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ABSTRACT

ARTICLE INFO

Let G be a graph. Let f: V (G) — {0,1,2,...,k—1}
be a function where £k € N and & > 1. For each edge

uv, assign the label f (uv) = {w—‘ f is called k-

total mean cordial labeling of G if |t,, 7 (1) — iy (7)| < 1,
for all 7,7 € {0,1,2,...,k — 1}, where t,,s(x) denotes
the total number of vertices and edges labelled with
x, z € {0,1,2,...,k—1}. A graph with admit a k-
total mean cordial labeling is called k-total mean cordial
graph. In this paper, we investigate the 4-total mean
cordial labeling of some graphs derived from the com-
plete bipartite graph Ky ,,.
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1 Introduction

In this paper we consider simple, finite and undirected graphs only. Cordial labeling was
introduced by Cahit [1] and cordial relation labeling technique was studied in [2, 4, 5,
7,8, 9,10, 11, 12, 13, 19, 20, 21, 22, 23]. The notation of k-total mean cordial labeling
has been introduced in [14]. Also in [14, 15, 16, 17, 18] investigate the 4-total mean
cordial labeling behaviour of several graphs like cycle, complete graph, star, bistar, comb
and crown. In this paper we examine the 4-total mean cordial labeling of union of some
graphs with the complete bipartite graph Ks,. Let z be any real number. Then [x]
stands for the smallest integer greater than or equal to z. Terms are not defined here
follow from Harary[6] and Gallian[3]. .

2 k-total mean cordial graph

Definition 2.1. Let G be a graph. Let f : V(G) — {0,1,2,...,k — 1} be a func-

tion where & € N and k£ > 1. For each edge wv, assign the label f (uv) = {w-‘

f is called k-total mean cordial labeling of G if |t,,5 (i) —t,p(7)] < 1, for all 4,5 €
{0,1,2,...,k — 1}, where ¢,,5 (z) denotes the total number of vertices and edges labelled
with z, z € {0,1,2,...,k —1}. A graph with admit a k-total mean cordial labeling is
called k-total mean cordial graph.

3 Preliminaries

Definition 3.1. The union of two graphs GG; and G is the graph G; U Gy with V(G U
Gg) = V(Gl) U V(Gg) and E(Gl U GQ) = E(Gl) U E(Gz)

Definition 3.2. Let G; and G5 be two graphs with vertex sets V; and V5, and edge sets
E, and Es respectively. Then their join G 4+ G5 is the graph whose vertex set is V3 UV,
and edge set is By U Ey U{uv : u € V; and v € V4}.

Definition 3.3. Let Gy, G respectively be (p1, ¢1), (p2, ¢2) graphs. The corona of Gy with
(5 is the graph G; ® (G, obtained by taking one copy of Gy , p1 copies of (G5 and joining

the i*" vertex of G by an edge to every vertex in the i*" copy of Gy where 1 < i < p;.

Definition 3.4. The complement G of a graph G also has V(G) as its vertex set, but
two vertices are adjacent in G if and only if they are not adjacent in G.

Definition 3.5. The complete bipartite graph K, is called a Star.

Definition 3.6. The Bistar B,,, is the graph obtained by joining the two central vertices
of Ky, and Ki,.
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Definition 3.7. The graph F,, = P, + K; is called a Fan graph where P, is a path.
Definition 3.8. The graph W,, = C,, + K is called a wheel.
Definition 3.9. The graph L, = P, + K, is called a ladder.

Notation 1 We denote the vertex set and edge set of the complete bipartite graph K,
by V (Ks,) = {u,v,u; : 1 <i<n}and E (Ks,) = {uu;,vu; : 1 <i < n} respectively.

4 Main results

Theorem 4.1 The graph K,,, U P, is a 4-total mean cordial for all values of n.

Proof. Let P, be the path v; vy ... v,. Take the vertex set and edge set of K, as in
Notation 1. Clearly |V (K3, U P,)| + |E (K2, U P,)| = 5n + 1.

Case 1. n =0 (mod 4).
Let n=4r, r > 2.
Subcase 1. r is even.

Assign the labels 1, 3 to the vertices u, v respectively. We now assign the label 0 to the
42

4r vertices uy, ug, ..., ug. Now we assign the label 0 to the == vertices vy, va, .. ., Urs2.
Next we assign the label 3 to the § vertices Urgd, Urts, .oy Uspql- Then we assign the
label 1 to the § vertices v3;y2, V3r13, - - - Virta. Finally we assign the label 2 to the %
vertices Virsd, Virs6, ..., UVgp.

