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Abstract 

This paper analyzes the nonlinear coupled torsional-radial vibration of single-walled carbon 
nanotubes (SWCNTs) based on numerical methods. Two partial differential equations that 
govern the nonlinear coupled torsional-radial vibration for such nanotube are derived using 
doublet mechanics (DM) principles. First, these equations are reduced to ordinary 
differential equations using Galerkin method and then solved using homotopy perturbation 
method (HPM) to obtain the nonlinear natural frequencies in coupled torsional-radial 
vibration mode. It is found that the obtained frequencies are complicated due to coupling 
between two vibration modes. The dependence of boundary conditions, vibration modes and 
nanotubes geometry on the nonlinear coupled torsional-radial vibration characteristics of 
SWCNTs are studied in details. It was shown that boundary conditions and maximum 
vibration velocity have significant effects on the nonlinear coupled torsional-radial vibration 
response of SWCNTs. It was also seen that unlike the linear model, as the maximum 
vibration velocity increases, the natural frequencies of vibration increase too. To show the 
effectiveness and ability of this method, the results obtained with the present method are 
compared with the fourth order Runge-Kuta numerical results and good agreement is 
observed. To the knowledge of authors, the results given herein are new and can be used as 
a basic work for future papers. 

 

 

Introduction 

It is known that the mechanical behavior of structures is divided in two general categories 
depending on whether the material phases are distributed continuously or discretely. If 
distribution be continuous, theories are based on classical continuum mechanics (CCM) and 
don’t contain any scaling effects. This feature normally is the most important limitation of CCM 
and analyzed by many researchers [1-15]. Because of nanoscale dimensions of carbon 
nanotubes (CNTs), it is hard to implement accurate experiments to obtain the properties of a 
CNT [16, 17]. On the other hand, atomistic methods like molecular mechanics [18-21] take too 
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times and also are costly and time-consuming to implement especially for the systems have 
large scales.  

Most popular approaches to simulate micromechanics the nonlocal theory [22-24],  stress 
couple theory [6], strain gradient theory [7, 14, 15]  and stress-driven theory [25-27]. For 
example in nonlocal elasticity, it is assumed that the stress tensor at a point is a function of 
strains at all points in the continuum[28]. It is different from the classical continuum theory in 
that the latter is based on constitutive relations which state that the stress at a point is a function 
of strain at that particular point [1].The nonlocal theory is deductive, in the sense that it employs 
field variables of intrinsic macroscopic nature (i.e., the strain and stress tensors), without 
explicit connections with the underlying discrete material microstructure [29]. Also, the total 
number of elastic macro-constants in the nonlocal theory is considerably large [2]. Mahdavi 
Adeli et al. [23] studied free torsional vibration behavior of a nonlinear nano-cone, based on 
the nonlocal strain gradient elasticity theory. Also, Shishesaz and Hosseini [14] investigated 
the mechanical behavior of a functionally graded nano-cylinder under a radial pressure using 
strain gradient theory. 

Another popular theory for analyzing CNTs is molecular dynamics (MD). Applying MD, every 
single atom or molecule in CNTs is seen as a discrete mass point and the bonding forces 
between each pair of neighboring atoms obey Newton’s laws of motion [2]. This model usually 
employs simplifications, such as regularity of particle distribution, symmetry and periodicity 
[30]. MD simulations are suitable for small scale systems and for short time intervals [31]. 

In order to overcome to the following limitations, various important modifications to CCM, 
known as higher order gradient continuum theories, were suggested to enter micro-structural 
features into the theory. One particular theory that has recently been applied to materials with 
micro-structure is doublet mechanics (DM). This theory originally developed by Granik (1978), 
has been applied to granular materials by Ferrari et al. [2]. In DM micro-mechanical models, 
solids are represented as arrays of points, particles or nodes at finite distances. This theory has 
shown good promise in predicting observed behaviors that are not predictable using continuum 
mechanics like Flamant paradox and also dispersive wave propagation. 

