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Abstract 

The article presents Generalized Integral Transform Method (GITM) for the 

bending analysis of clamped rectangular thin plates. The problem is a 

boundary value problem (BVP) represented by a fourth order partial 

differential equation (PDE). Linear combinations of product of 

eigenfunctions of vibrating clamped thin beams in the in-plane dimensions 

are used to formulate the sought for deflection function w(x, y) in terms of a 

double series with unknown generalized deflection parameters cmn. The 

GITM converts the BVP to an integral equation and ultimately to an 

algebraic problem in terms of cmn, which is solved to fully obtain ( , )w x y  as a 

double infinite series found to be convergent. Bending moments are obtained 

using the bending moment deflection relations as double infinite series with 

convergent properties. The solutions obtained for deflection and bending 

moments at the center and middle of the clamped edges for the two 

considered cases of uniformly distributed load and hydrostatic load are in 

agreement with previous results in literature. The effectiveness of the GITM 

for the clamped plate problem is thus illustrated. 

Keywords: Generalized Integral Transform Method, boundary value problem, Kirchhoff plate theory, 

bending moments, integral equation, eigenfunction. 

 
1. Introduction 

Plates are three-dimensional (3D) structural members which may be subjected to transverse static or dynamic, 

and/or inplane compressive forces. Plates may be homogeneous or nonhomogeneous; composite, laminated, 

functionally graded, linear elastic or nonlinear in their material properties. They may occur in various geometrical 

shapes such as rectangular, polygonal, circular, elliptical, oval. They may be considered depending on the loading as 

dynamic, stability or static elasticity problems. They are classified as thin, moderately thick and thick depending on 

the ratio of the transverse dimension to the smaller inplane dimension. For thin plate, which is considered in this 

study the ratio of the thickness to the least inplane dimension is less than 0.05. 

 Simplifying assumptions have reduced the 3D nature of the general plate problem to two-dimensional (2D) 

idealizations, and the classical thin plate theory is a 2D simplification of the 3D plate theory. The extensive use of 

plates in all the major fields of engineering has provoked interest in their studies. 
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 Kirchhoff’s plate theory (KPT) assumed the following: [1-20]  

• normality (orthogonality) of cross-sectional planes to the middle surface prior to bending deformation and after 

bending deformation. 

• The thickness does not change during bending deformation. 

The advantages of the KPT are: 

• the resulting domain equation of equilibrium is linear. 

• the domain equation contains only one unknown function – transverse deflection ( , ).w x y   

• Bending moments and shear force expressions can be found from the transverse deflection. 

• the KPT gives parabolic variation of shear stresses yz and zx over the thickness in agreement with structural 

mechanics. 

 The disadvantage are the limitation to small deformations, and the inability to account for transverse shear 

deformations, thus limiting the applicability to thin plates where transverse shear deformations are insignificant [18, 

21]. 

 Nwoji et al [6] presented flexural solutions for simply supported rectangular Mindlin plates under bisinusoidal 

load. 

 Shimpi and Patel [22] derived a two variable refined plate theory for orthotropic plate analysis. Ghugal and 

Gajbhiye [23] presented flexural solutions of thick isotropic plates using fifth order shear deformation theory which 

accounted for transverse shear deformations. Ghugal and Sayyad [24] used trigonometric shear deformation theory 

to solve bending problems of thick isotropic plates. Sayyad and Ghugal [23] presented an exponential shear 

deformation theory for thick isotropic plates. 

 Numerical methods such as finite difference method (FDM), finite element method (FEM), differential 

quadrature method (DQM), discrete singular convolution method (DSCM) have been used to solve the bending 

problems of plates with different boundary conditions, loading distributions and material types. 

 However those numerical methods in general yield approximate solutions though with acceptable errors if finer 

meshes are used and this is the main demerit of the method. 

 Closed form solutions to plate flexure problems are relatively rare due to the mathematical/analytical rigour 

involved in finding solutions that apply at all points on the domain including the boundaries. 

 The classical semi-inverse methods used by Navier and Levy are applicable only to rectangular plates with two 

opposite simply supported edges. 

 Superposition method which can be used for solving elastostatic plate bending problems with various boundary 

conditions, involves complicated solution process. 

 Symplectic elasticity method for plate problems have been developed by Cui [25], Ma [26], Lim et al [27, 28], 

Zhong and Li [29] and Wang et al [26]. 

 The symplectic elasticity method demands rigorous analytical manipulations which require highly skilled 

researchers in mathematical physics. 

 It is very difficult to obtain solutions to the bending problems of plates with free edges [30, 31]. 

 Aginam et al [32] used the direct variational method (DVM) to solve isotropic rectangular Kirchhoff plate 

problems under uniform loading and different boundary conditions. Onyeka and Mama [33] and Onyeka et al  [34] 

have similarly studied bending of thin plates using DVM. Onyeka et al [57] have applied the DVM to solve buckling 

problems of thick plates. 

 Mbakogu and Pavlović [35] presented variational symbolic solutions to the bending of clamped orthotropic 

rectangular plates. Evans [36] and Young [37] presented flexural solutions of clamped rectangular plates. 

 Khan et al [38] applied variational iteration methods to rectangular clamped plate problems. 

 Sadiq et al [39] used the differential transform method (DTM) to study the nonlinear vibration of functionally 

graded circular plates resting on two-parameters foundation. Sadiq et al [40] have also used a mathematical 

procedure to study the natural vibration characteristics of Kirchhoff plate inside fluid medium, resting on one- and 

two-parameter foundations. 
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 Recently, Salawu et al [41, 42] have investigated the vibration characteristics of circular plates resting on 

Winkler and Pasternak foundations. The forced vibration solutions of circular plates supported on nonlinear 

viscoelastic foundation have been presented by Salawu et al [43]. 

 Qian et al [30] derived closed form bending solutions to rectangular thin plate problems with different boundary 

conditions using the two-dimensional generalized finite integral transformation method (GFITM). 

