(z)e™=**19@  and
3J,/0 (ur) =], (ur). In these equations, A (z) and the

Figure 1. Schematic of twisted electromagnetic waves
interacting with a plasma-filled circular cylindrical
waveguide.
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@ (z) are the amplitude profile and phase of the T™M
mode wave, respectively. Using the obtained electric
field components, Maxwell's equation results in the
following relations for the magnetic field components:

B, =0 ®)
Bo(r,6,2) = X, IC“{E & A2) (uz +kZ+ E) efizr (9)
B.(r,6,2) =, nclr;fX) A(z) (HZ + k2 + %) ezt (10)

Where x = ur, k, = p and J,(x) = dJ, (x)/dx. In
the last step, insert the obtained electric and magnetic
field equations (5- 10) into equation (4), separating the
real and imaginary parts of the resulting equation. Then,
give equations for the amplitude and phase of the twisted
wave.

, d?A , 2
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and
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in which, b; = —p [—811 ]+ [(w*e33 p*)/c?]

and c¢; = (p%e33)/g;; do not change with z, A’ = dA/
dz, and @' = d¢/dz. It must be mentioned that while in
the linear study of the wave propagation in the system
finding the analytical dispersion relation is possible, in
most nonlinear cases with boundary conditions, such as
those we investigated in the present paper, finding the
analytical dispersion relation is impossible. To analyze
the system, the dispersion relation has not been
neglected, It is considered by the numerical solution of
the amplitude A(z) and the phase ¢(z) with appropriate
boundary conditions.

Power transmission through the waveguide

The initial amplitude of TM mode A(z = 0) could be
related to the average wave power transmitted by the
Poynting vector. The average wave power in cylindrical
coordinates is obtained as follows:

C 2m R
p= [—f def (E:Bg — E¢Br) rdr] (13)
8m J, 0
Inserting equations (5)-(10) into equation (13) gives:
2 A2 b
[(k§ + 1 +E> (k,

c°A
8w
+ ORI R)|
Using the differential equation (12), one can obtain:
(k; + @)A? = (k, + @p)A] (15)
Where Ag=A(z=0) and @ = [de/dz],—,.
Now, substituting equation (15) into equation (14) yields:

ﬁ =
(14)
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Or, equivalently,
A% = Gop) (17)

[Cz(k%+u2+%)(kz+w6)R2uZI£2(uR)]

Boundary conditions

The boundary conditions at the perfectly conducting
waveguide wall requires that the component of the
electric field vanish at the wall, i.e.

EZ(I‘ =R)=0 (18)
Thus,
]n(“R) =0,uR = ppy (19)

Where ppny, is the mth root of the nth-order Bessel
function of the first kind.

Acceleration gradient and energy gain of electrons

The acceleration gradient and energy gain of
electrons in the system under study are obtained by using
the following momentum and energy equations:

d — = — — —

a(meyeve) = —e[E + V. X (B + Bext)/(] (20)

du o=

qc = Ve E (21)
Where (m.y.V.) is the relativistic electron

momentum, §ext = By2 is the external static magnetic
field along the waveguide axis, U = (Yo — 1)mgc? is the
energy, V, is the velocity of the test electron in the
system and, E and B are the electric and magnetic fields
of the TM twisted mode interacting with the test particle.
From equation (20), the electron acceleration inside the
plasma-filled waveguide could be found as follows:

dv, v§ vpdy. eE;
dt  r  yedt yem,
e
- CYem, [VB(BZ + BO) - VZBS] (22)
dvg  vevy Vgdye eEg
dt r Ye dt  y.mg
CYem, [Vr(BZ + BO) - VZBr] (23)
dv, v,dy. eE, e
=—————— Bg — vgB 24
dt Ye dt YoM, CYem, [Vr 0 Vo r] ( )

Where v, = dr/dt = t, vg = 18, v, = z. In the next
section, using the obtained equations (5- 12), and (17) as
well as the appropriate boundary condition (19), the
numerical calculation will be employed to find the energy
gain and acceleration of the test electron in the interaction
with the twisted electromagnetic waves in the plasma
filled waveguide, based on the fourth-order Runge-Kutta
method.
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Results

In the interaction of the twisted TM mode with the
magnetized plasma-filled waveguide, let us consider the
numerical calculations in investigating the electron total
energy gain under various initial conditions based on the
physical model presented in Sec. III. For this purpose, a
code is programmed in Fortran language using the
Runge-Kutta method of order four.