Carbon nanotubes (CNTs) invented by Iijima [32], have many exclusive and fascinating 
properties. With rapid development in nanotechnology, CNT have great potential for broad 
applications as components in nano-electronic-mechanical systems (NEMS) which received 
increasing interest lately. The SWCNTs usually are subjected to complex and heavy dynamic 
loadings caused by different sources. By producing different states of stress, these loads might 
result in excess vibrations. The vibrations of SWCNTs extensively disrupt the normal 
performance of the system and may result to failures in some cases [33]. Due to the excellent 
features and huge applications of CNTs, the precise prediction of the dynamic behavior of such 
systems is vital. Then, any suggested models should contain the real dynamic behaviors of the 
system. Two important forms of vibrations that have been identified for SWCNTs are axial and 
torsional vibrations. For example, for the flexible CNT with long distance between supports 
and high flexibility its torsional vibrations are much significant. Furthermore, for determining 
the diameter of the CNTs and also in Raman spectra, the radial vibration must be considered. 
Then, it is essential to considering the coupling effect between radial and torsional vibration of 
a SWCNT, especially for studying stability conditions of CNTs. It can be seen from the 
previous works on the vibration of SWCNTs that most of existing SWCNTs systems have 
focused on the bending [28, 34-36], torsional [29, 37-39], radial [40, 41] or longitudinal [30, 
31, 42] vibrations behavior of the shafts, solely and the coupling effect between the vibrational 
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modes were ignored. The coupled vibration of SWCNTs is an interesting subject because of the 
complexity of the equations and the analytical solutions are difficult to obtain. 

Single-walled carbon nanotubes (SWCNTs) are tiny cylinders made from carbon [18]. A 
SWCNT can be described as a single layer of a graphite crystal that is rolled up into a seamless 
circular cylinder, one atom thickness, usually with a small number of carbon atoms along the 
circumference and a long length along the cylinder axis[43]. The radial vibration is the 
characteristic phonon mode of SWCNTs which leads to a periodic increase and decrease of the 
tube diameter[44]. In the radial vibration, all carbon atoms move coherently in the radial 
direction creating a breathing-like vibration of the entire tube[44, 45] [e]. This feature is specific 
to CNTs and is not observed in other carbon systems such as graphite[45]. The radial frequency 
is usually the strongest feature in SWCNT Raman spectra which plays a crucial role in the 
experimental determination of the geometrical properties of SWCNTs[43, 45]. Radial 
frequencies are very useful for identifying a given material containing SWCNTs, through the 
existence of radial vibration modes, and for characterizing the nanotube diameter distribution 
in the sample through inverse proportionality of the radial frequency to the tube diameter[43]. 
Therefore, it is very important to know the behavior of radial frequency of different nanotubes, 
precisely. 

On the other hands, torsional deformation and vibration are easily seen in nano-electro-
mechanical systems. For efficient design of such devices, the torsional dynamics of the nano-
components are vital[22]. 

However, most of the researches on the axial and torsional vibration of CNTs have been limited 
to the linear theory and the nonlinear regime is not considered yet. The coupled vibration of 
SWCNTs is an interesting subject because of the complexity of the equations and the analytical 
solutions are difficult to obtain. Among them is torsional-radial coupling in the vibrational 
behavior of the SWCNT system which is originated from the large deformation of the beam. 
The torsional-radial coupled vibration of the SWCNTs can lead to severe vibration, and this 
energy boosts the amplitude of the vibration and may leads to the reduction of bit life. If not 
taken into consideration, the effect of coupled vibration can not only reduce the calculation 
accuracy, but also lose some important characteristics of the CNTs. Therefore, it is important 
to establish an accurate model for dynamic characteristics of the coupled vibrations of CNTs. 
For the case of coupled torsional-radial vibrations of the SWCNT, some nonlinearity can affect 
the total response of the system. It should be noted that in the linear analysis, torsional and 
radial vibrations are decoupled and can be studied separately. The HPM as an efficient semi-
analytical approach introduced by He [46-50] for solving different linear and especially 
nonlinear engineering problems such as eigen value problems. In HPM, it is considered the 
solution as sum of a series with infinite terms so that less than three sentences result to good 
accuracy of the solution with rapid convergence. The series used in HPM is different from 
Taylor series as it contains functions rather than terms as is in Taylor series. The method can 
be applied to a wide class of integral and differential equations, deterministic and stochastic 
problems, linear and nonlinear equations. The main advantages of this method to the other 
methods are simplicity, high convergence, more accurate results and time saving especially in 
the nonhomogeneous and nonlinear equations. The HPM was also applied to study nonlinear 
equations appear in science and engineering problems [51-54].  

