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ABSTRACT

ARTICLE INFO

Let G be a graph. Let f: V(G) — {0,1,2,...,k— 1}
be a function where £k € N and & > 1. For each edge
fw)+f()

uv, assign the label f (uv) = [TW f is called a k-

total mean cordial labeling of G if |t,, ¢ (1) — tmy (7)| < 1,
for all 7,7 € {0,1,2,...,k — 1}, where t,,r(x) denotes
the total number of vertices and edges labelled with
x, z € {0,1,2,...,k—1}. A graph with admit a k-
total mean cordial labeling is called k-total mean cordial
graph. In this paper we investigate the 4-total mean cor-
dial labeling behaviour of some spider graph.
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1 Introduction

In this paper we consider simple, finite and undirected graphs only. Cordial labeling was
introduced by Cahit [1]. The notion of k-total mean cordial labeling has been introduced
in [5]. The 4-total mean cordial labeling behaviour of several graphs like cycle, complete
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graph, star, bistar, comb and crown have been studied in [5, 6, 7, 8, 9, 10, 11, 12, 13]. In
this paper we investigate the 4- total mean cordial labeling of spider graph. Let z be any
real number. Then [z] stands for the smallest integer greater than or equal to z. Terms
are not defined here follow from Harary[3] and Gallian[2]. .

2 k-total mean cordial graph

Definition 1. Let G be a graph. Let f : V(G) — {0,1,2,...,k — 1} be a function

where £k € N and &k > 1. For each edge uv, assign the label f (uv) = {w-‘ f

is called a k-total mean cordial labeling of G if |t,f (i) — tmy ()| < 1, for all 4,5 €
{0,1,2,...,k — 1}, where t,,,5 (z) denotes the total number of vertices and edges labelled
with z, x € {0,1,2,...,k — 1}. A graph with admit a k-total mean cordial labeling is
called k-total mean cordial graph.

3 Preliminaries

Definition 2. [3] A connected acyclic graph is called a tree.

Definition 3. [4] A tree is called a spider graph if it has a centre vertex u of degree > 1
and all the other vertex is either degree 1 or degree 2. Thus the spider is an amalgamation
of k paths with various lengths. If it has z} of length ay, z, of length a, ..., x, of length

Q. then it is denoted by SP (ai',a3?,...,a%m™) where a1 < as < ...ap.

4 MAIN RESULTS

Theorem 4. The spider graph SP (1™,2") is 4-total mean cordial for all values of m,n >
1.

Proof. Let V (SP (1™,2")) = {u,u;,vj,w; : 1 <i<m,1 <j<n}and E(SP(1™,2")) =
{uu; : 1 <i <m}U{uvj,vjw;: 1 <j <n}

Note that [V (SP (1™,2"))| + |E (SP (1™,2"))] = 2m + 4n + 1.

Assign the label 2 to the vertex u. Now we assign the label 0 to the n vertices vy, vs, .. .,
v,. Next we assign the label 3 to the n vertices wy, ws, ..., wy,.

Case 1. m =0 (mod 4).
Let m = 4r, r > 1. Assign the label 0 to the 2r vertices uq, us, ..., us.. Now we assign
the label 2 to the r vertices ugqy1, Ugrio, - .., us. Next we assign the label 3 to the r
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vertices Usyq1, Usr4+2, - - -5 Udp.

Case 2. m =1 (mod 4).
Let m =4r + 1, r > 0. Assign the label to the vertices u; (1 <14 < 4r) as in case 1. Next
we assign the label 0 to the vertex g, 11.

Case 3. m =2 (mod 4).
Let m = 4r+2, r > 0. Label the vertices u; (1 <i < 4r + 1) as in Case 2. Now we assign
the labels 3 to the vertex wuy, .

Case 4. m =3 (mod 4).
Let m = 4r+3, r > 0. Asin case 3, we assign the label to the vertices u; (1 < i < 4r 4 2).
Finally we assign the label 0 to the vertex uy,.3.

Thus this vertex labeling f is a 4-total mean cordial labeling follows from the Table 1.

m tms(0) tms(1) tmy(2) tmy(3)
m = 4r 2r+n 2r+n 2r4+n+1 2r+n
m=4r+1|2r+n+1|2r4+n+1|2r+n+1 2r+n
m=4r+2 | 2r+n+1|2r+n+1|2r+n+1|2r+n-+2
m=4r+3|2r+n+2|2r+n+2 | 2r+n+1|2r+n-+2
Table 1:

Theorem 5. The spider graph SP (1™,3") is 4-total mean cordial for all values of m,n >
1.