Subcase 2. r is odd.
Assign the labels 0, 3 to the vertices u, v respectively. Consider the vertices uy, us, ...,

uyy. Assign the label 2 to the 4r vertices uq, uo, ..., uy.. Now we assign the label 0 to the
5r+1 vertices vy, vg, .. , Usrdn. Then we a551gn the label 3 to the =t vertices Vsrts, Usrss,

, V3. Next we assign the label 2 to the 51 vertices vsy41, U3T+2, S UTroL Flnally we
assign the label 1 to the T'gl vertices Virga, UL;?,, ey Udpe

Case 2. n =1 (mod 4).

Let n=4r+1,r > 2.

Subcase 1. r is even.

As in Subcase 1 of Case 1, assign the label to the vertices u;, v; (1 <i <4r). Now we
assign the labels 0, 3 respectively to the vertices ugy11, Vgp11-

Subcase 2. r is odd.
Label the vertices u;, v; (1 <1 < 4r) as in Subcase 2 of Case 1. Next we assign the labels
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3, 0 to the vertices w411, V4ry1 TESpectively.

Case 3. n =2 (mod 4).

Let n=4r+2,r > 2.

Subcase 1. r is even.

In this case, assign the label to the vertices u;, v; (1 < i < 4r) as in Subcase 1 of Case 1.
Now we assign the labels 0, 3, 0, 3 to the vertices w411, Uari2, Varr1, Varia-

Subcase 2. r is odd.
Label the vertices u;, v; (1 <1 < 4r) as in Subcase 2 of Case 1. Next we assign the labels
0, 3, 1, 3 to the vertices ugr41, Uary2, Varg1, Varso.

Case 4. n =3 (mod 4).

Let n=4r+3,r > 2.

Subcase 1. r is even.

We assign the label to the vertices u;, v; (1 < i < 4r) as in Subcase 1 of Case 1. Now we
assign the labels 0, 0, 3, 0, 2, 3 to the vertices uyy11, Ugri2, Usrs3, Vars1, Vart2, Vart3-

Subcase 2. r is odd.
As in Subcase 2 of Case 1, assign the label to the vertices u;, v; (1 <1 < 4r). Finally we
assign the labels 1, 2, 3, 0, 0, 3 to the vertices U4, 11, Ugrio, Udri3, Vari1, Vario, Viris.

The table 1, shows that this vertex labeling f is a 4-total mean cordial labeling.

n | tng(0) | tng(1) | Emp(2) | tng(3)
4r or+1 or 5r 57
dr+1|5r+2 |5r+1|5r+1]|5r42
dr+2 | d5r+3 |br+2 | 5r+2|5r+3
dr+3 | dr+4 | br+4 | 5r+4|5r+4

Table 1:

Case 5. n €{1,2,3,4,5,6,7}.
Table 2 gives a 4-total mean cordial labeling for this case.

[]

Corollary 4.1.1 If n = 0,3 (mod 4) or n =1 (mod 8), then graph K, UC, is a 4-total
mean cordial.

Proof. Obviously the vertex labeling of Theorem ?7 is also a 4 - total mean cordial labeling
of Kg}n U Cn
O



39 R. Ponraj / JAC 54 issue 1, June 2022, PP. 35 - 46

n|uUu|v| U | Uy | U3 | Ug | Us | Ug | U7 | V1 | V2 | U3 | Vg | U5 | Vg | U7

110]3] 2 0

2113|111 010

3111310101 010713

4101312 ]2] 2|2 0]00]2

o103 2122213 010]0]2]0

6103|212 |2]2|2]3 07101 0]07]2 |1

7101312122222 ,2]0]0]0]0]2]0]3
Table 2:

Theorem 4.2. The graph K, U K, is 4-total mean cordial for all values of n.

Proof. Take the vertex set and edge set of Ky, as in Notation 1. Let vy, v, ..., v, be the
vertices of K,,. Note that ’V (Kgm U EH + ’E (KQ,n U Fn)‘ = 4n + 2. Assign the labels
1, 3 to the vertices u, v respectively. Consider the vertices uy, us, ..., u,. Now we assign
the label 0 to the n vertices uy, usg, ..., u,. Finally we assign the label 3 to the n vertices
U1, V2, ..., Up. Clearly ¢, (0) = tr (2) = n; by (1) = timp (3) =n + 1.

O

Theorem 4.3. The graph K, U K; , is 4-total mean cordial for all values of n.

Proof. Take the vertex set and edge set of Ky, as in Notation 1. Let the vertex set
of K1, be, V(Ki,) = {w,v;:1<i<n} and the edge set of K, be, E(K;,) =
{wv; : 1 <i <n}. Clearly |V (Ks, UKi,)| + |E(Ksyp UKy,)| = 5n + 3. Assign the
labels 0, 3, 1 to the vertices u, v, w respectively.