To the best knowledge of authors, considering geometric nonlinearity effects along with the 
coupling of the torsional-radial vibrations on the dynamic behavior of the SWCNTs is not 
studied yet and the present paper tries to consider such analysis. Considering the complexity of 
the practical dynamics of the SWCNT systems, the main purpose of this study is investigating 
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and modeling a mechanism for the coupled nonlinear torsional-radial vibration of the SWCNTs. 
Another goal of this paper is to show the effectiveness of HPM and its ability and also handling 
the nonlinear coupled torsional-radial vibration to obtain the nonlinear frequency. The structure 
of the paper is as follows. In Section 2, a brief review to derive the nonlinear equation of motion 
for coupled torsional-radial vibration of SWCNTs is given using nonlocal theory. In Section 3, 
the equation of motion for SWCNTs in torsional-radial vibration is solved using HPM and the 
natural frequencies are obtained. The obtained nonlinear natural frequencies are compared with 
numerical results in Section 4 to illustrate the ability and accuracy of the proposed method. In 
Section 5 a brief discussion and conclusions follows. 

Derivation of nonlinear equation of motion for coupled torsional-radial vibration of 
SWCNTs using DM 

DM is a micro-mechanical theory based on a discrete material model whereby solids are 
represented as arrays of points or nodes at finite distances. A pair of such nodes is referred to 
as a doublet, and the nodal spacing distances introduce length scales into the micro-structural 
theory. Each node in the array is allowed to have a translation and rotation, and increments of 
these variables are expanded in a Taylor series about the nodal point. The order at which the 
series is truncated defines the degree of approximation employed. The lowest order case using 
only a single term in the series will not contain any length scales, while using more than one 
term will produce a multi length scale theory. This allowable kinematics develops micro-strains 
of elongation, shear and torsion (about the doublet axis). Through appropriate constitutive 
assumptions, these micro-strains can be related to corresponding elongational, shear and 
torsional micro-stresses. A pair of such particles represents a doublet as shown in Fig. 1. 
Corresponding to the doublet (A, B) there exist a doublet or branch vector aζ  connecting the 

adjacent particle centers and defining the doublet axis. The magnitude of this vector a aη = ζ  

is simply the particle diameter for particles in contact. However, in general the particles need 
not be in contact, and for this case the length scale �� could be used to represent a more general 
micro-structural feature. For example, the internal characteristic scale for the crystal lattice 
parameter of carbon is 0.1421 a nmη =  [1]. 

 
Fig. 1 doublet [2]. 

As mentioned, the kinematics allow relative elongational, shearing and torsional motions 
between the particles, and this is used to develop an elongational micro-stress ��, shear micro-
stress ��, and torsional micro-stress �� as shown in Fig. 1. It should be pointed out that these 
micro-stresses are not second order tensors in the usual continuum mechanics sense. Rather, 
they are vector quantities that represent the elastic micro-forces and micro-couple of 
interactions between doublet particles. Their directions are dependent on the doublet axes which 
are determined by the material micro-structure. These micro-stresses are not continuously 
distributed but rather exist only at particular points in the medium being simulated by DM. 
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From Fig. 2, suppose doublet (,a bα ) converts to doublet ( '',a bα ) because of kinematic 
translation. The superscript 0 for vectors indicates the initial state. 

 
Fig. 2 Translations of the doublet nodes a A∈ , b Bα α∈ [2] 

If ( ),tu x  is the displacement field coinciding with a particle displacement, then the incremental 

displacement is written as: 

( ) ( )0 , ,t tα α∆ = + −u u x ζ u x                                                                                                                               (1) 

wherein,x  is the position vector of particle. 
The incremental function in Eq. (1) could be expanded in a Taylor series as [2]: 

( ) ( )0

1

.
!

M χ
χα

α α
χ

η
χ=

∆ =∑u τ u∇                                                                                                                                  (2) 

wherein ∇  is the Del operator in general coordinates and η  is the internal characteristic length 
scale. As mentioned above, the number of terms used in the series expansion of the local 
deformation field determines the order of the approximation in DM.  
Here,  1,...,nα =  while n is referred to the numbers of doublets. For the problem under study, it 
is assumed that the shear and torsional micro-deformations and micro-stresses are negligible 
and thus only extensional strains and stresses exist. 