 They found that the transformation reduced the governing partial differential equations of the plate to an easily 

solvable algebraic problem. The merit of the procedure is the avoidance of apriori assumptions of the deflection 

basis function. Qian et al [31] used 2D GITM to obtain bending solutions of thin plates. Qian et al [30] used the 

finite integral transform method for the flexural analysis of orthotropic rectangular thin plates with two adjacent 

edges free and the others clamped or simply supported. Oguaghamba and Ike [2] used the single finite Fourier sine 

transform method for the eigenfrequency analysis of thin plates. Nwoji et al [8] applied Ritz variational method to 

obtain accurate bending solutions of rectangular thin plate under hydrostatic load. Ike [9] used Galerkin-Vlasov 

method to find flexural solutions of rectangular thin plate on Winkler foundation. Onyia et al [3] applied Galerkin-

Kantorovich method to obtain accurate elastic buckling solutions of rectangular SCSC plates. Onyia et al [4] applied 

Galerkin-Vlasov method for the elastic stability analysis of SSCF and SSSS rectangular plates.  

 Akbas [44-46] has solved complicated non-linear problems of plates using several variants of differential 

quadrature (DQ) methods. DQ methods have proved to be powerful numerical tools for PDEs. DQMs are easy to 

use and straightforward in implementation. However, similar to conventional point discretization methods like 

collections and FDMs, DQMs encounter difficulties for differential equations with singular functions like the Dirac-

delta function. This arises due to difficulties introduced by the singularity to the discretization of the problem field. 

 Yinksel and Akbas [47-50] have also presented the buckling, bending and free vibrations solutions of complex 

plate problems using DQMs and other numerical techniques. Other scholarly contributions to the theory of elasticity 

and applications to beams, plates and nanoplates could be found in references [51-95]. 

 

1.1 Main Practical Applications of the Study 

 The main practical applications of the thin plate bending problem studied in thin paper is in the analysis and 

design of reinforced concrete slabs with rectangular shapes and clamped boundaries where the slab is subjected to 

uniformly distributed transverse loads and/or hydrostatic loads. 

 

1.2 Differences between this Study and Previous Studies in the Literature 

 The major difference between this study and previous studies in the literature is that for the first time to the 

author’s knowledge, a rigorous, first principles application of the GITM is applied to the bending problem of thin 

rectangular plates with clamped boundaries and where the plate is subjected to uniformly distributed loading and 

where the plate is subjected to hydrostatic loads. 

 

1.3 Advantages of the Generalized Integral Transform Method 

(i) It makes it possible to obtain solution to various BVP and Initial Value Problems (IVPs) for parabolic PDPs in 

semi-analytical form. 

(ii) It reduces the corresponding PDE problems to the Volterva integral equation (VIE) of the second kind. 

(iii) Many classes of problems are difficult to solve, or algebraically unwieldy in their original presentations but 

could be mapped into another domain in which manipulating and solving the equation becomes easier than in 

the original domain. the solution is then found in the original domain by mapping back from the transform 

domain back to the original domain with the inverse of the integral transform. 

(iv) In the GITM the kernel functions are the eigenfunctions of a freely vibrating thin beam with equivalent 

restraints conditions as the plate in the x and y coordinate directions; and since these eigenfunctions are 

constructed to satisfy the boundary conditions at the edges of the plate. 

(v) Integral transforms are important tools for solving differential and integral equations because of the 

simplifications that they bring about, in converting the problems to simpler algebraic problems to simpler 

algebraic problems, and because they take automatic account of the boundary conditions. 

  

1.4 Disadvantages of GITM 
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 The main disadvantage of the GITM is in the rigorous integration problems involved when dealing with 

complicated loading and boundary conditions. Another disadvantage is that complicated contour integration 

problems sometimes need to be solved in order to obtain inversion of the transformed problem back to the physical 

domain of the original problem. 

 Literature shows that few mathematically rigourous methods based on the Generalized Integral Transform 

Methodology have been used for the bending problems of fully clamped Kirchhofff plates. This paper presents the 

bending analysis of CCCC Kirchhoff plate from a mathematically rigourous perspective using GITM. The bending 

problem, governed by a fourth order PDE is rigourously presented using the GITM as an integral equation which 

further reduced to an algebraic problem; effectively offering some simplification to the original problem since the 

coordinate functions are determined apriori as the eigenfunctions of vibrating thin beams with fixed ends. 

 

2. Theoretical Framework 

 The theoretical framework for the classical Kirchhoff thin plate theory is adopted in this study for modelling the 

plate. The governing equations are constructed by simultaneously considering Kinematics, constitutive relations and 

the differential equation of equilibrium [1]. 

The linear strain displacement equations of the KPT are 

xx
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 xy

v u

x y

 
 = +
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u w

z x
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 (1) 
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y z

 
 = +

 
  

 where u, v and w are the displacement components in x, y and z coordinate directions respectively xx, yy, zz are 

normal strains in the x, y and z directions xy, yz, zx are shear strains. 

 Kirchhoff-Love hypothesis state that the normals to the middle plate surface are straight and unstructured, and 

this implies that the shear strain the z direction xz are negligible. 

 Hence from 0yz xz =  =                         (2) 
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 Hence, ( , , ),u x y z  ( , , )v x y z  can be explicitly stated as: 
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u w
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= + + −
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 (3) 

 The kinematics equations then become: 
0

xx x xzk =  +   

0
yy y yzk =  +  

0 2xy xy xyzk =  +   

               

 (4) 

where kx, ky and kxy are curvatures of the middle plane and 
0 ,x  

0
y  and 

0
xy  are the strains of the middle plane, given 

by 
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 =


  

0 0
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 =


 

               

 (5) 



Journal of Computational Applied Mechanics 2022, 53 (4): 599-625  

 

 

603 

0 0 0
xy

v u

x y

 
 = +

 
  

For zero in-plane consultants, all strains at the middle plane are zero, and the kinematics equations are 
2

0
2x x

w
zk z

x


 = = −


  

2
0
2y y

w
zk z

y


 = = −


 

2
02 2xy xy

w
zk z

x y


 = = −

 
  

    

   

   

   

  

 (6) 

 

2.1 Stress – Strain Equations 

 General form of the stress-strain equations is 

1 1[ ] [ ]E z E k =  = −                           (7) 

where E1 is the elasticity matrix. 

