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1 Introduction

In this paper we consider only finite, undirected and simple graphs. The concept of cor-
dial labeling was introduced by Cahit[4]. Different types of cordial related labeling was
studied in [1, 2, 3, 5, 16]. In the similar line the notion of pair difference cordial labeling
of a graph was introduced in [8]. The pair difference cordial labeling behaviour of several
graphs like path, cycle, star, wheel triangular snake,alternate triangular snake, butterfly
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, ladder, mobius ladder, slanting ladder, union of some graphs have been investigated in
[ 8,9, 10, 11, 12, 13, 14, 15]. The m— copies of a graph G is denoted by mG [7]. In this
paper we investigate the pair difference cordial labeling behaviour of m— copies of Path,
Star,Cycle and Ladder graphs.

2 Preliminaries

Definition 1. [8]. Let G = (V, E) be a (p,q) graph.

Define
|

and L = {£+1,42, 43, .-+, +p} called the set of labels.

Consider a mapping f : V. — L by assigning different labels in L to the different elements
of V. when p is even and different labels in L to p — 1 elements of V' and repeating a label
for the remaining one vertex when p is odd. The labeling as defined above is said to be a
pair difference cordial labeling if for each edge uwv of G there exists a labeling | f(u) — f(v)]
such that }Afl — Age| < 1, where Ay and Age respectively denote the number of edges
labeled with 1 and number of edges not labeled with 1. A graph G for which there exists a
pair difference cordial labeling is called a pair difference cordial graph.

if p is even
L ifpis odd

\T IS

M|

Theorem 2. [8]. The path P, is pair difference cordial for all values of n # 3 .
Corollary 3. [8]. The cycle C,, is pair difference cordial if and only if n > 3 .
Theorem 4. [8]. The star K, is pair difference cordial if and only if 3 <n <6.

Theorem 5. [8]. The ladder graph L, = P X P, is pair difference cordial for all values
of n.

3 Main results

Theorem 6. The m- copies of the path P,, mP, is pair difference cordial for all even
values of m and for all values of n.

Proof. Let P,Y) : a;Day@Waz@. .. q,@ be the j* copy P, ,1 < j < m.

Consider the first path P,V). Assign the labels 1,2,3,--- ,n respectively to the vertices
a1, as® a3 .. q, ™ and next consider the second path P, assign the labels (n +
1),(n+2),(n+3),---,(2n) to the vertices a;®,a;?,a3?,---  a,?. Next assign the la-
bels (2n+1), (2n+2), (2n+3), - - - , (3n) respectively to the vertices a;®, as®, az®,---  a,®
of the third path P,®. Proceeding like this until we reach the vertices a;(%2), as(%), a3(%), - - |
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a,(%) of the 2" path P,(?)

Now assign the labels to the vertices of the remaining copies of P, mT*Q < 7 <m. There
are two cases arises.

Case 1. m =0 (mod 4).

Consider the m+2 copy P,0"27). Assign the labels —1,-3,=5--- ,—(2n—1) respectively

to the vertices al( #3%) ag(mﬁ) ag(m2+2) ,an( e and assign the labels -2, —4, —6, - - - |

— 2n to the vertices al( =54 ag(m+4) a3(m;4), cee Ly (#3%) of the m+4 th copy Pn(mTM). Next
assign the labels —(2n + 1), (2n+3),—(2n + 5), —(4n — 1) respectively to the ver-

tices al(mT%), aQ(mT%), ag(mT%) ,an(m2+6 of the m+6 w copy P, *27) and assign the labels
—(2n+2),—(2n+4),—(2n + 6) —(4n) to the vertices a; ("2, ap("2 ) az("2) -
an(mTJrS) of the mTJ“Sth copy P,(" ). Proceedlng this process until we reach the vertices

a1 ax(™ ag™ . a, ™ of the mt copy P,™.

Case 2. m =2 (mod 4).