The extensional micro-strain scalar measure αε , representing the axial deformation of the 

doublet vector, is defined as [2]: 
.α α

α
αη
∆= τ u

ε                                                                                                                                                         (3) 

From Fig. 1, it can be written that 

01

1
α

α α
α αη
 ∆= + +  

u
τ τ

ε

                                                                                                                                      (4) 

As in linear elasticity, it is assumed that the relative displacement α∆u  is small compared to 

the doublet separation distance �� ( α αη∆ �u ) so that it may be assumed that 0
α α=τ τ . In 
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nonlinear elasticity 0
α α≠τ τ and the following approximate relations between ��and ��� are 

present [31]: 

( )
2

0. cos 1
2
α

α α α
ψψ= = −τ τ                                                                                                         (5) 

( )0 sinα α α α× = =τ τ ψ ψ                                                                                                                                       (6) 

wherein αψ is the angle between initial and current branch vectors. 

From Eq. (4)- (6), 2
αψ  can be obtained as follow 

( ) ( ) ( )2 0 0

2 2

1
.

1 2
α α α α α

α α α

ψ
η

= ∆ × ∆ ×
+ +

u τ u τ
ε ε

                                                                           (7) 

If 2
αψ  obtained from Eq. (7) is substituted in Eq. (3), it can be concluded that 

( ) ( ) ( )
0

0 0

2 2

.1 2
. 2 1

11 2
α α

α α α α
α αα α α ηη
 ∆∆ × ∆ × = − + ++ +  

u τ
u τ u τ

εε ε

                                                           

(8) 

With solving this equation, the micro-strain for nonlinear approximation can be obtained. It is 
clear that for linear approximation that 0 0α α∆ × =u τ  and then the linear approximation can be 

obtained. Multiplication both side of Eq. (8) with ( )21 2
1

2 α α+ +ε ε yields 

( ) ( ) ( )
0

0 0 2
2

.1
. 1 1 1 2

2
α α

α α α α α α α
α αη η

 ∆∆ × ∆ × + + + = + +
 

u τ
u τ u τ ε ε ε                                              (9) 

In Eq. (9), ignoring 2
αε  in comparison with αε  and 

0
i iuα α

α
α

τ
η

∆
ε  in comparison with

0
i iuα α

α

τ
η

∆
, gives 

the following approximate nonlinear micro-strain-displacements equation as 

( ) ( )
0

0 0
2

. 1
.

2
α α

α α α α α
α αη η

∆= + ∆ × ∆ ×u τ
u τ u τε                                                                               (10) 

One may write 0 0
j jα ατ=τ e  where 0

jατ  are the cosines of the angles between the directions of 

micro-stress and the coordinates and ie  is the unit vector in Cartesian coordinate. Setting
0 0  , i i i iuα α α ατ= ∆ = ∆τ e u e  in Eq. (10), it is concluded that 

( )
0

0 0 0 0
2

1

2
i i

i i j j i j i j

u
u u u u α α

α α α α α α α α α
α α

ττ τ τ τ
η η

∆= ∆ ∆ − ∆ ∆ +ε                                                             (11) 

In DM under such assumptions and neglecting temperature effect, the relation between micro-
strain and micro-stress is written in the below [36]. 
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1

n

p Aα αβ β
β =

=∑ ε                                                                                                                                                     (12) 

Where in pα  is axial micro-stress along doublet axes. An example of the axial micro-stress is 

the interatomic forces between atoms or molecules located at the nodes of a general array such 
as a crystalline lattice. In the case of linear and homogeneous inter nodal central interactions. 
Eq. (12) can be interpreted as the constitutive equation in the linear and homogeneous DM and 
Aαβ is the matrix of the micro-modules of the doublet. 

In the homogeneous and isotropic media with local interaction the above relation is simplified 
as below [41]: 

0  p Aα α= ε                                                                                                                                                           (13) 

The relation between micro-stresses and macro-stresses is [2, 33]: 

( ) ( ) ( )
1

10 0 0

1 1

.
!

n M
M p

χ
χα

α α α α
α χ

η
χ

−
−

= =

−
= ∇∑ ∑σ τ τ τ                                                                                     (14) 

In the above equation, M  is the degree of approximation which in the series is truncated. 
Substituting Eq. (11) into Eq. (13) and the result into Eq. (14) and neglecting scale effect yields 

( )
0

0 0 0 0 0 0
0 2

1

2
i i

m n i i j j i j imn j

u
A u u u uα α

α α α α α α α α α α
α α

τσ τ τ τ τ τ τ
η η

∆= + ∆ ∆
 
 


− ∆


∆                                              (15) 