The bending and twisting moments are 

2 2

2
1

2 2

/ /

/ /

h hxx

yy

h h
xy

M

M M z dz E z dz k Dk

M − −

 
 = = − = =
 
 
 

                     (8) 

3

212 1( )

Eh
D =

− 
                            (8a) 

 

2.2 Strain Energy 

The strain energy integral U(w) is expressed in terms of displacement as: 
2

2
1 1

2

1 1 1

2 2 2

/

/

( )

b

T T T

V A h

U w dV E dV z k E k dz A

−

=   =   =      

  
1 1

2 2
( ) ( ) ( )T T

A

k w Dk w dA M k w dA= =                    (9) 

For isotropic homogeneous plates, 

2

2 2 22 2 2 2 2

2 2 2 2

1
2 2 1

2
( ) ( )

R

w w w w w
U w D dxdy

x yx x y y

          
 +  + + −      

           
             (10) 

For transversely applied loads, the load potential function is 

2

( ) ( , )T

V R

W w F u dV p x y w dxdy= − = −                      (11) 

Differential Equation of Equilibrium 

The general form of the total potential energy functional,  is: 

( , , , , , , )x xx xy yy

V

U W F x y w w w w w dV = + =                    (12) 

The differential equation of equilibrium is obtained using the Euler-Lagrange equations 
2 2 2

2 2
0

, , , , ,x y xx xy yy

F F F F F F

w x w y w w x y w wx y

          
− − + + + =

          
             (13) 

For isotropic homogeneous plates the Euler-Lagrange differential equation is 
2 2 2

2 2
2 2 4 1 2 2 0

2
( , , ) ( ( ) , ( , , )xx yy xy yy xx

D
p w w w w w

x yx y

   
− + +  + −  + +  = 

   
          (14) 
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4 4 4 4 4

4 2 2 2 2 4 2 2
2 2 4 1 2 2 0

2
( )

D w w w w w
p

x x y x y y x y

     
− + +  + −  + +  = 

        
            (15) 

Hence, 
4 4 4

4 2 2 4
2

( , ) ( , ) ( , )w x y w x y w x y p

Dx x y y

  
+ + =

   
                    (16) 

 Kirchhoff thin plate theory is adopted. The governing equation is given by the fourth order non-homogeneous 

partial differential equation 
2 2 ( , ) ( , )D w x y p x y  =                          (16a) 

where 
3

212 1( )

Eh
D =

− 
                           

D is the modulus of flexural rigidity of the plate, ( , )w x y  is the transverse deflection, ( , )p x y  is the transverse load 

distribution, x, y are the in-plane Cartesian coordinates. h is the plate thickness,  is the Poisson’s ratio of the plate  

material. E is the Young’s modulus of elasticity. 2 is the Laplace operator, and 22 = 4 is the biharmonic 

operator. 

 The origin of the coordinates is chosen at a corner of the plate and the plate domain is then defined by: 

0 ,x a   0 ,y b   

where a and b are the in-plane dimensions (length and width) of the plate. The xy plane coincides with the middle 

surface and thus: 

2 2

h h
z−     

The bending moments (Mxx, Myy) and twisting moment (Mxy) distributions are expressed as: 
2 2

2 2xx

w w
M D

x y
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                         (17a) 

2 2

2 2yy

w w
M D

y x
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1( )yxxy
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                        (17c) 

The shear force distribution (Qx, Qy) are: 
2 2

2
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( )x

w w
Q D w D

x x x y

    
= −  = − + 

    
 

2 2
2

2 2
( )y

w w
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              (18) 

The effective shear forces Vx, Vy are: 
2 2

2 2
2( )x

w w
V D

x x y

   
= − + −  

   
 

2 2

2 2
2( )y

w w
V D

y y x

   
= − + −  

   
 

(19) 

For fully clamped plates at the edges 0,x =  ,x a=  0,y =  ,y b=  the boundary conditions on the deflections are: 

0 0( , ) ( , )w x y w x a y= = = =   

0 0( , ) ( , )
w w

x y x a y
x x

 
= = = =

 
  

0 0( , ) ( , )w x y w x y b= = = =   

                (20) 
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0 0( , ) ( , )
w w

x y x y b
y y

 
= = = =

 
 

 

 
 

Figure 1: Clamped plate subjected to uniformly distributed load intensity p0 

 

3. Methodology 

3.1 Basis Functions 

 The Generalized Integral Transform Method employs the eigenfunctions of freely vibrating beams of equivalent 

span and support conditions as the basis functions.  Thus the basis functions in the x-coordinate direction is: 

( ) (cosh cos )m m mF x x x=  −  − (sinh sin )m m mx x  −                  (21) 

0 ,x a   1 2 3, , ,...m =   

where 
sinh sin

cosh cos

m m
m

m m

a a

a a

 + 
 =

 − 
                       (22) 

and m is the mth root of the transcendental equation: 

1cosh cosm ma a  =                           (23) 

Similarly, the basis function in the y coordinate direction is: 

( ) (cosh cos )n n nG y y y=  −  − (sinh sin )n n ny y  −                  (24) 

0 ,y b   1 2 3, , ,...n =   

where 
sinh sin

cosh cos

n n
n

n n

b b

b b

 + 
 =

 − 
                       (25) 

and n is the nth root of the transcendental equation: 

1cosh cosn nb b  =                           (26) 

The roots of the transcendental equation are found using computational software tools as: 

11 4 73004, .m a=  =   

22 7 85321, .m a=  =   

33 10 9956, .m a=  =   

44 14 13717, .m a=  =   

55 17 27876, .m a=  =   

 ( )1
2

5, mm a m   +  

                (27) 

Similarly, 

11 4 73004, .n b=  =   

22 7 85321, .n b=  =   

33 10 9956, .n b=  =   

44 14 13717, .n b=  =   

55 17 27876, .n b=  =   

                (28) 
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 ( )1
2

5, nn b n=   +  

Then ( , )w x y  is the double infinite series of basis functions in the x and y coordinate directions: 

1 1

( , ) ( ) ( )mn m n

m n

w x y c F x G y

 

= =

=                        (29) 

in which cmn is the generalized deflection parameter which we seek to obtain such that the double series satisfies the 

governing equation over the plate domain. 