Case 1. n =0 (mod 4).

Let n = 4r, r € N. Assign the label 0 to the 2r vertices uq, us, ..., us,.. Next we assign
the label 3 to the 2r vertices ug,y1, U212, ..., Usy.. Now we assign the label 0 to the r
vertices vy, Vs, ..., v,. Then we assign the label 1 to the 2r vertices v,11, Vrio, ..., Vs
Now we assign the label 2 to the vertex vs,..1. Finally we assign the label 3 to the r — 1
vertices vsy o, Usris, « - -y Ugp.

Case 2. n =1 (mod 4).
Let n = 4r 41, r € N. Label the vertices u;, v; (1 <7 < 4r) as in Case 1. Now we assign
the labels 3, 0 respectively to the vertices wuyy11, Vgp11-

Case 3. n =2 (mod 4).
Let n = 4r+2, r € N. In this case, we assign the label to the vertices u;, v; (1 <i < 4r + 1)
as in Case 2. Next we assign the labels 3, 0 to the vertices w4, 12, V4,12 Tespectively.
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Case 4. n =3 (mod 4).
Let n = 4r+3, r € N. As in case 3, assign the label to the vertices u;, v; (1 < i < 4r 4 2).
Finally we assign the labels 2, 0 respectively to the vertices wuy,13, v4r13.

Thus this vertex labeling f is a 4-total mean cordial labeling follows from the Table 3.

Order of n tmf(O) tmf(l) tmf(Z) tmf(?))
n =4r or+1|5r+1|br+1 o5r
n=4r+1|5r+2|5r+2|5r4+2|5r+2
n=4r+2|5r+3|5r+3|5r+3|5r+4
n=4r+3 | 5r+4 |5r+5|5r+4|5r+5

Table 3:

Case 5. n=1,2,3.
Table 4 gives a 4-total mean cordial labeling for this case.

[
njiu|v|w,|Uu | U | Uz | V1 | V2 | U3
1101312 2 0
2101312113 010
310131222 310[0]0
Table 4:

Theorem 4.4. The graph Ky, U B, ,, is 4-total mean cordial for all values of n.

Proof. Take the vertex set and edge set of K,, as in Notation 1. Let V (B,,) =
{z,y,2;,y: : 1 <i<n}and E(B,,) = {zy,zz;,yy; : 1 <i <n}. Note that |V (Ky, U B,,)|+
|E (Ks, U By, = Tn+5. Assign the labels 1, 3, 0, 3 to the vertices u, v, x, y respectively.

Case 1. n =0 (mod 4).
Let n =4r, r € N.
Subcase 1. r is odd.

Assign the label 0 to the 4r vertices uq, us, ..., usg.. Now we assign the label 0 to the
3’"“ vertices x1, T, .. ) Targ1 Next we assign the label 1 to the TH vertices Targs, Tarss,

, Tor11. NOW we assign the label 2 to the 2r — 1 vertices x99, x2r+3, R Next We
assign the label 2 to the r» + 1 vertices y1, 4o, ..., y,+1. Finally we assign the label 3 to
the 3r — 1 vertices Y12, Yri3, - - -5 Yar-

SubCase 2. r is even.
We assign the label 0 to the 4r vertices uq, us, ..., us.. Now we assign the label 0 to the



41 R. Ponraj / JAC 54 issue 1, June 2022, PP. 35 - 46

3" vertices x1, T, ..., . We now assign the label 1 to the T” vertices Tartz, Tartd, ...,
xQTH Next we assign the label 2 to the 2r — 1 vertices :vQHQ, Tora3, -« x4T. Now we
assign the label 2 to the r + 1 vertices y1, yo, ..., ¥-+1. Finally we assign the label 3 to
the 3r — 1 vertices Y12, Yri3, - - -5 Yar-

Case 2. n =1 (mod 4).

Let n=4r+1,reN.

Subcase 1. r is odd.

As in Subcase 1 of Case 1, assign the label to the vertices u;, x;, y; (1 < i < 4r). Now we
assign the labels 0, 2, 3 respectively to the vertices uyr11, T4r11, Yars1-

Subcase 2. r is even.
Label the vertices w;, z;, y; (1 <i <4r) as in Subcase 2 of Case 1. Next we assign the
labels 3, 0, 1 to the vertices ug,41, T4r41, Yart1 respectively.

Case 3. n =2 (mod 4).

Let n=4r+2,reN.

Subcase 1. r is odd.