This equation is the relation between macro-stresses and displacements in nonlinear regime.  
Now, the form of matrix [ ]A  in Eq. (12) containing elastic macro-constant for plane problem 

(two-dimensional) is obtained. For this reason, consider Fig. 3. According to Fig. 3, in the 

1 2x x−  plane, there are only three doublets with equal angels between them. The solution for 

the scale less condition can be calculated directly from the associated CCM problem for an 

isotropic material. For the plane problems in the homogeneous media, [ ]A  is a symmetric 

matrix of order 3 with the most general form [20] as follow: 

a b b

A b a b

b b a

 
 =  
  

                                                                                                                                                 (16) 

 
Fig. 3 Three doublets with equal angle 0120  between them [1] 

It can be shown that for any θ , if Eq. (16) is substituted into Eq. (12) and plane stress condition 
is considered, the coefficients a and b  in matrix A are found to be [2]: 
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4 7 10 4 2
,  

9 2 9 2
a b

λ µ λ µµ µ
λ µ λ µ

+ −= =
+ +

                                                                                                                 (17) 

where  , λ µ  are Lame’s constants and can be written in term of elasticity modulus E, Poisson 
ratio ν  and shear modulus G as below [30]: 

( )( ) ( ) , 
1 1 2 2 1

E E
G

νλ µ
ν ν ν

= = =
+ − +

                                                                                                            (18) 

One could use 0b =  as a quantitative guide to the applicability of the simpler constitutive 

relations such as Eq. (13). If 2λ µ=  (or 
1

3
ν = ) in plane stress condition from Eq. (18), it is 

concluded that 0b =  and 

0

8

3
a A E

µ= = =                                                                                                                                                (19) 

Now, the coupled torsional-radial governing differential equations of motion representing the 
vibrational behavior of the SWCNTs are derived in this section. The shell theory is employed 
and the effects of rotary inertia and gyroscopic moments are neglected. Furthermore, the radial, 
axial and torsional deformations are taken into account, and it is assumed that the amplitude of 
the vibration is large, and stretching nonlinearity which is originated from the extension of the 
shaft centerline is considered. A shell is a three-dimensional body whose boundary surface has 
special features. Before describing such a body, it is convenient to introduce suitable coordinate 
systems. Let the points of a region R in a Euclidean 3-space be referred to a fixed right-handed 
rectangular Cartesian coordinate system ( ) 1, 2, 3ix i =  and let ( )1 2 3, , θ θ θ  be a general curvilinear 

system defined by the transformation relations [38]: 

( )1 2 3  , , i ix x θ θ θ=                                                                                                                            (20) 

The physical components of stress resultants known as iNα   in curvilinear coordinate are given 
by [17] 

( ) ( )
2

13 1
2 11 2 11 1,2 12 2,1 22 1 2,1 ,2

1 2 1

1 N u
a N a N a N a N f

a a r t
ρ ρ ∂ + + − + + =  ∂

                                           (21)

( ) ( )
2

23 2
2 12 1 22 1,2 11 2,1 21 2 2,1 ,2

1 2 2

1 N u
a N a N a N a N f

a a r t
ρ ρ ∂ + + − + + =  ∂

                                           (22)

( ) ( )
2

311 22
2 13 1 23 3 2,1 ,2

1 2 1 2

1 uN N
a N a N f

a a r r t
ρ ρ

  ∂ + + + + =   ∂ 
                                                                  (23) 

wherein 1r  and 2r  are the radii of curvature of the surface, 1a  and 2a  are the magnitudes of the 

surface base vectors and if are body forces. 

The physical components of moment resultants known as  iNα  in curvilinear coordinate are 

given by [1]: 

( ) ( ) 13
2 11 2 11 1,2 12 2,1 22 1 13,1 ,2

1 2 1

1 M
a M a M a M a M l N

a a r
ρ + + − + + = 

                                              (24)

( ) ( ) 23
2 12 1 22 1,2 11 2,1 21 2 23,1 ,2

1 2 2

1 N
a N a N a N a N l N

a a r
ρ + + − + + = 

                                                          (25)

( ) ( ) 11 22
2 13 1 23 3 23,1 ,2

1 2 1 2

1 M M
a M a M l N

a a r r
ρ

 
 + − + + =  

 
                                                                      (26) 
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Eqs. (21)– (26) are the governing equations for thin shells in general curvilinear coordinates. 
Now, consider a SWCNT of length L, mean radius R, Young’s modulus E, Poisson’s ratio 
 
and mass density � as shown in Fig. 4. In cylindrical coordinate, the coordinate components 
become 