 It is verifiable that Fm(x) and Gn(y) satisfy the boundary conditions of deflection at the clamped boundaries. Thus 

0 0( ) ( )m mF x F x a= = = =   

0 0( ) ( )m mF x F x a = = = =  

0 0( ) ( )n nG y G y b= = = =  

0 0( ) ( )n nG y G y b = = = =  

                (30) 

where the primes denote space derivatives. 

 

3.2 Generalized Integral Transformation of the Governing Equation 

 The generalized integral transformation of the governing equation is the integral equation (IE): 

4 0
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Here, the integral kernel ( , )k x y  is: 
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Simplifying, 
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The basis functions are orthogonal functions and hence we have: 
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Further simplification gives: 

1 1 0 0
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Thus, 
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 Generalized integral transformation of the load, function gives: 
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1 1

( , ) ( ) ( )mn m n

m n

p x y p F x G y

 

= =

=                        (38a) 
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1 1 0 0
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= =

=                          (38b) 

where pmn is the GITM coefficients of the load distribution.  

pmn is found as: 

0 0

2 2

0 0

( , ) ( ) ( )

( ) ( )

a b

m n

mn a b

m n

p x y F x G y dxdy

p

F x G y dxdy
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                      (38c) 

We consider three cases of load distributions 

0( , )p x y p=                              (39a) 

1( , ) ( )p x y p x=                                 (39b) 

2( , ) ( )p x y p y=                             (39c) 

Then for 0( , )p x y p=  

0 0 1 2

0 0 0 0
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where 1
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Alternatively for 0( , ) ,p x y p=   
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p
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Imn is then found from Equation (38b). 

For 1( , ) ( )p x y p x=  

1 1 3 2

0 0 0 0 0 0

( , ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

a b a b a b
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3 1

0
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a

m mI p x F x dx=                            (44) 

Alternatively for 1( , ) ( )p x y p x=   

1
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Hence Imn can be found using Equation (38b). 

For 2( , ) ( )p x y p y=   
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( ) ( )

a

m n nI G y G y dy=    

        

       (47) 
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2
9

0

( )

a

m mI F x dx=   

10

0

( ) ( )

b

iv
n n nI G y G y dy=   

Then, for 0( , ) ,p x y p=   

0
5 6 7 8 9 10 1 2

1 1

2( )mn m n m n m n m n

m n

p
c I I I I I I I I

D

 

= =

+ + =                  (48) 

Then 

0 1 2

5 6 7 8 9 102( )

m n
mn

m n m n m n

p I I
c

D I I I I I I
=

+ +
                     (49) 

 

Hence in general, 

2 2
5 6 2 8 9 10

1 1 1 1

1
2( ) ( ) ( )mn m n m n m n mn m n

m n m n

C I I I I I I p F x G y dxdy
D

   

= = = =

+ + =             (49a) 

For 0( , ) ,p x y p=   

0 1 2

9 6

m n
mn

m n

p I I
p

I I
=   

2 20 2
5 6 7 8 9 10

9 61 1 1 1 0 0

1
2( ) ( ) ( )

a b

m n
mn m n m n m n m n

m nm n m n

p I I
C I I I I I I F x G y dxdy

D I I

   

= = = =

+ + =               (49b) 

For 1( , ) ( ),p x y p x=  

5 6 7 8 9 10

1 1

2( )mn m n m n m n

m n

c I I I I I I

 

= =

+ + 3 2m nI I=                    (50) 

3 2

5 6 7 8 9 102( )

m n
mn

m n m n m n

I I
c

D I I I I I I
=

+ +
                     (51) 

For 2( , ) ( ),p x y p y=  

5 6 7 8 9 10

1 1

2( )mn m n m n m n

m n

c I I I I I I

 

= =

+ + 1 4m nI I=                     (52) 

1 4

5 6 7 8 9 102( )

m n
mn

m n m n m n

I I
c

D I I I I I I
=

+ +
                     (53) 

In general for ( , ),p x y   

5 6 7 8 9 10

1 1

2( ) mn
mn m n m n m n

m n

F
c I I I I I I

D

 

= =

+ + =                    (54) 

Then, 

5 6 7 8 9 102( )

mn
mn

m n m n m n

I
c

D I I I I I I
=

+ +
                    (55) 

Then, 

5 6 7 8 9 101 1
2

( ) ( )
( , )

( )

mn m n

m n m n m nm n

I F x G y
w x y

D I I I I I I

 

= =

=
+ +                    (56) 

Bending moments 

By differentiation 
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5 6 7 8 9 101 1
2

( ) ( )

( )

mn m n
xx

m n m n m nm n

I F x G y
w

D I I I I I I

 

= =


=

+ +                   (57a) 

5 6 7 8 9 101 1
2

( ) ( )

( )

mn m n
yy

m n m n m nm n

I F x G y
w

D I I I I I I

 

= =


=

+ +                        (57b) 

Then, 

5 6 7 8 9 101 1
2

( ( ) ( ) ( ) ( ))

( )

mn m n m n
xx

m n m n m nm n

I F x G y F x G y
M

I I I I I I

 

= =

 +
=−

+ +                            (58a) 

5 6 7 8 9 101 1
2

( ( ) ( ) ( ) ( ))

( )

mn m n m n
yy

m n m n m nm n

I F x G y F x G y
M

I I I I I I

 

= =

 +
=−

+ +                          (58b) 

Deflection and Bending Moments at the Plate Center (x = a/2, y = b/2) 

At the plate center, x = a/2, y = b/2, then the deflection at the plate center is found as the double series expression: 

( )
5 6 7 8 9 101 1

/2 /2

2 2 2

( ) ( )
,

( )

mn m n

m n m n m nm n

I F a G ba b
w x y

D I I I I I I

 

= =

= = =
+ +                        (59) 

The bending moments at the center (Mxxc, Myyc) are found as the double series: 