Consider the m+2 h copy P,("27). Assign the labels —1,—3, =5 - - , —(2n—1) respectively

to the vertices al( #32) ag(mH) a3(m2+2) a, ") and assign the labels -2, —4, —6, - - - |
m m m m m+4

—2n to the vertices al( 23 ay ("), ag(TH) a, ™) of the mTch copy P,("27). Next

assign the labels —(2n + 1), —(2n +3), —(2n +5), - - - , —(4n — 1) respectively to the ver-

,an(mzw) of the mTHith copy Pn(mT%) and assign the labels

m+8 ) ( m—+8 )

—(2n+2),—(2n+4),—(2n + 6) -, —(4n) to the vertices al(mT%),cm(T y a3t 2 e

. m—+6 m—+6 m—+6
tices a; ("2 ),ag( 2 ),ag( 2 )

("3%) of the mT*Sm copy P, (% ). Proceeding this process until we reach the vertices
a1, aQ(m_l) as™ D . a, ™ of the (m — 1) copy P,™ V. Finally assign the
labels — (% —n+1), ( T —n+3), — (T —n+5),- -, —(B+1), — (B —n+2), - (T —
n+4), ( —n+6),-+, —(Z) to the vertices a;™, as™, az™, -+ a,™ of the last
copy B, ).

m

Theorem 7. The m- copies of the path P,, mP, s pair difference cordial for all odd
values of m and for all values of n.

Proof. Let P, : a;WayWas@). .. q,@ be the j% copy P,,1 < j < m.

Consider the first copy P,Y). Assign the labels 1,2,3,---,n respectively to the ver-
tices a1V, as®, a3V, - -+ @,V and next consider the second copy P,?, assign the labels
(n+1),(n+2),(n+3),---,(2n) to the vertices a;¥,a;?,az®, -

a,?. Next assign the labels (2n + 1), (2n +2), (2n +3),--- , (3n) respectively to the ver-
tices a1®, as®, az®, -+, a,® of the third copy P,*. Proceeding like this until we reach
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the vertices ;™2 ), ay("7 ), az(™3 ), -+, a,("7) of the mT_lth

Secondly consider the m? path P,"™  when n is even, as&gn the labels —n+ 1, m—n +
2,—(%An+1),—(%1n 4 2),2 n+3m—1n—|—4 —(2tp + 3),— (2t n+4) —n—l—
%,—(mT’ln +3) respectlvely to the vertices a; ™, a (m% Laz™ a0

as™ ag™, - a,_1",a,"™. When n is odd, assign the labels mT’n + 1, m;n +
2,—( 21 +1), —(—n+2) moln 43,2 + 4,— (T_1n+3),—(7n+4) —n—|—
Tl, (T n+4—= ),—(m—1n+”—1) to the Vertlces al(m),ag(m),ag( ) a,m ), (m%
o™ ap_1 (™ ) a,™ respectively .

Now assign the labels to the vertices of the remaining copies of P, mTH < j < m. There
are two cases arises.

Case 1. m =1 (mod 4).

1th

Consider the ™™ path P,("37). Assign the labels —1,-3,=5--+ ,—(2n—1) respectively
m+1)

to the vertices al( #3) Gg(m+1) as( ™2 ,an( ) and assign the labels —2, —4, —6, - - - |
m m m m m—+43

— 2n to the vertices al( #32) , ay| H), as! 2+3), coe ! %) of the ’"T’L?’th copy B, 27). Next

assign the labels —(2n + 1), —(2n+3),—(2n+5),--- , —(4n — 1) respectively to the ver-

tices al(mT%), ag(mT%) (32) ,an(m2+5 of the m+5th copy P, ("3®) and assign the labels

—(2n+2),—(2n+4), —(2n + 6) —(4n) to the vertices a; ("2, a3 ) ag("T ) -
("3 of the mT”th copy P,(" ). Proceedmg this process until we reach the vertices

a1y gy L g (01 of the (m — 1) copy P,™Y.

Case 2. m =3 (mod 4).

Consider the m—“ copy P,0"27). Assign the labels —1, =3, =5 --- , —(2n—1) respectively

to the vertices al(m; ) ag(m+1) Clg(m;l) Lan(2 #34) and assign the labels -2, —4, —6, - - - |
m m—E m—2 m—+3
—2n to the vertices al( "3 qp("5) | qy("37) La,™) of the mT*?’th copy P,("2"). Next

assign the labels —(2n + 1), —(2n + 3), —(2n + 5), - - - , —(4n — 1) respectively to the ver-
tices al(mTH)), aQ(mT%), &3(mT+5) ,&n(mf of the m+5th copy P, ("3%) and assign the labels
—(2n+2),—(2n+4),—(2n+6),--- ,—(4n) to the vertices a;("37), a,("3 ), az("3) -+ |
an(mT”) of the mT”th copy Pn(mT”). Proceeding this process until we reach the ver-
tices a1, ay,™ 2 a3 ... a2 of the (m — 2)" copy P, ?. Finally as-

sign the labels —(2tn — n+ 1),—(%2n — n + 3), —(—n n+5), -, —(%tn —n+
n),—("tn —n+2),—(%tn —n+4),—(%tn —n+6), - —(—1n—n+n—1) to the