1 1 1, , z rθ θ θ θ= = =                                                                                                                        (27) 

The radii of curvature and the coefficients � and �� in the cylindrical coordinates are written 
respectively, as 

1 2 1 2, , 1, r r r a a r= ∞ = = =                                                                                                              (28) 

The orthogonal axes of coordinate system ( )r, , zθ  correspond to the normal, tangent and 

binormal (axial) axes in local cylindrical system of coordinates, respectively. The 
displacements of the center of a sample element along the normal, tangent and binormal axes 
are demonstrated by ru , uθ  and zu  correspondingly and the torsional deformation of the cross 

section is denoted by θ around the x direction. Here, the radial deformations and torsional 
warping are also added to the theory. Substitution of Eq. (27) and (28) into Eq. (21)– (26) yields 

 
Fig. 4 A nanotube in cylindrical coordinate. 

 
2

2

1 zzz z
z

NN u
f

z r t
θ ρ ρ

θ
∂∂ ∂+ + =

∂ ∂ ∂
                                                                                                                      (29)

2

2

1z rN N N u
f

z r r t
θ θθ θ θ

θρ ρ
θ

∂ ∂ ∂+ + + =
∂ ∂ ∂

                                                                                                        (30)

2

2

1 rzr r
r

N NN u
f

z r r t
θ θθ ρ ρ

θ
∂∂ ∂+ − + =

∂ ∂ ∂
                                                                                                          (31)

1 zzz
z zr

MM
l N

z r
θ ρ

θ
∂∂ + + =

∂ ∂
                                                                                                                             (32)

1 1z
r r

M M
M l N

z r r
θ θθ

θ θ θρ
θ

∂ ∂+ + + =
∂ ∂

                                                                                                              (33)

1
 rzr

r rr

M MM
l N

z r r
θ θθ ρ
θ

+ − + =
∂ ∂

                                                                                                                     (34) 

Eqs. (29) - (34) are the equations of motion of a thin shell in the cylindrical coordinates and 
should be solved in order to develop the dynamic analysis of the system. ijN  and ijM  are 

resultant forces and resultant moments, respectively and are written with the following 
equations: 
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( )
2

2

 , , 1,2,3

h

M
ij ij

h

N dr i jσ
−

= =∫                                                                                                                         (35)

( )
2

2

 , , 1,2,3

h

M
ij ij

h

M z dr i jσ
−

= =∫                                                                                                                            (36) 

It should be noted that SWCNTs are essentially two-dimensional. So introducing of the stresses 
and displacements in SWCNT considered as a three-dimensional solid seems a bit artificial. 
But nevertheless, Eqs. (29) – (34) are still valid since these equations describe an equilibrium 
state of a shell characterized by stress resultants and moment resultants. 

In this study, the following assumptions, known as Love’s first approximation, for cylindrical 
shells are made [39]: 
1. All points that lie on a normal to the middle surface before deformation do the same after 

the deformation. Then the transverse shear stresses ( )M
rzσ and ( )M

zθσ are assumed to be 
negligible. 

2.  Displacements are small compared to the shell thickness. 

3. The normal stresses in the thickness direction (( )M
rrσ ) are negligible (planar state of stress). 

Assuming axisymmetric and homogeneity for the entire tube and that the nanotube vibrates in 
radial and torsional modes only such that the cross-section of the tube is not elastically 
deformed and also neglecting body forces, it may be concluded  

0, 0
r zu

θ
∂ ∂= = =

∂ ∂
                                                                                                                                           (37) 

Under such assumptions, Eqs. (29)- (34) are reduced to 
2

2
zN u

z t
θ θρ∂ ∂=

∂ ∂
                                                                                                                                      (38)

2

2
rN u

r t
θθ ρ ∂− =

∂
                                                                                                                                               (39) 

which are the equations of motion for coupled torsional-radial vibration of SWCNTs. 

