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The quality parameters of the river, including electrical conductivity, are 

highly dependent on changes in flow rate. Adding the flow rate parameter to 

the simulation of this parameter can increase the certainty of the simulation 

results. For this reason, in this study, random forest, CARMA and CARMA-

GARCH models were used to model the electrical conductivity values in 

Gerdyaghoub, Kutar and Bitas stations in Mahabadchai basin, taking into 

account the flow rates. In this regard, the monthly values of electrical 

conductivity and flow discharge in the statistical period 1986-2018 were used. 

The results were analyzed using Nash-Sutcliffe statistics, root mean square 

error and violin plot. The results of evaluation the root mean square error and 

Nash-Sutcliffe statistics showed that the simulation results of CARMA-

GARCH model compared to CARMA model in Bitas and Kuter stations as 

well as the training step in Gerdyaghoub station were improved. The results 

showed that the combination of nonlinear and linear models could improve 

the modeling error in three stations, Gerdyaghoub, Kotar and Bitas in the 

training step of 9.56, 9.70 and 21.68 percent. By examining the violin plots, 

the results showed acceptable accuracy and performance of CARMA and 

CARMA-GARCH models compared to the random forest model. In general, 

the results showed that time series models have higher accuracy in bivariate 

simulating of electrical conductivity values in the study area. 
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Figure 1. Geographical location of the studied hydrometric stations in Mahabadchai Basin 

  
Table 1- Details of the studied hydrometric stations in the study area 

Q (m3/s)  EC (μS/cm)  
Station  

CV STD Mean Max  Min  CV STD Mean  Max  Min  

1.33 5.4 3.94  45.79  0.01  0.38 245.1 653.43  1760  180  Gerdyaghoub  

1.03 8.9 8.41  40.84  0.06  0.34 110.5 332.56  1050  137  Kotar  

1.62 2.2 1.40  11.68  0.001  0.28 96.9 352.96  700  121  Bitas  
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gD &�� �!C��� ARMA �����*A �K���A��A | �@E - �+	$�A*A &�� E�
����+�
� �n���� +'>�$ ��'D *A �+ �
 +'>

 �
 E��A P0���������� gD �!C��� ARMA ��H �+	$�A.  &�� K����A 
������ }��A +�H K��ARMA gD �!C��� 


� �'�. ��Y/ ��; P��H &�� g� �%� ��!C��ARMA  ���!% +��M ���G����+'�
�  ��'D*A �@&�� E  E��� 
���A�	 +��:��

 �
 E��A ���� +� B	�G��������� m��D E��A ���� +� *A��� *��A�	 +��:�� g� ���������
 .�I�% �Q� +�  &��

CARMA(p,q)  E��An 
� ��� o�� *A �������:���A  

*<A�+ 1( �� = � ������
�

	
�
+ 
� − � ��
���

�

�
�
 

 ��$ +� *HYt  
�'�� ?��D�� g�n*1  
D��
��� E�� �����  �� 
%������ *A �G� K!���!� 	 &���� k��'D �A

������� Z[�`� E�
k=1,2,…,n ���, ��, … , ��  E�<M ?��D��n*n  	 (*��9�
�':) '!��%+'D� &�� E�
����+�- ��, ��, … , ��  E�<M ?��D��n*n  .��� n�"�� K!���!� &�� E�
����+�-
�  ?��D�� g� O!�n*1 ���� E�


?���+�	 	 �G� K!���!� �A &���� 
I��TD- +�	'H ?���g .���  

*<A�+ 2( 

⎣⎢
⎢⎢
⎢⎢
⎡�����
�����

...�����⎦⎥
⎥⎥
⎥⎥
⎤
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���
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���
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 .   .      .  
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 &��CARMA ������� K!A E�~I +� PA�0�� 
���9�
 �G� �!:jD xGR 
����'D ��$ �A �	p� ��+�� �+ Z[�`� E�


�� ���G��� �A ������� �
 E��A ���� +��:�� 
���A�	  E�
����+�-p 	 q ) ��� ��� Z���DSalas et al., 1980.(  

  