Vertices al(m_l)’ a2(m_1), ag(m_l)’ oo ,aLﬂ(m_l), G,L-l—:%(m_l), 7(777’ )’ o e 7a/n(m_1) respec_
2 2

tively when n is odd and assign the labels —(T’n —n+1), —(T’n —n+ 3) —(2tn —

n+5), - ,—(2En—n—1),—(ZEn—n+2),—(Ztn—n+4),— (Z2tn—n+6), - —(Ztn—

2
n+n) to the vertices a; ™Y ay (™Y az(m=Y ... ,an m=1),

ans2 ™D qna (M= oo g (m=1) respectively when n is even.
2 2
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O

Theorem 8. The m- copies of the cycle C,,, mC,, is pair difference cordial for all values
of n > 3 and for m = 2.

Proof. Case 1. n is even.

Assign the labels 1,2,3,--- , n respectively to the vertices v, v, 3™ ... 0, and

assign the labels —1, —3, =5, - - - ,n—1 to the vertices v;®, v, v3? . .. ,v%(z). Lastly as-

sign the labels —n, —(n—2), —(n—4), - - - , —2 respectively to the vertices vaJrz(Q), vaH(Q),
@) ... (2)

Vmte D) oo 0,2,

2

Case 2. n is odd.

Assign the labels 1,2,3,--- , n respectively to the vertices v,V v, 3™ ... 0, (1) and
assign the labels —1, —3, —5,--- , —n to the vertices v;®, v, 132 ... ,vaH(Q). Lastly
assign the labels —(n—1), —(n—3), —(n—>5),--- , —2 respectively to the vertices UWTH(2)7
Vs ®, 0@, o 0,2),

L]

Theorem 9. The m- copies of the cycle C,,, mC,, is pair difference cordial for all values
of n > 3 and for m = 3.

Proof. Case 1. n is even.

Assign the labels 1,2,3,--- ,n respectively to the vertices v1(, v, v5™M ... 9, and
assign the labels —1, —2, —3,--- , —n to the vertices v;@, v,®, v5® ... v, Lastly as-
sign the labels (n + 1), —(n+2),(n +2),—(n+2),--- ,(n+ 3), —(n + 5) respectively to
the vertices v;®), v, v33) G oo w1 O) 0, G

Case 2. n is odd.

Assign the labels 1,2,3,--- ,n respectively to the vertices v;), v, v ... v, and
assign the labels —1, -2, —3,--- , —n to the vertices v;®, v, v ... v,@ Finally as-
sign the labels (n + 1), —(n +2), (n +2), —(n +2) - -+ , (n + %5+, —(n + 25*) respectively
to the vertices v;®), v, w53 B Loy K v, 1) and assign the label —(n + ”T_l)
to the vertex v, ).

]

Theorem 10. The m- copies of the cycle C,,, mC,, is pair difference cordial for all values
of n > 3 and for all even values m > 4.
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Proof. Let C’n(j) s, D gDy g, Dy 0) be the Gt cycle C’n(j),l <7< m.

Consider the first copy c,m. Assign the labels 1,2,3,--- ,n respectively to the vertices

1M W pg® oo 9, () and next consider the second copy C,, (¥, assign the labels (n +

1), (n+2), (n+3),-- -, (2n) to the vertices v;® v, v3?) ... 0,2 Next assign the labels

(2n+1), (2n+2), (2n+3), - - - , (3n) respectively to the vertices v;®), v, 033 ... 0,3 of

the third copy c, ). Proceeding like this until we reach the vertices v1(2), v,(2) v3(2) ..+ |
(%) of the ()" cycle C,(2)