The nonlinear strain-displacement relation is written [31]: 

( )1

2
T T= ∇ + ∇ + ∇ ∇ε u u u u                                                                                                                              (40) 

where ∇  is the gradient operator in cylindrical coordinates given as 
1

    r zr r zθθ
∂ ∂ ∂= + +
∂ ∂ ∂

e e e∇                                                                                                              (41) 

∇u  can be written in cylindrical coordinate as [55]: 

�� =

�
�
�
�
�

���
��


� ����

�� − ��� ���
��

�� 
��


� ��� 

�� + ��� �� 
��

��"
��


�

��"
��

��"
�� #

$
$
$
%
                                                                                                           (42) 
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Substituting Eq. (42) into Eq. (40) and making some manipulations, yields 
1

2
2

r r
z

u u uu u

z r z r z
θ θ θ

θε ∂ ∂∂ = − + ∂ ∂ ∂ 
                                                                                                                (43)

2 2

2 2

1
2

2
r ruu u

r r r
θ

θθε
 

= + + 
 

                                                                                                                                  (44) 

Now, substituting Eq. (43) and (44) into Eq. (15) along with using Eq. (42) and the results into 
Eq. (38) and (39) with making some manipulations with neglecting scale effect yields 

2 2 22

2 2 2 2

1

2
r

r

u u uu
Gh u u h

z r z z t
θ θ θ

θ ρ
  ∂ ∂ ∂∂+ − =  ∂ ∂ ∂ ∂  

                                                                                        (45)

( )
2

2 2
2 2 2

1 1

1 2
r r

r

u uE
h u u h

r r r tθ ρ
ν

∂ − + + = − ∂ 
                                                                                                   (46) 

Eq. (45) and (46) are the equations of motion in nonlinear coupled torsional-radial vibration of 
SWCNTs. From these equations, it can be concluded that because of nonlinear terms, the two 
equations are coupled with together. The fundamental linear equations can be simply calculated 
by setting the nonlinear terms to zero. In this case, the two equations will be decoupled. 

Application of HPM for solving nonlinear vibrations of SWCNTs 

In this section, the nonlinear governing equations for the coupled torsional-radial vibration of 
SWCNTs are solved. The deflection of the nanotube is subjected to the following boundary 
conditions in radial and torsional direction, respectively. 
For two clamped (C-C) boundary conditions 

( )z, 0   z 0, u t at Lθ = =                                                                                                                                      (47) 

For two free (F-F) boundary conditions 
( )z,

 0  z 0, 
u t

at L
z

θ∂
= =

∂
                                                                                                                                   (48) 

For clamped-free (C-F) boundary condition 

( ) ( )z,
z, 0  z 0, 0  z

u t
u t at at L

z
θ

θ
∂

= = = =
∂

                                                                                                     (49) 

Table1. Common boundary conditions for the torsional direction 

End conditions of beam Mode shape (normal function) 

Two clamped (C-C) 
n

sin z
L

π 
 
 

 

Two free (F-F) 
n

cos z
L

π 
 
 

 

clamped-free (C-F) 
2

1
n

cos z
L

π −  
 

 

In mathematics, in the area of numerical analysis, Galerkin methods are a class of methods for 
converting a continuous operator problem such as a differential equation to a discrete problem. 
Indeed, it is equivalent of applying the variation of parameters method to a function space, by 
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converting the equation to a weak formulation. A key feature of this method is that they rely on 
integrals of functions that can readily be evaluated on domains of essentially arbitrary shape. 
Galerkin's method provides powerful numerical solution to differential equations and modal 
analysis. Now, the nonlinear equations of motion are solved to obtain the nonlinear natural 
frequencies. The separation of variables is used and assumed that ( ) ( ) ( )z,u t tz Uθ ϕ=  and 

( ) ( ) ( )z,zu t W tzψ=  where ( )zϕ  and ( )zψ  are the eigenmodes of the tube satisfying the 

kinematic boundary conditions and ( )U t  and ( )W t  the time-dependent deflection parameter 

of the nanotube, respectively. The base functions corresponding to the above boundary 
conditions are given in Table 1 for torsional mode. 

Applying the Galerkin method, the governing equations of motion are obtained as follows: 

( )
2

1 2 3 4 2

1

2

U
G aU a a UW a

r t
ρ ∂ + + =  ∂ 

                                                                                                          (50) 

2
2 2 2

5 6 7 82 2

1 1

1 2 2

E W
a W a W a U r a

r r t
ρ

ν
∂ + + = − ∂ 

                                                                                         (51) 

The above equations are the differential equations of motion governing the nonlinear coupled 
torsional-radial vibrations of SWCNTs subjected to the following initial conditions: 

( ) ( )0 0, 0 max

dU
U U

dt
= =                                                                                                                                   (52) 