Proof. Let V (SP(1™,3")) = {u, i, xj,9;5,2; : 1 <i<m,1 <j<n}and E(SP (1™, 3")) =
{uw; - 1 <i <m}U{ux;, zy;,y;2 : 1 < j<n}

Clearly |V (SP (1™,3™))| + |E (SP(1™,3"))| = 2m + 6n + 1.

Assign the label 1 to the vertex w.

Case 1. m =1 (mod 2).

Let m =2t + 1, t > 0. Now we assign the label 3 to the ¢t + 1 vertices uq, us, ..
Next we assign the label 0 to the ¢ vertices w19, Usys, ..

o Upg-
o U1

Subcase 1. n =0 (mod 4).

Let n = 4r, r > 1. Assign the label 0 to the 2r vertices x1, o, ..., x2,. Now we assign
the label 3 to the 2r vertices xo,11, Toryo, ..., T4-. Next we assign the label 0 to the r
vertices y1, Y2, ..., Y. We now assign the label 1 to the r vertices y,i1, Yri2, -, Yor.
Next we assign the label 2 to the 2r vertices yo,11, Y212, - - -, Yar. Now we assign the label



4 R. Ponraj / JAC 55, issue 1, June 2023, PP 1 -9

0 to the r vertices 21, 29, ..., 2z.. We now assign the label 1 to the r vertices 2,11, 2,19,
.., Zor. Now we assign the label 1 to the r vertices 29,41, 29,49, ..., 23,. Next we assign
the label 3 to the r vertices 23,41, 23742, - - -, Z4r-

Subcase 2. n =1 (mod 4).
Let n = 4r+1, r > 0. Assign the label to the vertices z;, y;, z; (1 < j < 4r) as in Subcase
1. Next we assign the labels 0, 0, 3 to the vertices 441, Yari1, Zar+1-

Subcase 3. n =2 (mod 4).
Let n =4r+2, r > 0. Label the vertices z;, y;, z; (1 < j < 4r + 1) as in Subcase 2. Now
we assign the labels 3, 2, 0 to the vertices z4,12, Yari2, Z4r12-

Subcase 4. n =3 (mod 4).
Let n = 4r + 3, r > 0. As in Subcase 3, we assign the label to the vertices x;, y;, z;
(1 <j<4r+1). Finally we assign the labels 0, 2, 3 to the vertices x4, 13, Yari3, Z4r+3-

Case 2. m =0 (mod 2).
Let m = 2t, t > 1. Assign the label 3 to the t vertices uq, us, ..., u;. Now we assign the
label 0 to the t vertices w11, Usro, ..., Uz

Subcase 1. n =0 (mod 4).
Let n = 4r, r > 1. Label the vertices as in Subcase 1 of Case 1.

Subcase 2. n =1 (mod 4).
Let m = 4r 4+ 1, r > 0. Assign the label to the vertices x;, y;, z; (1 <j <4r) as in
Subcase 1 of Case 2. Now we assign the labels 0, 3, 0 to the vertices 4,41, Yars1, Zari1-

Subcase 3. n =2 (mod 4).
Let n = 4r + 2, r > 0. Label the vertices z;, y;, z; (1 <j <4r+1) as in Subcase 2 of
Case 2. Next we assign the labels 3, 2, 0 to the vertices x4,19, Yario, Zario.

Subcase 4. n =3 (mod 4).
Let n = 4r+3, r > 0. Now we assign the label to the vertices x;, y;, z; (1 < j <4r +1) as
in Subcase 3 of Case 2. Finally we assign the label 0, 2, 3 to the vertices x4,13, Yar+3, Z4r13-

Thus this vertex labeling f is a 4-total mean cordial labeling follows from the Table 2.