Consider the mT“th copy Cn(mTH). Assign the labels —1,—-3,—5--- ,—(2n — 3) respec-
tively to the Vertices vl(mTH) vg(w) vg(mTH) s Up— 1(mTH and assign the label (2n — 2)
to the vertex v,("2"). Now we assign the labels —2, —4, —6,--- | —(2n —4) to the vertices
vl(m2+4),1;2(m2+4) (mH) ,vn_g(mH) of the mT“ cycle C m+4 ) and assign the labels
—(2n), —(2n — 1) respectively to the vertices v, "3 0, (M2

Next assign the labels —(2n 4+ 1), —(2n + 3), —(2n + 5),--- , —(4n — 1) respectively to
the vertices Ul(mT%),UQ(mT%),Ug( 2+6), e ,vn_l(mgﬁ) of the mT%th cycle Cn(mT%) and assign

the label —(4n — 2) to the vertex v,("2") .We now assign the labels —(2n + 2), —(2n +

4),—(2n+6),--- ,—(4n — 4) to the vertices vl(mTM), UQ(MTHS), vy (") , Up_o! ("3%) of the
mT’Lgth copy C’n(w) and assign the labels —(4n), —(4n — 1) respectively to the vertices
vn_l(w) v, (). Proceeding this process until we reach the vertices IRINCON

v3™ oo 0, (M of the m! copy C,,™

]

Theorem 11. The m- copies of the cycle C,,, mC,, is pair difference cordial for all values
of n > 4 and for all odd values m > 5.

Proof. Let C,%) : vy @py@yy). ..y, Doy @) be the 5% copy Cp, 1< j < m.

Consider the first copy C,V. Assign the labels 1,2,3,--- ,n respectively to the vertices

1M 0, M o 4, (D and next consider the second copy C,, ¥, assign the labels (n +

1), (n42), (n+3),-- -, (2n) to the vertices v, v, v3? ... 4, Next assign the labels

(2n+1), (2n+2), (2n+3),--- , (3n) respectively to the vertices v;® v, vz ... 4, )

of the1 third copy C 3) Proceedmg like this untll we reach the vertices vl( =3 UQ(Tl),
=)

032 L0, of the (mst =LYt copy C, "),

Consider the m“th copy C,, (5, Assign the labels —1, -3, —=5--- | —(2n—3) respectively
to the vertices vl( 230 pp () (M3

(m+1

,Un—1U2 ) and assign the label (2n — 2) to the
vertex vn( 1).
Now we assign the labels —2,—4, —6,--- , —(2n — 4) to the vertices vl(mTﬁ), Vg

(75 ("5%) of the mT*?’th cycle C,("2") and assign the labels —(2n), —(2n — 1)

()

U3 y Un—2
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respectively to the vertices vn_l(mT%),vn(mT%).

Next assign the labels —(2n + 1), —(2n + 3), —(2n + 5),--- , —(4n — 1) respectively to
5

m+5)

vn (27) of the mT“’th copy Cn("2") and assign
the label —(4n — 2) to the vertex v,("2") . We now assign the labels —(2n + 2), —(2n +

4),—(2n +6),- -+, —(4n — 4) to the vertices v,("2~ 7), vg(mf), vy ("3 o Up_o! ("3 of the
mt7th cycle C’n(mTH) and assign the labels —(4n), —(4n — 1) respectively to the vertices

2
vn_l(mf) ("5, Proceeding this process until we reach the vertices v (D) g (m=1)

03D oo 0,77 of the (m — 1) copy C, (™!

the vertices vl(mT%) /UQ(M) 3!

Now consider the m' cycle C,(™ . There are four cases arises.
Case 1. n =0 (mod 4).

Assign the labels (™5 m_ly 4 +1),(5—= m=1n +2) to the vertices v; ™ ,v,(™ respectively and assign
the labels —(™tn + 1),—(™1n + 2) respectively to the vertices v3(™,v,(™ . Next we
assign the labels (+1n + 3), ( m-ln +4) to the vertices vs™ vg™ respectively and assign
the labels —(—n 3),— (" n + 4) respectively to the vertices v;(™ 0™ . Now we as-
sign the labels (Z-2n+5),(Z-2n+6) to the vertices vg(™,v15(™ respectively. Proceeding
like this until we reach the Vertex v,™ . Note that in this process the vertex v,™ get
the label —(Z-n + 2).

Case 2. n =1 (mod 4).