In the following simulations, the plasma density is
ny, = 1.08 x 10" cm™, the plasma frequency is w, =
18.53 GHz, the wave power is p = 14 x 103(erg/
sec), the cylindrical waveguide radius is R =
2.1(cm), and the initial electron energy is 100 (keV). An
electron is injected into the waveguide at ry = R/2 =
1.05cm, 0, =1/6, 2o =10, vo, =0, vyg =0, and
voz = 0.55 ¢ interacts with the twisted TM mode with
the initial phase @, =0 (22). To show the effect of
twisted electromagnetic waves on electron acceleration,
we have considered the initial conditions of electron
entry into the waveguide similar to reference (22) (in this
reference, waves do not have twisted properties).

For simplicity, numerical calculations have been done
by defining the dimensionless parameters as r =
cr'/w,, 6=0", z=cz'/w,, w = w,w’, t=t"/w,
E =mccwyE'/e, B=m.cw,B'/e, A=
AmeA'few,,  k, = wpky/c, ke =p = wki/c,
w; = wpwe and p = c>mzp’/e?.

Figure 2 illustrates the variation of electron total
energy gain vs. waveguide length in the interaction with
various twisted electromagnetic waves modes n = 3,
n =4, and n =5, where the eclectromagnetic waves
frequency corresponds to the case where =
41.44 GHz. Each curve corresponds to a fixed mode
value. This figure shows that increasing the mode number
increases the gradient electron’s total energy gain. In this
regard, for the case of n =5, an electron with initial an
energy of 100 keV gets 1.6 GeV energy in 2.1 (cm) of
traveling along the waveguide.

In Figure 3, the effect of the external magnetic field
on the electron total energy gain in the system understudy
has been shown for the mode number n = 1. The other
parameters are the same as in Figure 2. Results indicate
that while increasing the magnetic field magnitude from
the zero value decreases the electron’s total energy for
weak magnetized systems, in the case of a magnetic field
around By = 2834 (G) the electron's total energy
suddenly increases. This behavior could be attributed to
the resonance at this magnetic field value, which will be
considered in detail in Figure 5.

The electron total energy versus waveguide length in
interaction with non-twisted (n = 0) and twisted (n = 1)
electromagnetic waves has been depicted in Figures. 4(a)

v=cv’,
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Figure 2. Variation in the electron energy gain vs.
waveguide length. The choices for system parameters are
w =41.44 GHz, ny = 1.08 x 10cm™3, @, =0, p=
14 x 10*3(erg/sec) ,and R = 2.1 cm.
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Figure 3. Variation of electron energy gain vs. waveguide
length for the case where twisted electromagnetic waves
frequency corresponds to w = 40.82 GHz, the mode
number n = 1, and different external magnetic field values,
e.g., By =500(G), By = 1300 (G) and By, = 2000 (G).
The system parameters are otherwise identical to Fig. 2.

and 4(b) for three values of the electromagnetic wave
frequencies. The other parameters are the same as in
Figure 2. As seen in these figures, increasing the wave
frequency decreases the electron energy gain in both
cases. Comparing Figures 4(a) and 4(b) shows that for
the case of a non-twisted pulse, one can see the optimum
value for the energy gain at the traveling of electrons in
the waveguide. In contrast, the electron can get higher
energy from the twisted electromagnetic waves by
traveling in the waveguide at a more significant distance.
Moreover, the electron gets more energy in the
interaction with twisted electromagnetic waves than non-
twisted ones for the same traveling length in the
waveguide, particularly at large distances.

The maximum total electron energy gain versus the
external magnetic field magnitude has been illustrated in
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Figure 4(a). Variation of electron energy gain vs.
waveguide length for the non-twisted electromagnetic
waves (n = 0) with different frequencies, e.g., w =
40.82(GHz), w = 43.96 (GHz) and w = 47.10 (GHz).
Here, By = 1500 (G) and the system parameters are
otherwise identical to Fig.2.
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Figure 4(b). Variation of electron energy gain vs.
waveguide length for twisted electromagnetic waves (n = 1)
with different frequencies, e.g., w = 40.82 (GHz), w =
43.96 (GHz) and w = 47.10 (GHz). Here, By = 1500 (G)
and the system parameters are otherwise identical to Fig. 2.

Figure 5 for three twisted electromagnetic wave
frequencies. As a significant result, the resonance
absorption of twisted waves could occur in the system
with the specific value of the external magnetic field,
B, = 2834 (G), for the parameters used in the figure.