]

Theorem 6. The Spider graph SP (1™,4") is a 4-total mean cordial for all values of
m,n > 1.
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m n tmy(0) tmy(1) tms(2) tmg(3)
m=2t+1 n =4r t+ 6r t+6r+1|t+6r+1|t+6r+1
m=2t+1|n=4r+1|t+6r+3|t+6r+2|t+6r+2|t+6r+2
m=2t+1 | n=4r+2 | t+6r+4|t+6r+3|t+6r+4|t+6r+4
m=2t+1|n=4r+3|t+6r+5|t+6r+5|t+6r+5|t+6r+6

m = 2t n =4r t+ 6r t+6r+1 t+ 6r t+ 6r

m =2t n=4r+1|t+6r+2|t+6r+2|t+6r+2|t+6r+1

m =2t n=4r+2|t+6r+3|t+6r+3|t+6r+4|t+6r+3

m =2t n=4r+3|t+6r+4|t+6r+5|t+6r+5|t+6r+5
Table 2:

Proof. Let V (SP (1™,4")) = {u, u;, w;,xj,y5,2; : 1 <1 <m,1 <j<n}and E(SP(1™,4")) =
{uw; - 1 <i <m}U{ww;,w;x;, z;95,y;2 1 < j <n}.
Obviously |V (SP (1™,4™))| + |E (SP (1™,4™))] = 2m + 8n + 1.

Assign the label 2 to the vertex u. Now we assign the label 3 to the n vertices wy, wo, .. .,
w,. Next we assign the label 0 to the n vertices xy, xs, ..., x,. We now assign the label
2 to the n vertices y1, ¥, - - ., yn. Next we assign the label 0 to the n vertices 21, 2o, ..., 2zp.
Case 1. m =0 (mod 4).

Let m = 4r, r > 1. Assign the label 0 to the 2r vertices uy, ug, ..., us.. Next we assign
the label 2 to the r vertices ug,i1, Ugrio, .. Now we assign the label 3 to the r
vertices Usq11, Ugrio, -

. Usp.
. Ugy.

Case 2. m =1 (mod 4).
Let m = 4r 4+ 1, r > 0. Now we assign the label to the vertices u; (1 <14 < 4r) as in case
1. Next we assign the label 0 to the vertex g, 1.

Case 3. m =2 (mod 4).
Let m = 4r+2, r > 0. Label the vertices u; (1 <i < 4r + 1) as in Case 2. Now we assign
the labels 3 to the vertex w1 o.

Case 4. m =3 (mod 4).
Let m = 4r+3,r > 0. Asin case 3, we assign the label to the vertices u; (1 <i < 4r + 2).

Finally we assign the label 0 to the vertex uy,13.

Thus this vertex labeling f is a 4-total mean cordial labeling follows from the Table 3.

]

Theorem 7. The Spider graph SP (2™,3") is a 4-total mean cordial for all values of
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m tmy(0) tmys(1) tmyr(2) tmy(3)

m = 4r 2r +2n 2r + 2n 2r+2n+1 2r +2n
m=4r+1|2r+2n+1|2r+2n+1 1| 2r+2n-+1 2r +2n
m=4r+2 | 2r+2n+1|2r+2n+1 | 2r+2n+1 | 2r+2n+2
m=4r+3 | 2r+2n+2 | 2r+2n+2 | 2r+2n+1 | 2r +2n + 2

Table 3:
m,n > 1.

Proof. Let V (SP (2™,3")) = {u, u;, v, xj,y;,2; : 1 <i<m,1 <j<n}and E(SP (2", 3")) =
{wui, wiv; : 1 <i <m} U {uz;, zjy;,y;2; - 1 < j <n}.
Clearly |V (SP (2™,3"))| + |E (SP(2™,3™))| = 4m + 6n + 1.

Assign the label 1 to the vertex u. Next we assign the label 0 to the m vertices wuy, us,
...y Upy. Now we assign the label 3 to the m vertices vy, vg, ..., Uy
Case 1. n =0 (mod 4).
Let n = 4r, r > 1. Assign the label 0 to the 2r vertices x1, x2, ..., Z2,. Now we assign
the label 3 to the 2r vertices xo,11, Tor12, ..., T4.. Next we assign the label 0 to the r
vertices y1, Yo, ..., Y. We now assign the label 1 to the r vertices y,11, Yri2, - .., Yor.
Next we assign the label 2 to the 2r vertices Yo, 11, Yor12, - - -, Yar. Now we assign the label
0 to the r vertices 2y, 29, ..., 2. We now assign the label 1 to the r vertices 2,11, 2,19,
.., 2or. Now weassign the label 1 to the r vertices z9,11, 29,42, ..., 23.. Next we assign
the label 3 to the r vertices 23,41, 23,12, - -+, Z4r-
Case 2. n =1 (mod 4).
Let n =4r 4+ 1, r > 0. Assign the label to the vertices z;, y;, z; (1 < j <4r) as in Case
1. Next we assign the labels 3, 2, 0 to the vertices x4r11, Yars1, 2ar+1-

Case 3. n =2 (mod 4).
Let n = 4r + 2, r > 0. Label the vertices z;, y;, z; (1 < j <4r+1) as in Case 2. Now
we assign the labels 0, 3, 0 to the vertices z4,12, Yari2, Z4r12-

Case 4. n =3 (mod 4).
Let n = 4r 4+ 3, r > 0. As in Case 2, we assign the label to the vertices z;, y;, z;
(1 <j<4r+1). Finally we assign the labels 0, 0, 3, 3, 2, 0 to the vertices Z4,12, Ysri2,

Rar+25 Tar+3; Y4r+3, 24r+3-
Thus this vertex labeling f is a 4-total mean cordial labeling follows from the Table 4.