5 6 7 8 9 101 1

/2 /2 /2 /2

2

( ( ) ( ) ( ) ( )

( )

mn m n m n
xxc

m n m n m nm n

I F a G b F a G b
M

I I I I I I

 

= =

 +
= −

+ +                 (60a) 

yycM =  
5 6 7 8 9 101 1

/2 /2 /2 /2

2

( ( ) ( ) ( ) ( )

( )

n
mn m n m n

m n m n m nm n

I F a G b F a G b

I I I I I I

 

= =

 +
−

+ +                        (60b) 

Bending moments at 0 /2( , )x y b= =   

At the point x = 0, y = b/2, 

( )
5 6 7 8 9 101 1

0 /2 0 /2
0

2 2

( ( ) ( ) ( ) ( )
,

( )

n
mn m n m n

xx
m n m n m nm n

I F G b F G bb
M x y

I I I I I I

 

= =

+
= = =−

+ +               (61) 

( )
5 6 7 8 9 101 1

0 /2 0 /2
0

2 2

( ( ) ( ) ( ) ( )
,

( )

mn m n m n
yy

m n m n m nm n

I F G b F G bb
M x y

I I I I I I

 

= =

 +
= = =−

+ +               (62) 

Bending moment expressions at x = a, y = b/2 

( )
5 6 7 8 9 101 1

/2 /2

2 2

( ( ) ( ) ( ) ( )
,

( )

mn m n m n
xx

m n m n m nm n

I F a G b F a G bb
M x a y

I I I I I I

 

= =

 +
= = =−

+ +               (63) 

( )
5 6 7 8 9 101 1

/2 /2

2 2

( ( ) ( ) ( ) ( )
,

( )

mn m n m n
yy

m n m n m nm n

I F a G b F a G bb
M x a y

I I I I I I

 

= =

 +
= = =−

+ +             (64) 

Bending moment expressions at x = a/2, y = 0 

They are: 

( )
5 6 7 8 9 101 1

/2 0 /2 0
0

2 2

( ( ) ( ) ( ) ( )
,

( )

mn m n m n
xx

m n m n m nm n

I F a G F a Ga
M x y

I I I I I I

 

= =

 +
= = =−

+ +              (65) 

( )
5 6 7 8 9 101 1

/2 0 /2 0
0

2 2

( ( ) ( ) ( ) ( )
,

( )

mn m n m n
yy

m n m n m nm n

I F a G F a Ga
M x y

I I I I I I

 

= =

 +
= = =−

+ +             (66) 

Bending moment expressions at x = a/2, y = b 

( )
2

,xx

a
M x y b= = =

5 6 7 8 9 101 1

/2 /2

2

( ( ) ( ) ( ) ( )

( )

mn m n m n

m n m n m nm n

I F a G b F a G b

I I I I I I

 

= =

 +
−

+ +              (67) 
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( )
2

,yy

a
M x y b= = =  

5 6 7 8 9 101 1

/2 /2

2

( ( ) ( ) ( ) ( )

( )

mn m n m n

m n m n m nm n

I F a G b F a G b

I I I I I I

 

= =

 + 
−

+ +             (68) 

 

4. Results 

 By differentiation, 

( ) {(sinh sin ) (cosh cos )}m m m m m m mF x x x x x =   +  −  −                 (69) 

2( ) {(cosh cos ) (sinh sin )}m m m m m m mF x x x x x =   +  −  +                 (70) 

3( ) {(sinh sin ) (cosh cos )}m m m m m m mF x x x x x =   −  −  +                 (71) 

4 4( ) {(cosh cos ) (sinh sin )} ( )iv
m m m m m m m m mF x x x x x F x=   −  −  −  =                 (72) 

Similarly, 
2( ) {(cosh cos ) (sinh sin )}n n n n n n nG y y y y y =   +  −  +                  (73) 

4( ) ( )iv
n n nG y G y=                             (74) 

2 2 2 22( ) (cosh cos ) (cosh cos )(sinh sin ) (sinh sin )m m m m m m m m m m mF x x x x x x x x x=  −  −   −   −  +   −    (75) 

2( ) ( ) {(cosh cos ) (sinh sin )}{ (coshm m m m m m m m mF x F x x x x x x =  −  −  −    +   

         cos ) (sinh sin )m m m mx x x −  +                     (76) 

2 2 2( ) ( ) {(cosh cos ) (sinh sin )(cosh cos )m m m m m m m m m mF x F x x x x x x x =  −  −  −   +  −       

    (sinh sin )(cosh cos )m m m m mx x x x  +   −  + 2 2 2(sinh sin )}m m mx x  −         (77) 

2 2 2{(cosh cos ) (sinh cosh sin coshm m m m m m m m m mF F x x x x x x =   −  −   −   +   

  sinh cos sin cos sinh cosh sin cosh )m m m m m m m mx x x x x x x x  −   +   +   +   

  2 2 2(sinh sin )m m mx x  −                        (78) 

2 2 2 22 2 (sinh sin )cosh cos )m m m m m mm m
F F x xx x =    −  − −  +   

   2 2( sinh cosh sin cos )m m m m mx x x x   −                       (79) 

4 2( ) ( ) ( )iv
m m m mF x F x F x=                          (80) 

22cosh cos cosm m mx x x  +                        (81) 

2 2 2 2(sinh sin ) sinh sin sinh sinm m m m m mx x x x x −  =  +  −                (82) 

(cosh cos )(sinh sin ) cosh sinh cos sinhm m m m m m m mx x x x x x x x −   −  =   −   −  

  cosh sin cos sin cosh sinh cos sinm m m m m m m mx x x x x x x x  +   =   +   −   

  cos sinh cosh sinm m m mx x x x  −                        (83) 

Similarly, 

2 2 2 22 2( ) ( ) (sinh sin )(cosh cos )n n n n n nn n
G y G y y yy y =   −  − −  +   

 2 2( sinh cosh sin cos )n n n n ny y y y   −                     (84) 

4 2( ) ( ) ( )iv
n n n nG y G y G y=                          (85) 

1

0

{(cosh cos ) (sinh sin )}

a

m m m m m mI x x x x dx=  −  −  −                 (86) 