In electron acceleration by linear waves, the
amplitude of the electric field 107 (V/m ) is required for
the acceleration of electrons to 1.6 GeV in a 2.1 (cm)
distance, but in our study, due to the presence of
nonlinear effects, such as higher mode resonance
phenomena, this acceleration rate could be achieved even
with an electric amplitude lower than 107V/m. This
claim could be confirmed by investigating the Figures (3-
5). These figures show that in the absence of nonlinear
phenomena (for the primary mode n = 1), the maximum
electron acceleration by the employed electric field
amplitude will be ~20 MeV. In contrast, in the presence
of nonlinear effects, n=3,4, and5 electron

367

20.00 T

w=40.82(GHz)
w=43.96(GHz)
w=45.84(GHz)

18.00
16.00 ] e
14.00 |
12.00
10.00 ¢

8.00
6.00 |

gain U(MeV)

4.00 |
2.00

Maximum electron energy

0.00 T T T T T T —
0.00 0.20 0.40 0.60

Magnetic field By x10*(G)

Figure 5. Variation in the maximum electron energy gain
vs. magnetic field B for twisted electromagnetic waves (n
=1) with  different frequencies, e.g, =
40.82 (GHz), w = 43.96 (GHz) and w = 45.84 (GHz).
The system parameters are otherwise identical to Fig. 2.

accelerations can be obtained up to about ~2 GeV
(Figure 2).

In Figure 6, a three-dimensional trajectory of the
electron inside the plasma-filled conducting waveguide
has been shown for w = 40.82 (GHz), n =1, and B, =
1850 G. The electron is assumed to be initially at ry =
R/2 =1.05cm, 6, = /6, and z, = 0, with an initial
velocity of vy, =0, vog =0, and vy, = 0.55c. The
electron accelerates along the waveguide length due to
the twisted TM mode’s longitudinal and transverse field
components. The axial magnetic field component
confines the electron's motion near the Z axis for
maximum energy gain, as expected.

Figure 7 demonstrates the variations of perpendicular
velocity vy, total velocity Vigta1, and parallel velocity v,
with waveguide length Z for twisted electromagnetic
waves (n = 1). The electron experiences a transverse
electric force and acquires a transverse velocity
component. The interaction between the transverse
magnetic field of the twisted wave induces a force
Vp X B in the axial direction. The resonance between
the electrons and the electric field of the electromagnetic
wave gives rise to the acceleration of the electrons to high
energies.

Figure 8 shows the effect of the axial magnetic field
and frequency of the twisted electromagnetic wave on the
electron velocity components. This figure illustrates that
the axial velocity decreases while the perpendicular
velocity v, increases with increasing twisted wave
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Figure 6. Electron trajectory in the three-dimensional plane
for w = 40.82 (GHz),n=1, By = 1850 G.
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Figure 7. Variation in perpendicular velocity vy, total
velocity Viora, and parallel velocity v, vs. waveguide
length Z. The choices for system parameters are n =1,
w = 40.82 (GHz), and By = 1500 G.

frequency and axial magnetic field. Physically, this is a
result of the fact that wave-particle resonance occurs.

Conclusions

In this paper, the acceleration of electrons up to
1.6 GeV by a twisted electromagnetic wave in a
magnetized plasma-filled waveguide is studied. The
amplitude profile and phase of the wave depend on the
longitudinal Z component (without Fourier Transform).
Therefore, in this study, nonlinear terms such as
ponderomotive force and others play significant role in
the output. The effects of twisted electromagnetic waves
and the external magnetic field have been investigated
using numerical simulation. It is found that the electron
energy grows significantly during the passage of an
electron through the waveguide. This is due to its
interaction with the twisted electromagnetic waves. This
effect is significant when the twisted electromagnetic
wave modes increases and the frequency decreases.
Further numerical results showed that there is an
optimum value for an external magnetic field that
changes the resonance conditions, and the electron
energy gain increases noticeably. The proposed structure
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Figure 8(a). Plots of the electron velocity components as a
function of the waveguide length for different values of the
external magnetic field and twisted wave frequencies. Here
n=1, and ® = 40.82 (GHz).
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Figure 8(b). Plots of the electron velocity components as a
function of the waveguide length for different values of the
external magnetic field and twisted wave frequencies. Here,
n=1, and Bo=1500 G.
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Figure 8(c). Plots of the electron velocity components as a
function of the waveguide length for different values of the
external magnetic field and twisted wave frequencies. Here,
n=1and o =40.82 (GHz).

improves the efficiency of the accelerator devices
opening up a whole new area of investigation.