As in case 1, assign the labels to the vertices v;(™,1 < i < n — 1. Finally assign the label
—(21n 4+ 252) the vertex v, ™.

Case 3. n =2 (mod 4).

Assign the labels to the vertices ;™. 1<i<n—2asincase 1. Lastly assign the labels
—(mT_ln +3), mT_ln + 4 the vertices Vn—1™, v,™ respectively.

Case 4. n =3 (mod 4).

Similar to case 1, assign the labels to the vertices v;(™, 1 < i < n—3. Finally assign the la-
bel —(mT_er—”T_l) (m—ln—l——) (T_ln—l—”T_l) respectively the vertices v,_o™, v,_1 ™ v, (™).

]

Theorem 12. The m- copies of the star K1, mK; ;1 is pair difference cordial for all
values of n.

Proof. Follows from theorem 3.1 , mK; ; = mP, is pair difference cordial. O
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Theorem 13. The m- copies of the star Kis, mKi o is pair difference cordial for all
values of n.

Proof. Follows from theorem 3.1 , mK; 2 = mPs is pair difference cordial. O

Theorem 14. The m- copies of the star Ky3, mK; 3 is pair difference cordial for all
values of m.

Proof. Let the vertex set and the edge set of the j* star Klyg(j), 1 < 5 < m is shown
below :

V(Kl,g(j)) = {00, 0,0 0, 3@ 11 < j <m} and

E(Kljg(j)) = {v@ v, ) vy, vy 11 < 5 < mb.

There are two cases arises.
Case 1. m is even.

Consider the ﬁrst star K 3( ). Assign the labes 1,2,3,4 respectively to the vertices
v, oM 0, 93 and assign the labels 5, 6,7, 8 to the vertices v;®, v?),

052 52 ) respectively the second copy K 173( ). Next Consider the thlrd star K 173(3). As-
sign the labes 9,10, 11, 12 respectively to the vertices 113, v®) 1,3 133) and assign the
labels 13,14, 15, 16 to the vertices v;®, v, 1,4 3 respectlvely the fourth copy K 3.
Proceeding like this process until we reach the vertices of the mth star K 3(

Secondly consider the m” copy K 3( e Ass&gn the labes —1, —2, —3, —4 respectively

to the vertices vl(m; ) vg( 2 ) v (mﬁ) v"27) and assign the labels —5,—6,—7,—8 to the
m m m+4

vertices vy ;4), 0o +4),v3( ;4) v( 2 ) respectlvely the m+4 star K173( )

Next Consider the m;’(j star K 5 3 gt ). Assign the labes —9, —10, —11,

— 12 respectively to the vertices v;( ;6) UQ(WSFG) ’U3(m+6) ") and assign the labels

—13, —14, 15 —16 to the vertices v, ("2 ®) v2(m;8) vg(m+8) (") respectively the mTJrSth

copy K 173( ), Proceeding like this process until we reach the vertices of the m!* copy of
the star K 3.

Case 2. m is odd.

Consider the ﬁrst star K3 3( ). Assign the labes 1,2,3,4 respectively to the vertices
v oM 0, 93D and assign the labels 5,6,7, 8 to the vertices v; ¥, v,

vy?) v3(2) respectively the second copy K 3( ) Next Consider the thlrd star K 173(3). As-
sign the labes 9,10, 11, 12 respectively to the vertices v;®), v 1,3 153 and assign the
labels 13,14, 15,16 to the vertices v; ), v v, pg*) respectlvely the fourth star K173(4).

Proceeding like this process until we reach the vertices of the mTlt copy Ki 3(m2 "3
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Secondly consider the m;’ L7 star K 1 3 N ). Assign the labes —1, —2, —3, —4 respectively

to the vertices vy 75 Ug(m+1) U3(m+1) L ; ) and assign the labels —5,—6,—7,—8 to the
( m+3 ) +3 m+3 "L+3 )

L v3(72) v( 2 )respectwely the copy KLg( 2

m+3
vertices vl( 2 ), Vg

Next Consider the m;5th copy K173(MT+5). Assign the labes —9, —10, —11, —12 respectively
to the vertices Ul(w) v2(mT%),vg(mT%),v(m;5) and assign the labels —13, —14, 15 —16
to the vertices v; et ) v (m”) ’Ug(mT”),U( ) respectively the m;” star K1 3( ). Pro-
ceeding like this process until we reach the vert1ces of the (m—1)" copy K 1,3 ~Y. Finally
assign the labels “tn+1, 2-tn+2, —(-n+1), —(™En+2) respectively to the vertices

TN CORIN GO v(m of the m* star K, 3™,

]

Theorem 15. The m- copies of the star K4, mK; 4 1s pair difference cordial for all
values of m.