1
0

sinh sin cosh cos
a

m m m m
m m

m m m m

x x x x
I

      
= − − +          

              (87) 

1
1 1

0
sinh sin cosh cosm m m m

m m m
m m m m m m

a a a a
I

         
= − − + − −  +                  

           (88) 
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1
1

2[(sinh sin ) (cosh cos ) ]m m m m m m m
m

I a a a a=  −  −   +  + 


             (89) 

2
1

2[(sinh sin ) (cosh cos ) ]n n n n n n n
n

I b b b b=  −  −   +  + 


              (90) 

For hydrostatic load distribution, 

0
1( )

q x
p x

a
=                             (91) 

where 0
1 0( )

q a
p x a q

a
= = =  and 1 0 0( )p x = =   

then, 

0

0 0

( ) ( )

a b

mn m n

q x
I F x G y dxdy

a
=                         (92) 

0

0 0

( ) ( )

a b

mn m n

q
I xF x dx G y dy

a
=                         (93) 

0
11 2mn m n

q
I I I

a
=                           (94) 

11

0

( )

a

m mI xF x dx=                            (95) 

 With the aid of computational software tools, Wolfram integrator software, Wolfram computational algebra 

software, MathCad and Mathematica, the deflections are computed at the center of uniformly loaded clamped plates 

and presented in Table 1. Similarly, the bending moments at the center of uniformly loaded clamped rectangular 

plates for 0 30. =  are computed and presented in Table 2. The bending moments at the center of the clamped 

edges of uniformly loaded rectangular clamped plates are presented in Table 3. 

 Computational software tools were similarly used to find the deflections and bending moments at the center and 

middle of the clamped edges of clamped rectangular thin plates under hydrostatic load distribution 0( , ) .
q x

p x y
a

=   

The center deflection for clamped rectangular thin plates under hydrostatic load distribution as determined in the 

study are shown in Table 4, with comparative results from Timoshenko and Woinowsky-Krieger [96]. 

Similarly, the bending moment coefficients obtained for clamped rectangular thin plates under hydrostatic load 

distribution for 0 30. =  are presented in Table 5 for the center of the plate and Table 6 for the center of the 

clamped edges. 

 

Table 1: Deflections of rectangular Kirchhoff plate with clamped edges and subjected to uniformly distributed load 

over the plate domain for 0 30. =  

Aspect 

ratio 

(b/a) 

Wc/qa4/D 

Present study 

Imrak and Gerdemeli 

[45] 

Wc/qa4/D 

Timoshenko and 

Woinowsky-Krieger [96] 

and Evans [36] 

Wc/qa4/D 

Taylor and 

Govindjee [97] 

Wc/qa4/D 

1.0 1.2672510−3 1.2672510−3 1.26010−3 1.2653210−3 

1.1 1.50310−3  1.5010−3  

1.2 1.728310−3 1.7283310−3 1.7210−3 1.7248710−3 

1.3 1.9110−3  1.9110−3  

1.4 2.06910−3 2.0721710−3 2.0710−3 2.0681410−3 

1.5 2.20310−3  2.2010−3  

1.6 2.30310−3 2.3039910−3 2.3010−3 2.2999710−3 

1.7 2.38210−3  2.3810−3  
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1.8 2.449910−3 2.4498910−3 2.4510−3 2.4461610−3 

1.9 2.49210−3  2.4910−3  

2 2.53610−3 2.5362510−3 2.5410−3 2.5329710−3 
     

 2.604110−3 2.6041710−3 2.6010−3 2.6041710−3 

 

Table 2: Bending moments of the center of rectangular Kirchhoff plate with clamped edges under uniformly 

distributed load over the plate domain for 0 30( . ) =  

Aspect ratio 

b/a 

Present study Timoshenko and Woinowsky-Krieger [96] 

Mxx/qa2 Myy/qa2 Mxx/qa2 Myy/qa2 

1.0 0.0231 0.0231 0.0231 0.0231 

1.1 0.0264 0.0231 0.0264 0.0231 

1.2 0.0299 0.0288 0.0299 0.0288 

1.3 0.0327 0.0222 0.0327 0.0222 

1.4 0.0349 0.0212 0.0349 0.0212 

1.5 0.0368 0.0203 0.0368 0.0203 

1.6 0.0381 0.0193 0.0381 0.0193 

1.7 0.0392 0.0182 0.0392 0.0182 

1.8 0.0401 0.0174 0.0401 0.0174 

1.9 0.0407 0.0165 0.0407 0.0165 

2 0.0412 0.0158 0.0412 0.0158 
     

 0.0417 0.0125 0.0417 0.0125 

 

 

 

 

 

Table 3: Bending moments coefficients of the center of the clamped 

edges of rectangular Kirchhoff plate with clamped edges subjected to 

uniformly distributed load over the plate domain  for 0 30( . ) =  

 

 

 

 

Aspect ratio 

b/a 

Present study Timoshenko and Woinowsky-Krieger [96]   

( )
2

/2,xxAM a b

qa
  

( )
2

/2,yyAM a b

qa
 MxxA/qa2 MyyA/qa2 

1.0 −0.0513 −0.0513 −0.0513 −0.0513 

1.1 −0.0581 −0.0538 −0.0581 −0.0538 

1.2 −0.0639 −0.0554 −0.0639 −0.0554 

1.3 −0.0687 −0.0563 −0.0687 −0.0563 

1.4 −0.0726 −0.0568 −0.0726 −0.0568 

1.5 −0.0757 −0.0570 −0.0757 −0.0570 

1.6 −0.0780 −0.0571 −0.0780 −0.0571 

1.7 −0.0799 −0.0571 −0.0799 −0.0571 

1.8 −0.0812 −0.0571 −0.0812 −0.0571 

1.9 −0.0822 −0.0571 −0.0822 −0.0571 

2 −0.0829 −0.0571 −0.0829 −0.0571 

     

 −0.0833 −0.0571 −0.0833 −0.0571 
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Table 4: Center deflections of rectangular Kirchhoff plates with clamped edges in case of hydrostatic load 

distribution over the plate domain for 0 30( . ) =  

Aspect ratio 

(b/a) 