In this case, assign the label to the vertices u;, x;, y; (1 <7 <4r+ 1) as in Subcase 1 of
Case 2. Finally we assign the labels 0, 2, 3 to the vertices w419, Tar12, Yari2-

Subcase 2. r is even.
Label the vertices wu;, z;, y; (1 <7 <4r+ 1) as in Subcase 2 of Case 2. Next we assign
the labels 0, 2, 3 to the vertices uyy19, Tari2, Yario-

Case 4. n =3 (mod 4).

Let n=4r+3, r € N.

Subcase 1. r is odd.

We assign the label to the vertices u;, z;, y; (1 < ¢ < 4r+2) as in Subcase 1 of Case 3.
Now we assign the labels 3, 0, 1 to the vertices w4, 13, Tart3, Yaris.

Subcase 2. r is even.
As in Subcase 2 of Case 3, assign the label to the vertices u;, z;, v; (1 <i < 4r+ 2).
Finally we assign the labels 3, 0, 1 to the vertices w413, 4713, Yari3-

The table 5, shows that this vertex labeling f is a 4-total mean cordial labeling.

Case 5. n=1,2,3.
Table 6 gives a 4-total mean cordial labeling for this case.

Theorem 4.5. The graph K, UW, is 4-total mean cordial for all n > 3.
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n Nature of r tmf(O) tmf(l) tmf(Q) tmf<3)
4r r is odd r+2 | Mr+1 | r+1|7mr+1
4r riseven | T7r+1|7r+2|7r+1|7r+1
4r +1 r is odd r+3|r+3|Tr+3|7r+3
4r +1 riseven | Tr+3|Tr+3|T7r+3|7+3
4r + 2 r is odd r+4 | r+5|r+5|Tr+5
4r+2 | riseven | Tr+4|7r+5|T7r+5|T7r+5
4r + 3 r is odd r4+6|7r+6|Tr+7|Tr+7
dr+3 | riseven |T7r+6|Tr4+6|T7r+7|7Tr+7

Table 5:
niu|lv|x|y|u |[U |U3 | Ty | T2 | XT3 | YL | Y2 | Y3
1717301} 3 0 2
2/1(13]0(3, 0] 0 0| 2 213
3|11(3(0(3[/0]0]J0]0]2|2]2]|3]|3
Table 6:

Proof. Take the vertex set and edge set of K5, as in Notation 1. Let the vertex set of W,
be, V. (W,) = {w,w; : 1 <1i < n}and theedgeset of W, be, E (W,,) = {ww; : 1 <i <n}U
{wiwiy1:1 <i<n—1}U{w,w}. Clearly |V (Ko, UW,)| + |E (Ks, UW,)| = 6n + 3.
Assign the labels 0, 2, 0 to the vertices u, v, w respectively.

Case 1. n =0 (mod 4).

Let n = 4r, r € N. Assign the label 0 to the 3r — 1 vertices uq, us, ..., uz—1. Next we
we assign the label 1 to the r + 1 vertices us,, ugyy1, ..., us. Now we assign the label 3
to the 3r vertices wy, wo, ..., ws.. Finally we assign the label 2 to the r vertices ws, 1,

W3r425 -« +y Wyp.

Case 2. n =1 (mod 4).
Let n =4r + 1, r € N. Label the vertices u;, w; (1 < i < 4r) as in Case 1. Now we assign
the labels 0, 3 to the vertices w411, w411 respectively.

Case 3. n =2 (mod 4).

Let n =4r +2, r € N. In this case, we assign the label to the vertices u;, w; (1 <1i < 4r)
as in Case 1. Next we assign the labels 0, 0, 2, 3 respectively to the vertices 11, U412,
Wyr41, War42-

Case 4. n =3 (mod 4).

Let n = 4r + 3, r € N. As in case 1, assign the label to the vertices u;, w; (1 <1 <4r).
Finally we assign the labels 0, 0, 0, 2, 3, 3 to the vertices g,y 1, Ugrio, Ugriz, Wari1, Wario,
Wy, 3 Tespectively.
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Thus this vertex labeling f is a 4-total mean cordial labeling follows from the Table 7.

Order of n tmf(()) tmf(l) tmf(Q) tmf<3)

n =4r 67 6r+1 | 6r+1|6r+1
n=4r+1|6r+2 | 6r+2|6r+2|6r+3
n=4r+2|6r+4|6r+4|6r+4|6r+3
n=4r+3|6r+6 |6r+5|6r+5|6r+5

Table 7:

Case 5. n = 3.
Table 8 gives a 4-total mean cordial labeling for this case.

niu|lv|lw| u | U | U3 | W | Wy | W3

o011 2]|3]3

w
(@)
[\
(@)

Table &:

Theorem 4.6. The graph K, U I, is 4-total mean cordial for all n > 2.