2 .3 . ���3+�
. ����� �� ��4�3��): �;�� ���43���  

&�� ����
�� �A *��9�
�': &��
 >��
 *A �@ ��'���O���
 ��AE &���

���� E�� E 
<: v�I S����A A ��'A!K 

C��!�
� ���� PR��� +�
 �� *H Z[�`�
���A�	 ���'D
 >��
 +�	�?�� �� �������
��E *A �+ ��'A ��+	$ #��R   �'D

Engle (1982) 'D*�� .�� ���� *A +'> [H
�  &��ARCH *A � B+'��� �
���A:  

 *<A�+3(  

� =  �!�         
 �� = "# + � $	
��	�%

	
�
 

�� �� ���  ��  �A �A��A+�	�?��  �
>��
� 
� g� ?���+�	 	 �G� K!���!� �A �����!M�A E�� �� �<: m�D �A �A��A .���A

"# ≥ 0  	 $	 ≥ 0  �&�� E�
����+�- �A �A��Am  	 &�� *9D�� �A �A��AZt 
� ��� �+������� 
���� E�� �A �A��A O!� ���A

)Engle, 1982 &�� +��:�� .(ARCH  �+*A B+'� 
�:��'� ��'D  

 *<A�+4(  "� =  �
�  �� = "# + "�"����  

 *H"� ≥ 0, "# ≥ 0 
� �A 
>�� K!���!� .���A*@'D :���A �G� �A��A ���A ���  ���� *A  

 *<A�+5(  (�"�� = ([(�"�|+����] = ([ �(�
��] 
 ?r�+�	 *<A�+ �� ���G��� �A 
>�� ?���)6( 
� �+	$�A:�'�  

 *<A�+6(  -".�"�� = (�"��� = ([(�"��|+����] = (["# + "�"���� ] = "# + "�(�"���� � 
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 K���A��AS����A (�"�� = 0  	-".�"�� = (�"���� + (�"���� ��ta 
� �A�i 	 +����-:���� F!
�': 	 ���A 

 *<A�+7(  -".�"�� = "# + "�-".�"�� 
 *<A�+8(  -".�"�� = "#�1 − �"#�� 

 ?���+�	 *Hta  B��!!CD *���� K���A��A ����A �9l� ���Ata .���A g� 	 �G� K!A ���A  

� &�� *;�%ARCH *A ���� &�� g� 
� #��R&�� ��@ 
G[�`� E�
����+�- ��� ��!� B�M	� 

�% ���$ E���

 &�� P!/� K!�
 *A .�'� �+	$�A  �'D K�O���@Moffat et al. )2017( Z���D  *H ��S����A  &��Bollerslev 

)1992( 
� P�� &�� K�� .��H*A ��'��  &����D!F �*�I� ARCH  ��GARCH 
� *�:��� &�� K�� .�'�*A B+'�  ���


�) ���ANelsen, 1991:(  

 *<A�+9(  "� =  �0� 
 *<A�+10(   �� = 1# + � 1	1��	� +�

	
�
� 2� ����

�

�
�
 

&�� ]!G[D ��@ E�
CARMA  	GARCH������� 
�����/� ����
 	 
A� ����0� ���A� � &�� �A *�/�<��+'� E�


CARMA \���A 
� t��`��� &�� �����!M�A E�� 	 *�I�� &�� �����!M�A E�� .�'�CARMA &�� �A E�


GARCH \���A  E�� 	 *�I��M�A!����� 
� P��R ���@ &�� �� t�`��� ���@ �����!M�A E�� ����� +� .�'�

GARCH  &�� *ACARMA 
� *I�J�.�'�  

  

2 .4 ..��
)�#� ���� ������  

+'�/�F�� 
I��TD P��@ )RF(  �'D Breiman )2001( *A  ��'��g� \	+ E�!%��� ��%+ �A 
��9� P{��� E��A 
��cD�'! 

*�': 	 ��A E�TD �:+� *��'D S����A�F! ��� ��� *{�+�P��@ g� . *�'�c� �
I��TD �E �:+� �� �
E  ��� ���� S�


*H �
 +'�/� �A �:+�F�� ��A�O@E � P��R 
��%��A
 A .�'�* H�D 
I��TD P��@ �
D+�9�
9! ��; ���:+� K� �TDF!  ���

��; �$ �:�� +� *HK� �������': *�'�� �� �� ���� �
 ��+�� �H�� )Friedman et al., 2001(. 