Center deflection D/qa4 

Present study 

Timoshenko and Woinowsky-Krieger [96] 

D/qa4 

0.5 0.000080 0.000080 

2/3 0.000217 0.000217 

1.0 0.00063 0.00063 

1.5 0.0110 0.0110 
   

 0.0130 0.0130 

 

 

Table 5: Bending moments at the center of rectangular Kirchhoff plates with clamped edges: case of hydrostatic 

load distribution over the plate for 0 30( . ) =  

Aspect ratio 

b/a 

Present study Timoshenko and Woinowsky-Krieger [96] 

Mxx/qa2 Myy/qa2 Mxx/qa2 Myy/qa2 

0.5 1.9810−3 5.1510−3 1.9810−3 5.1510−3 

2/3 4.5110−3 8.1710−3 4.5110−3 8.1710−3 

1.0 11.510−3 11.510−3 11.510−3 11.510−3 

1.5 18.410−3 10.210−3 18.410−3 10.210−3 
     

 20.810−3 6.310−3 20.810−3 6.310−3 

 

 

 

 

Table 6: Bending moment coefficients in rectangular Kirchhoff plates 

with clamped edges: case of hydrostatic load distribution over the 

plate domain  for 0 30( . ) =  

 

 

 

 

 

Aspect ratio 

b/a 

Present study Timoshenko and Woinowsky-Krieger [96]  

MxxE/qa2 MxxF/qa2 MyyA/qa2 MxxE/qa2 MxxF/qa2 MyyA/qa2 

0.5 −0.0028 −0.0115 −0.0104 −0.0028 −0.0115 −0.0104 

2/3 −0.0066 −0.0187 −0.0168 −0.0066 −0.0187 −0.0168 

1.0 −0.0179 −0.0334 −0.0257 −0.0179 −0.0334 −0.0257 

1.5 −0.0295 −0.0462 −0.0285 −0.0295 −0.0462 −0.0285 

       

 −0.0333 −0.0500  −0.0333 −0.0500  

 

5. Discussion 

4.1Physical Description of the Studied Problem 

The physical descriptions of the studied problem are presented in Figures 2 and 3. 
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Figure 2: Uniformly loaded thin plate with clamped edges 

 

 
 

Figure 3: Hydrostatically loaded thin clamped rectangular plate 

 

Figure 2 shows a clamped rectangular Kirchhoff plate which is subjected to a uniformly distributed transverse load 

of intensity p0 over the entire plate domain 0( ,x a   0 )y b  . Figure 3 shows a clamped rectangular Kirchhoff 

plate which is subjected to a hydrostatic distribution of load over the entire plate domain. 

 In each case, the plate is considered to be made of homogeneous, isotropic linear elastic material. Such problems 

are frequently encountered in civil engineering, structural engineering, aeronatutical engineering and naval 

engineering in the flexural design of rectangular slabs with clamped boundaries. 

 The Generalized Integral Transform Method (GITM) has been used in this research work to find exact bending 

solutions to clamped rectangular thin plates under uniform and hydrostatic load distributions. 

 The GITM employs the eigenfunctions of freely vibrating Euler-Bernoulli beams of equivalent span and 

boundary conditions as the plate, as the shape functions. For the clamped plate problem studied, the shape functions 

are given by Equations (11 – 13) for the x coordinate direction, and Equations (14 – 16) for the y coordinate 

direction. 

 The unknown deflection w(x, y) is constructed as a double infinite series of Fm(x) and Gn(y) as given in Equation 

(19) which contains generalized deflection parameters cmn. The deflection thus apriori satisfies all the boundary 

conditions. 

 The transformation of the plate problem via the GITM gives the integral equation  (IE) given by Equation (31) 

where the integral kernel is Equation (33). In general, the resulting IE simplifies to a system of algebraic equations 

given by Equation (37). 

 Three cases of load variations over the plate domain given by Equations (39a – 39c) were considered. For the 

case of uniform load, the system of algebraic equations simplified to Equation (48). For load variation in the x 

direction only, the algebraic equations simplified to Equation (50). For load variation in the y direction only, the 

algebraic equations simplified to Equation (52). For general load variation in both the x and y directions the 

algebraic equations simplified to Equation (54). 

 The unknown parameters cmn are found from the algebraic equations by solving the algebraic problem. 
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 Bending moments Mxx, Myy are found from the bending moment-deflection equations. Mxx is found in closed 

form as Equation (58a); a double series expression made of infinite terms. Similarly, Myy is found as the double 

series expression of infinite terms given by Equation (58b). 

 Deflection and bending moments were found at the plate center as the double series expressions of infinite terms 

given respectively by Equations (59), (60a) and (60b). 

 Bending moment (Mxx, Myy) expressions for the middle of clamped edge (at x = 0, y = b/2) are found as 

Equations (61) and (62). Bending moment (Mxx, Myy) expressions for the middle of clamped edge (at x = a, y = b/2) 

are found as Equation (63) and (64). Bending moment expressions for the middle of clamped edge at x = a/2, y = 0 

are found as Equations (65) and (66). Bending moment expressions for the middle of clamped edge at x = a/2, y = b 

are found as Equations (67) and (68). 

 The specific case of hydrostatic load distribution given by Equation (92) was considered, yielding the integration 

problem for the load term given by Equation (93). The center deflections of clamped thin plates under uniform load 

are determined for various plate aspect ratios and shown in Table 1. Table 1 also shows previous results of the 

problem by Imrak and Gerdemeli [98], Evans [36], Timoshenko and Woinowsky-Krieger [96] and Taylor and 

Govindjee [89]. Table 1 confirms the agreement of the present GITM solution with previous solutions. 

 Table 2 displays the center bending moments Mxx and Myy (for various aspect ratios of b/a) for clamped plate 

under uniform load, and confirms the exact solution obtained with the present GITM method and agreement with 

previous results by Timoshenko and Woinowsky-Krieger [96]. The Bending moments at the center of the clamped 

edges (x = a, y = b/2) for various aspect ratios are presented in Table 3 and compared with previous results from 

Timoshenko and Woinowsky-Krieger [96]. Table 3 confirms the exact solution obtained and the agreement with 

results by Timoshenko and Woinowsky-Krieger [96]. 