Proof. Take the vertex set and edge set of K5, as in Notation 1.

Let V (F,) ={w,w; : 1 <i<n}and E(F,) = {ww; : 1 <i<n}U{ww;i1:1<i<n-—1}.
Note that |V (Ks, U F,)| + |E (K2, U F,)| = 6n + 2. Assign the labels 0, 2, 0 to the ver-
tices u, v, w respectively.

Case 1. n =0 (mod 4).

Let n = 4r, r € N. Assign the label 0 to the 3r — 1 vertices uy, us, ..., uz,—1. Next we we
assign the label 1 to the r+1 vertices us,, 4311, - . ., ug. Now we assign the label 2 to the r
vertices wy, ws, . .., w,. Finally we assign the label 3 to the 3r vertices w, 1, Wyi2, ..., Wy,

Case 2. n =1 (mod 4).
Let n = 4r + 1, r € N. We assign the label to the vertices u;, w; (1 <i < 4r) as in Case
1. Next we assign the labels 0, 3 respectively to the vertices w411, Wapri1-

Case 3. n =2 (mod 4).
Let n = 4r 4+ 2, r € N. Label the vertices u;, w; (1 <i < 4r+1) as in Case 2. Now we
assign the labels 0, 3 to the vertices uy, 12, W4 io.

Case 4. n =3 (mod 4).
Let n =4r 4+ 3, r € N. Now we assign the label 0 to the 3r — 1 vertices uy, us, ..., Uzy_1.
Next we we assign the label 1 to the r + 1 vertices us,, ugyy1, - .., Ug. Now we assign the
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labels 1, 3, 3 respectively to the vertices wuy,11, Us4r12, Usrr3. Consider we assign the label
3 to the 3r 4+ 1 vertices wy, wo, ..., ws-11. Now we assign the label 1 to the vertex ws, o.
Next we assign the label 2 to the r — 2 vertices w313, W3p14, - .., Wy, Finally we assign
the labels 2, 0, 0 to the vertices wyy11, Wyri2, Waris.

From the Table 9, this vertex labeling f is a 4-total mean cordial labeling.

Order of n tmf(O) tmf(l) tmf(Z) tmf(?))
n = 4r 67 6r+11|6r+1 67
n=4r+1|6r+2 |6r+2|6r+2 | 6r+2
n=4r+2|6r+4|6r+3|6r+3|6r+4
n=4r+3|6r+5|6r+5|6r+5|6r+5

Table 9:

Case 5. n = 2,3.
Table 10 gives a 4-total mean cordial labeling for this case.

njiu|lv|w|Uu | U | U3 | W | Wy | W3
01 3| 3
3101210031133

\&}
]
[\
]

Table 10:

Theorem 4.7. The graph K, U H, is 4-total mean cordial for all n > 3.

Proof. Take the vertex set and edge set of K5, as in Notation 1.

Let the vertex set of H, be, V (H,) = {w,w;,v; : 1 <7 <n} and the edge set of H, be,
E(H,) = {ww;, wv; : 1 <i < npU{wwiq 1 <i<n-—1}Hw,w }. Clearly |V (Ky, U H,)|+
|E (Ks,, UH,)| = 8n+ 3. Assign the labels 1, 3, 2 to the vertices u, v, w respectively.

Assign the label 3 to the n vertices uq, us, ..., u,. Next we we assign the label 0 to the
n vertices wy, wo, ..., w,. Finally we assign the label 2 to the n vertices vy, vo, ..., v,.
Obiviously t,r(0) = 2n; tps(1) = tny(2) = tns(3) = 2n+ 1. O

Theorem 4.8 The graph K5, U L, is 4-total mean cordial for all n > 2.

Proof. Take the vertex set and edge set of K5, as in Notation 1. Let V' (L,,) = {v;,w; : 1 <i < n}
and F (L,) = {vw; : 1 <i <n}U{vvi,wjwiq 1 <i<n-—1}.

Obviously |V (Ky, U Ly,)| + |E (K2, U Ly,)| = 8n. Assign the labels 0, 3 to the vertices

u, v respectively. Assign the label 1 to the n vertices uq, us, ..., u,. Next we we assign

the label 0 to the n vertices vy, vg, ..., v,. Finally we assign the label 3 to the n vertices

wy, Wa, ..., Wy. Clearly t,,7(0) = 2n =t (1) = tmr(2) = tms(3) = 2n. O
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