*A � +'Q����c� �:+� 
�'!��%+ ��A�O@ ��E ��%��A
 ��%+ 	�'!�
E *��%��; � ���G���
�'� .�����I D�TF!  �
 +�

��% 
[:�� + ��% ���*�� �:+� �'��M ]9>
 � +���D
�D �'� ����
 [9M ZM'D u�� *H
 �DK!! *A ��� $ �����.  +�\	+ 

RF I��TD +���A 
3� �� P0��� *H �
+���AE I��TD 
3�, 3�, … , 3��� ��A ���'AE �:+� n�m� �!/'D �
�'� .

F
 K!�;  �
+���A *�
 ���'D 
�A��� k�
� �!�9D.���H ��%+ 
�:+� �'!�� ���G��� �A *�'�c� �����
E 	 \�'�$ 3� 

 *�'�c� ��� *9��"��:+� �
 �A �A��A 
�n 
� �!/'D ��� o�� *A �+) �����Breiman, 2001:(  

 *<A�+11(  3� = 4ℎ��6�, ℎ��6�, . . . , ℎ��6�7 
 *<A�+12(  ℎ� = ℎ�6, 3��, 6 = 86�, 6�, . . . , 6�9 

+���A p g� �'I E��A ��D �+ P��@ 	 ���� P!@	�:
 �:+� �
 E��A �
*A B+'� 
� *{�+� ���:�'�  

 *<A�+13(  3� = 4ℎ��6�, ℎ��6�, . . . , ℎ��6�7 
 *<A�+14(  :⏜� = ℎ��6�, :⏜� = ℎ��6�, . . . , :⏜� = ℎ��6� 

�'I *<A�+ +� *H� :<�  �:+� 
@	�:n
� m� .���A��AE *A ��� ��+	$ @	�:
 ����
� - *�
  �'��N!A
�!�
E 

�:+��
 *9��"� �
) �'�Breiman, 2001(�<: .E -N!
�!A �O!  ]9> *<A�+)15( *9��"� 
� �'�.  
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 *<A�+15(  =>( = ∑ [:⏜ �6	� − :	]��	
� @  

�'I *<A�+ +�� :<�6	� ���L� D�9��"� �
:	 ���
D��
��� L� 	 n  	 ��� B��
��� PH ����DMSE ��<: ��O!E AK! 

��0��� D��
���
 D�9��"� 	
 ���� �+ 
�.�
� 

  

2 .5 .��� ����	
� ���
�
+�  

 B��A�� K!���!� +Y@ �
����A &�� K����A #�`��� E��A�<: )RMSE *<A�+) (16N� +�!�� 	 (- Z![�D�� (NSE) 

 *<A�+)17(  *9��"��� �� m��H�
 .&��E�
  *H 
����AN!A �D +�!�� +��0� K�NSE  	FH �D K�RMSE  �����A *���� �+

*A  ��'��&�� 
� ���O%�A ^����  .�'�  

 *<A�+16(  A=>( = B∑ �>	 − C	���	
�@ − 1  

 *<A�+17(  D>( = 1 − ∑ �>	 − C	���	
�∑ �C	 − CE	���	
�  

�'I  A�	+ +� *H� n ���� ����D   ��
C	 �
��� *�'�� +��0� �
D�CF	 *�'�� ����0� K!���!� �
  	>	  
@	�: +��0�&�� 

 E��A �'��$�+'�
���� E�� �
 
�  ���A )Nash & Sutcliffe, 1970; Nazeri Tahroudi et al., 2021.(  

*!9� ��@������� +� 
�����/� ����
 	 
A� ����0� E���&�� �� ���G��� �A �Q��+'� E�
 �� �Z[�`� E�
316  ����

 	 \�'�$ E��A80 &�� N����$ E��A ���� &�� .�� ���G��� �
CARMA  +�100 *!9�*!9� L���� 	 ��@� E��� E���

 &�� E��@� �� ��A .�� #�`��� 
A���+� E�
+�!��  �'D �D�ACARMA������� E��A &�� K�� �����!M�A E�� � E�


*�/�<��+'�  &�� �A ]!G[D �A 	 t��`���GARCH E���9!
 &�� �CARMA-GARCH P��@ F��+'�/� .�� P��R 

.�I�% +��M 
A���+��+'� N����$ 	 \�'�$ ��I 	� +� ���� &�� 	� �����
 O!� 
I��TD  

  

3 .>6� � ?����  

 E+��$ �+	� +� 
�����/� ����
 	 
A� ����0� �� ���G��� �A *�/�<� K�� +�97-1365 *!9� *A E���C��	� ����0� ��!