368



GeV-Scale Electron Acceleration in a Magnetized Plasma-Filled Waveguide by ...

References

1. Rubbia C. Inertial fusion a contribution of accelerator
technology to the energy problem. Nucl Phys A. 1993;
553(375):22.

2. lvanov Y F. Pulsed electron-beam treatment of WC-TiC—
Co hard-alloy cutting tools: wear resistance and
microstructural  evolution. Surface and Coatings
Technology. 2000; 125(1):251-256.

3. Hao S. Surface modification of steels and magnesium alloy
by high current pulsed electron beam. Methods Phys B.
2005;240(3):646-952.

4. Grisham L R, Kwan JW. Perspective on the role of negative
ions and ion-ion plasmas in heavy ion fusion science,
magnetic fusion energy, and related fields. Nucl Methods
Phys A. 2009;606(1-2):83-88.

5. Kase T, Harada H, Takahashi T. Transmutation of fission
products with the use of an accelerator. Nucl Energy. 1995;
29:335-341.

6. Sun Z, Karppi R. The application of electron beam welding
for the joining of dissimilar metals: an overview. Journal of
Materials Processing Technology. 1996;59(3): 257-267.

7. Allen L, Beijersbergen M, Spreeuw R, Woerdman C.
Orbital angular momentum of light and the transformation
of Laguerre-Gaussian laser modes. Phys Rev A.
1992;45:81-85.

8. Hora H. Particle acceleration by superposition of
frequency-controlled laser pulses. Nature. 1988; 333:337-
338.

9. Gashti M A, Jafari S. Electron acceleration based on a laser
pulse propagating through a plasma in the simultaneous
presence of a helical wiggler and an obliquely applied
external magnetic field. The European Physical Journal
Plus. 2016; 45(3):210.

10.Mangles S, Walton B, Najmudin Z, Dangor A, Krushelnick
K, Malka V, et al. Table-top laser-plasma acceleration as an
electron radiography source. Laser Part Beams, 2006;
24(1):185-190.

11.Gong Z, Mackenroth F, Wang T, Yan X Q, Toncian T, et
al. Direct laser acceleration of electrons assisted by strong
laser-driven azimuthal plasma magnetic fields. Phys Rev E.
2020; 102(013206):1-13.

12.lwata N, Sentoku Y, Sano T. Electron acceleration in dense

369

plasmas heated by a picosecond relativistic laser. Nuclear
Fusion. 2019; 086035 (59):1-11.

13.Li F, Singh P, Palaniyappan S, Huang C. Particle
resonances and trapping of direct laser acceleration in a
laser-plasma channel. Phys Rev Accel Beams. 2021,
041301(24):1-8.

14.Nobahar D, Hajisharifi K, Mehdian H. Twisted modes
instability of electron—positron shell interacted with moving
ion background. Laser and Particle Beams. 2017,
35(3):543-550.

15.Jesacher A, Furhapter S, Bernet S, Ritsch M. Shadow
effects in spiral phase contrast microscopy. Phys Rev Lett.
2005; 233902(94).

16.Maurer C, Jesacher A, Bernet S, Ritsch M. What spatial
light modulators can do for optical micros copy. Laser
Photonics Rev. 2011;5(1):81-101.

17.He H, Friese M, Heckenberg N, Rubinsztein H. Direct
Observation of Transfer of Angular Momentum to
Absorptive Particles from a Laser Beam with a Phase
Singularity. Phys Rev Lett. 1995; 75(826).

18.Grier D G. A revolution in optical manipulation. Nature
2003;424(6950):810-816.

19.Vaziri M, Golshani M, Sohaily S, Bahrampour A. Electron
acceleration by linearly polarized twisted laser pulse with
narrow divergence. Physics of Plasmas. 2015; 033118(22).

20.Shi Y, Blackman D, Stutman D, Arefiev A. Generation of
Ultrarelativistic Monoenergetic Electron Bunches via a
Synergistic Interaction of Longitudinal Electric and
Magnetic Fields of a Twisted Laser. Phys Rev Lett. 2021;
234801(126).

21.Krall N A, Trivelpiece A W. Principles of Plasma Physics.
New York: Mc Graw-Hill; 1973.

22.Kumar S, Yoon M. Electron dynamics and acceleration
study in a magnetized plasma-filled cylindrical waveguide.
Journal of Applied Physics. 2008; 023302(103):1-6.