Proof. Let the vertex set and the edge set of the i'® copy K1,4(j), 1 <7 < m is shown
below :

V(K14 ) { ]) Ul ]) Ug() (]) () 1<]<m} and

E(K14 7)) = {vV Wyl ) U(J)UB(J) Wy, 0) 11 <5 <m}.

There are two cases arises.
Case 1. m is even.

Consider the first copy K 4( ). Assign the labes 1,2,3,4,5 respectively to the vertices
v M oM 0, s 4, and assign the labels 6,7, 8,9, 10 to the vertices v, (2) UQ(Z)

v5?), 4, @ respectively the second star K, 4( ). Next Consider the third copy K 1 4 . As-
sign the labes 11,12,13, 14,15 respectively to the vertices v1®), v v53) 143), 214( and
assign the labels 16 17,18, 19, 20 to the vertices vl( ) 0(4) Ve ¥ Ug( ) 1)4(4) respectively the

fourth star K; 4 ). Proceeding like this process until we reach the vertices of the mth copy
K4\
Secondly consider the m+2h Copy K, 4(mT+2) Assign the labes —1, -2, -3, —4, -5 re-

2
spectively to the vertices v, (") U(m+2) vg(mf) Ug(m+2)7 ("5%) and assign the labels

—6,—7,—8,—9,—10 to the Vert1ces v mtd) (WH), 0 ("3 (M)
m m-+4
v,"3) respectively the m+4 star K 4 2).

Next Consider the m+6th star K 4(mT+6) Assign the labes —11, —12, —13, —14,

— 15 respectively to the vertices v, (3" ), ("5 vg(m2+6) vg(m;ﬁ), v, "3 and assign the la-
8 m—+8 m+8
bels —16, —17, —18, —19, —20 to the vert1ces vl( e ) ol - ) vg! > ),

, 0, (") respectively the

(%) copy K147

. Proceeding like this process until

m+8th
V3 3
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we reach the vertices of the m™ copy K;,™.
Case 2. m is odd.

Consider the first copy K; 4( ). Assign the labes 1,2,3,4,5 respectively to the vertices
v, oM 0, s 4, and assign the labels 6,7, 8,9, 10 to the vertices v;®, v vg( )

v5?), @ respectively the second star K174( ). Next Consider the third star K174 ) AS—
sign the labes 11,12,13, 14,15 respectively to the vertices v1®, v®) 1,3 133 1,6 and
assign the labels 16,17, 18,19, 20 to the vertices vl( ) p® vg( ) Ug( ) 1)4(4) respectively the

fourth copy K; 4(4) Proceeding like this process untll we reach the vertices of the 5= Lt

ml)

star K174( 2

Secondly consider the m+1th star K 4 N ). Assign the labes —1, -2, —3, —4,

— 5 respectively to the Vertlces vl(mgl) U(m;l) (mH), vg(mzﬂ) v4(m 1) and assign the la-
m+ m—+3 m—+3 m+3

bels —6,—7, —8, -9, —10 to the vertices v, ("27), 027 0y ("2) py("27),

v4(m;3) respectively the m+3 copy [('1,4(m2+ ).

—

Next Consider the m—+5th copy K4 "), Assign the labes —11, —12, —13, —14,
m+5) U(L%) U2(m+5 m+5 m+5

— 15 respectively to the vertices v; ("2 2 ), 0572 0y (2
m+7 m+7
bels —16, —17, —18,—19, —20 to the Vertices vl( 5 ( 2) 0",
m+

v3("5) m” copy K142, Proceeding like this process until

) and assign the la-

\1\.

m+7

T+) respectively the

(
y U4
we reach the vertices of the (m 1) copy K1,4( 1).

Finally assign the labels mT_ln +1, mT_ln +2, mT_1n+ 1, —(mT_ln—i— 1), —(T_ln—l— 2) respec-

tively to the vertices vy ™), 0™ 1™ 5™ 4, (M) of the mt copy K 174(’").
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