���� *� +� ����@ 
A� B��!!CD *A *@'D �A 
�����/� ����
 +� .�� *�:���- E�;��A��� O��A$ *J'R +� E���	+�!
 ���

&�� �� U'T: K�� E�
CARMA �CARMA-GARCH .�� ���G��� 
I��TD P��@ 	 

  

3 .1 .�
�� ?���� ��� 	� !��@��� �� �"���"#�  ���� ����&� �	��CARMA 

�+��$ 
�+�A L���� E�
RMSE  	NSE *!9� +�� 
�����/� ����
 ����0� E��������� E�

�+�A�+'�  K�I�%�Q�+� �A

 �y���� ����@ 
A� ����0�*A B+'�  &	�@)2( *!9� L���� .�� *{�+� N����$ *[R�� +� O!� E���*A B+'� P�� E�
)2(  �D

)4( *A ^!D�D ������� E��A.�� *{�+� S�<!A 	 �D'H �#'0����% E�
  

  
Table 2. Results of RMSE and NSE in simulation of EC values in studied stations using CARMA model 

RMSE (μS/cm) NSE 
Stations 

Test Train Test Train 
43.56 50.76 0.97 0.96 Gerdyaghoub 
54.73 56.64 0.76 0.62 Kutar 
43.49 55.09 0.79 0.64 Bitas 
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Figure 2. Results of simulation of EC values in Gerdyaghoub station using CARMA model 

  

 
Figure 3. Results of simulation of EC values in Kutar station using CARMA model 

  

 
Figure 4. Results of simulation of EC values in Bitas station using CARMA model 
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*!9� L����������� +� 
�����/� ����
 ����0� E���E�
  &�� �� ���G��� �A *�/�<��+'�CARMA  K����A *H ��� ����

FH 	 ���[�� 
� ��
��� #'0����% ������� +� �<: ��O!� K��D 
��+�H *H �'�96  	 \�'�$ *[R�� +� ��+�97  +� ��+�

FH K!A K�� +� .��� ��� P��� �+ N����$ *[R��  �A �D'H ������� *A u'A�� 
��+�H ��O!� K��D62 ��+�  N����$ *[R�� +�

 K!A E�<: ��O!� .��� ��'A76/50  �D64/56 �!	�� ��?�� 
���� �A 	 \�'�$ *[R�� +� ���56/43  �D73/54 �!	�� ��?�� 


���� �A*!9� �� P��R E�<: ��O!� O!� ��� &�� �� ���G��� �A *�/�<��+'� *0<�� +� 
�����/� ����
 ����0� E���CARMA 

 *A *@'D �A *H �'AN� ����0� -  E����0� �Z![�D�����9�� PA�M 
� &'9M &�� .���ACARMA ��!C����; *A *@'D �A  	 �$ ��'A

F
 *!9� K!�; E���F
 ����  �+ Z[�`� E�
����+�- �!ijD �$*A A':
� �/�:� B�9��"� +� 	 *�I�% �Q� +� 
 .�
�����K 	+ �

 &�� K�� L����*A A':
� 
&�� E��A 
��O���@ ���'DgD E�
 .���A ��!C��  

  

3 .2 .�
�� ?���� ��� 	� !��@��� �� �"���"#�  ���� ����&� �	��CARMA-GARCH 

E�� g!���H'��� �!
�� *A *@'D �A
�����'
 E�
 E�� K�� +� ?���+�	 
����
�� �'@	 g�h'/	+�!
 	 �� +	� �


.��!� +�Q��� 
� P!/� K!�
 *A �� ���G��� *H ��H ��'�� ��'D&��
� 
<:�!= 
>�� ?���+�	 E�
 �M� ���'D

&�� E���&�� �� ���G��� .�
� N��OI� E�	�R �D �+ �
&�� ]!G[D �A O!� 
<:�!= E�

� B+'� 
<: E�
 +� .��!%

 &�� 
�+�A �� ��A *�/�<� K��CARMA *!9� 	 	 ��� t��`��� &�� �����!M�A E�� ��$ �A 
��9� E���F
 ����  �A

&�� E�
GARCH *!9� L���� .�I�� \���A������� +� 
�����/� ����
 ����0� E��� E�
*�/�<��+'�  �� ���G��� �A

 E���9!
 &��CARMA-GARCH *A B+'�  &	�@)3( P�� 	 E�
)5(  �D)7( .�� *{�+�  

  
Table 3. Results of RMSE and NSE in simulation of EC values in studied stations using CARMA-GARCH model 

RMSE (μS/cm) NSE 
Stations 

Test Train Test Train 
48.98 45.92 0.96 0.97 Gerdyaghoub 
46.88 51.15 0.72 0.80 Kutar 
44.98 43.15 0.85 0.72 Bitas 

 

 P�� *A *@'D �A)5( 
�*!9� +� 
�!�`D FH u�0� 
:�A +� *H ��H ��
��� ��'D ����
 ����0� E��� +� 
�����/�


� ��
��� #'0�� ��% ������� .�'�*A +'> 
[H� *!9� ����0� B��!!CD *���� �N����$ *[R�� E+��$ �+	� m��D +� 	 E���

������� �+'� +� �!J'D K�� .�+��� E���� wp�:� 
D��
��� ����0� *���0� L���� .��� ���� O!� S�<!A 	 �D'H E�


RMSE  &�� 	� +�CARMA  	CARMA-GARCH  &�� �A *���0� +� *H ��� ����CARMA E���9!
 &�� �

CARMA-GARCH  N����$ 	 \�'�$ *[R�� +� �+ �<: ��O!� ��� *����'D*A ^!D�D  �	�R7/9  	34/14  +� ��+�

 	 �D'H �������68/21  	92/15  �� 
��� E�<: ��O!� �#'0����% ������� +� .��`9A �'9�A S�<!A ������� +� ��+�

�*!9 &�� �� L��� 
�����/� ����
 ����0� E���CARMA-GARCH  &�� *A �9��CARMA  \�'�$ *[R�� +�

 �	�R56/9 �I�� �'9�A ��+��  &�� L���� +� E�'9�A �N����$ *[R�� +� ���CARMA  ����0� .�I��� B+'�NSE 

*A �+�'� 
���D +� O!�  &�� +� �#'0����% ������� +� N����$ *[R�� �� �!=CARMA-GARCH  &�� *A �9��

CARMA  E���9!
 &�� .��� *�I�� �'9�ACARMA-GARCH 
� 
<:�!= 	 
<: &�� 	� ����!%�A +� *H ���A

 m��D
%,�	  E�
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Figure 5. Results of simulation of EC values in Gerdyaghoub station using CARMA-GARCH model  

 

  
Figure 6. Results of simulation of EC values in Kutar station using CARMA-GARCH model 

 

  
Figure 7. Results of simulation of EC values in Bitas station using CARMA-GARCH model 
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Table 4. Results of RMSE and NSE in simulation of EC values in studied stations using Random Forest model 

RMSE (μS/cm) NSE 
Stations 

Test Train Test Train 
50.00 53.66 0.69 0.95 Gerdyaghoub 
53.48 66.68 0.63 0.67 Kutar 
53.52 62.88 0.79 0.53 Bitas 

  

 
Figure 8. Results of simulation of EC values in Gerdyaghoub station using Random Forest model 

  

  
Figure 9. Results of simulation of EC values in Kutar station using Random Forest model 
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Figure 10. Results of simulation of EC values in Bitas station using Random Forest model 
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Figure 11. Violin plot of simulation of EC values given by corresponding discharge values at Gerdyaghoub 

station using the studied models  
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Figure 12. Violin plot of simulation of EC values given by corresponding discharge values at Kutar station 

using the studied models 

 

  
Figure 13. Violin plot of simulation of EC values given by corresponding discharge values at Bitas station 

using the studied models 
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