]



Theorem 8. The Spider graph SP (2™,4") is a 4-total mean cordial for all values of

m,n > 1.

Proof. Let V (SP (2™,4")) = {u, u;, v, w;, 4,9, 2; : 1 <i <m,1 <j<n}and
E(SP(2™,4")) = {uw;, wv; - 1 <i <m} U {uwj, wjz;,x;95,y52 : 1 < j <n}. Note that
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n tms(0) tmy(1) tmy(2) tms(3)

n = 4r m + 6r m 4 6r+1 m + 6r m + 6r
n=4r+1|\m+6r+1 | m+6r+2 | m+6r+2|m-+06r-+2
n=4r+2 |\ m+6r+3 | m+6r+3 | m+6r+4 | m+6r—+3
n=4r+3 | m+6r+5 |  m+6r+4 | m+6r+5| m+6r+5

Table 4:

IV (SP (2™, 4")| + | E (SP (2™, 4"))| = 4m + 8n + 1.

Assign the label 2 to the vertex u. Next we assign the label 0 to the m vertices uy, us,
..y Um. Now we assign the label 3 to the m vertices vy, vs, ..

label 3 to the n vertices wy, ws, ..

the n vertices y1, vyo, ..
Obviously t,r (0) =ty (1) =ty (3) =m+2n; tr (3) =m+2n+ 1.

Theorem 9. The Spider graph SP (1™,2", 3") is 4-total mean cordial for all values of

n>1.

. Wyp. Nextzy, xo, ..

Proof. Let V (SP (1™,2",3")) = {u, u;, v;, w;, x;, y;, 2 - 1 < i < n}and E(SP (1™,2",3"))
{ung, woi, viws, urg, Ty, Yz 1 < i <nj

Obviously |V (SP (17, 2%, 3")| + |E (SP (12", 3"))| = 12n + 1.

Assign the label 1 to the vertex u. We now assign the label 0 to the n vertices uy, us, ..
u,. Now we assign the label 0 to the n vertices vy, vy, .
to the n vertices wy, ws, ..

.y Zne

Clearly tmf (0) = tmf (2) = tmf (3) = 371,; tmf (1) =3n+1.

., Un. We now assign the
., T,. We now assign the label 2 to

., Yn. Finally we assign the label 3 to the n vertices z1, 2o, ..., 2p.

.., Up. Next we assign the label 3
., w,. Now we assign the label 0 to the n vertices xq, xs, ..
Zn. We now assign the label 3 to the n vertices y1, ya, ..
2 to the n vertices z1, 29, ..

*9

., Yn. Finally we assign the label

Theorem 10. The Spider graph SP (1", 2", 3" 4™) is 4-total mean cordial for all values

ofn>1.
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Proof. Let V (SP (1™,2™,3" 4™)) = {w, u;, v;, Wi, Ts, Yis Ziy Piy G, T4, S5 - 1 < @ < n} and
E(SP(1",2",3",4y)) = {uu, wvs, viws, uTs, T¥i, YiZs, Ups, Didi, 4T, 7ssi - 1 < i <n}. Ob-
viously |V (SP (17,27, 3", 4"))| + |E (SP (1", 2", 3", 47))| = 20n + 1.

Assign the label 1 to the vertex u. We now assign the label 0 to the 4n vertices uy, us,

oy Uy V1, Vo, ooy UpyW1, Wy - ..y Wy,P1, P2, - -+ Pn. Next we assign the label 1 to the n
vertices x1, Tg, ..., r,. Now we assign the label 2 to the 2n vertices y1, y2, ..., Yn,21, 22,
..., Zn. Finally we assign the label 3 to the 3n vertices q1, qa, ..., ¢n, 71, T2, « .., Th,S1, S,
cevy Sp

Clearly tmf (0) = tmf (2) = tmf (3) = 571,; tmf (1) =5n+1.
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