 Table 4 displays the center deflections of clamped plates under hydrostatic load for various aspect ratios and 

illustrates the exact nature of the present solution and the identity with Timoshenko and Woinowsky-Krieger [96] 

results. Table 5 shows the bending moments at the center of clamped plate under hydrostatic load and illustrates the 

exact results obtained and the identity with Timoshenko and Woinowsky-Krieger [96] results. 

 Table 6 shows the bending moment coefficients at the middle of the clamped edges and illustrates the agreement 

with Timoshenko and Woinowsky-Krieger [96] results. 

 

6. Conclusion 

(i) The unknown deflection function w(x, y) in the BVP of clamped rectangular plate is sought in terms of double 

infinite series of the linear combinations of products of the two eigenfunctions Fm(x) and Gn(y) of freely 

vibrating thin beams with clamped ends, where Fm(x) is the eigenfunction of EB beams with clamped ends (y 

= 0, y = b); and Gn(y) is the eigenfunction of EB beams with clamped ends (y = 0, y = b). 

(ii) The deflection w(x, y) is expressed in terms of unknown generalized displacement parameters cmn which are 

determined by requiring that the PDE be satisfied at all points on the domain and on the boundaries. 

(iii) The displacement w(x, y) satisfies all the boundary conditions of the CCCC plate since the eigenfunctions 

Fm(x) and Gn(y) satisfy all the boundary conditions. 

(iv) The eigenfunctions Fm(x) and Gn(y) become the integral kernel functions in formulating the BVP as an IE. 

(v) The application of the GITM to the governing domain PDE over the domain 0( ,x a    0 )y b   converts 

it to an integral equation. 

(vi) The IE reduces to algebraic problem from which cmn can be found using the methods of linear algebra; and 

thus yielding the full determination of w(x, y). 

(vii) The bending moments Mxx, Myy are found using the bending moment deflection equations as double infinite 

series. 

(viii) For the case of CCCC plate under uniform loading, the maximum values of the deflection and bending 

moments were found to occur at the plate center; and satisfactorily accurate results were obtained using a few 

terms of the series. 

(ix) The expressions for the values of deflection and bending moments at the plate center for uniformly loaded 

CCCC plates were found to be rapidly convergent. 

(x) The GITM yielded closed form analytical expressions for deflection and bending moments for the loading 

cases of CCCC plate studied. The GITM results for uniform load and for hydrostatic  load on CCCC plate 

were identical with previous results by Timoshenko and Woinowsky-Krieger [96]. 

 

Notations/Nomenclature 



Journal of Computational Applied Mechanics 2022, 53 (4): 599-625  

 

 

617 

 

x, y  in plane Cartesian coordinates 

z  transverse Cartesian coordinate 

a  in-plane dimension of the plate in the x direction 

b  in-plane dimension of the plate in the y direction 

h  thickness of the plate 

w(x, y)  transverse deflection function 

p(x, y)  transverse load distribution 

  Poisson’s ratio of the plate material 

D  modulus of flexural rigidity of the plate 

E  Young’s modulus of elasticity 

3D  three-dimensional 

2D  two-dimensional 

u, v, w  displacement components in x, y and z coordinate directions respectively 

xx, yy, zz normal strains in the x, y, z coordinate directions respectively 

xy, yz, xz shear strains 

1D  one-dimensional 

KPT  Kirchhoff plate theory 

IE  Integral Equation 

DVM  Direct Variational Method 

GFITM  Generalized Finite Integral Transform Method 

GITM  Generalized Integral Transform  method 

FITM  Finite Integral Transform Method 

FEM  Finite Element Method 

FDM  Finite Difference Method 

DQ  Differential Quadrature 

DQM  Differential Quadrature Method 

DSC  Discrete Singular Convolution 

DSCM  Discrete Singular Convolution Method 

DTM  Differential Transform Method 

Mxx, Myy  bending moments 

Myx, Mxy  twisting moments 

Qx, Qy  shear force distributions 

VIE  Volterra Integral Equation 

Vx, Vy  effective shear forces 

Fm(x)  basis functions in the x coordinate direction 

Gn(y)  basis functions in the y coordinate direction 

, , ,m m n n   integers 

cmn  generalized deflection parameters 

K(x, y)  integral kernel function 

p0  integrity of uniformly distributed load 

pmn  GITM coefficients of the load distribution function 

kx, ky, kxy curvatures of the middle plane of the plate 
0 ,x  

0 ,y  
0
xy   strains of the middle plane 

[E1]  elasticity matrix for plate 

k  curvature matrix for plate 

  strain matrix 

  stress matrix 

M  bending moment matrix 

U(w)  strain energy functional expressed in terms of transverse displacement, w 

W(w)  load potential functional expressed in terms of transverse displacement, w 

  total potential energy functional 

( , , , , , , , , , , )x xx xy yyF x y w w w w w  integrand in the total potential energy functional 

V  volume of integration, three-dimensional domain of integrand 
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A  area of integration, two-dimensional domain over which integration is carried out. 

 

Mathematical symbols/notations 

2  Laplace operator 

4  biharmonic operator 

  greater than or equal to 

  less than or equal to 

x




   partial derivative with respect to x 

y




   partial derivative with respect to y 

2

2x




   second partial derivative with respect to x 

2

2y




   second partial derivative with respect to y 

2

x y



 
   mixed partial derivative with respect to x and y 

cos  cosine function 

cosh  hyperbolic cosine function 

sin  sine function 

sinh  hyperbolic sine function 

  single integral 

  double integral 

  double summation 

  summation 

  infinity 

( )mF x    second derivative of Fm(x) with  respect to x 

( )iv
mF x    fourth derivative of Fm(x) with respect to x 

( )mG y    second derivative of Gn(y) with  respect to y 

( )iv
nG y    fourth derivative of Gn(y) with respect to y 

wxx  second partial derivative of w(x, y) with respect to x 

wyy  second partial derivative of w(x, y) with respect to y. 
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