( ) ( )0 0, 0 max

dW
W W

dt
= =                                                                                                                                  (53) 

wherein maxU  and maxW  denote the maximum velocities of oscillation in circumferential and 

radial directions, respectively. In Eqs. (50) and (51), 21 8, ,...,α α α  are as follows: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2 2
1 2 3 4

0 0 0 0

, , , 
L L L L

z z dz z z z dz x z dz z dzα ϕ ϕ α ϕ ψ ϕ α ψ ϕ α ϕ′′= = = − =′′ ′′∫ ∫ ∫ ∫           (54) 

( ) ( ) ( ) ( ) ( )2 3 2 2
5 6 7 8

0 0 0 0

, , , 
L L L L

z dz z dz z z dz z dzα ψ α ψ α ψ ϕ α ψ= − = − = − =∫ ∫ ∫ ∫                                     (55) 

Changing the variable , , , 
U W

t t a b
r r

τ ω ν= = Ω = =  and 
I

r
A

= , Eqs. (50) and (51) can be 

transformed to the following nonlinear equation: 

2
2

2
0

d a
Aa Babω

τ
+ + =

∂
                                                                                                                               (56)

2
2 2 2

2
 0

d b
Cb Db Ea

ν
Ω + + + =

∂
                                                                                                                        (57) 

wherein ω  and Ω  are unknown nonlinear torsional and radial frequencies in the coupled 
nonlinear torsional-radial vibration of SWCNTs have to be determined. The coefficients 

, , , A B C D and E  are defined by the following equations 

21

4
L

G
A

α ω
α ρ

= − =                                                                                                                                                (58) 
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2 3

4

1

2

I G
B

r A

α α
α ρ
+= −                                                                                                                                   (59) 

( )
25

22
8

1

1
L

E
C

r

α
α ρ ν

= − = Ω
−

                                                                                                                 (60)

( )
6

3 2
8

1 1

2 2 1

I E
D

r A

α
α ρ ν

= −
−

                                                                                                                       (61)

( )
7

3 2
8

1 1

2 2 1

I E
E

r A

α
α ρ ν

= −
−

                                                                                                                        (62) 

In Eqs. (58) and (60), L Aω =  and L CΩ =  is the linear, free vibration frequency in the 

torsional and radial vibration modes, respectively. To determine unknown natural frequencies, 
New HPMs are applied to seek the solutions of Eqs. (56) and (57). The following homotopies 
with 0ω  and 0Ω  as the initial approximations for the angular frequencies are considered 

( )
2 2

2 2
0 2 2

1 0
d a d a

p a p Aa Babω ω
τ τ

   
− + + + + =   ∂ ∂   

                                                                              (63)

( )
2 2

2 2 2 2
0 2 2

1 0
d b d b

p b p Cb Db Ea
ν ν

   
− Ω + + Ω + + + =   ∂ ∂   

                                                        (64) 

Here � is a parameter, ( ), a a pτ= , ( ), b b pν= , ( )pω ω=  and ( )pΩ = Ω . Obviously, when 

0p = , Eq. (63) and (64) yields the following linear harmonic equations 

( ) ( )2

2

0
0 , 0 0 , 

dad a
a a X

τ τ
+ = = =

∂ ∂
                                                                                                       (65)

( ) ( )2

2

0
0 , 0 0 , 

dbd b
b b Y

ν ν
+ = = =

∂ ∂
                                                                                                                 (66) 

It is notable that for 1p = , it results the nonlinear Eqs. (56) and (57), respectively. As 

embedding parameter �varied from 0 to 1, the solutions ( ),a a pτ=  and ( )pω ω=  along with 

( ),b b pν=  and ( )pΩ = Ω  of the homotopy Eq. (63) and (64) change from their initial 

approximations ( )0 0, a τ ω  and ( )0 0, b ν Ω  to the required solutions ( ) , a τ ω  and ( ) , b ν Ω  of Eq. 

(56) and (57), respectively. Suppose the solution of Eq. (56) and (57) to be in the following 
forms: 

( ) ( ) ( )0 1a a paτ τ τ= + +…                                                                                                                              (67) 

0 1pω ω ω= + +…                                                                                                                                              (68) 

( ) ( ) ( )0 1b b pbν ν ν= + +…                                                                                                                               (69) 

0 1pΩ = Ω + Ω +…                                                                                                                                            (70) 
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Substituting the above relations into the Eq. (56) and (57), respectively and equaling the 
coefficients of the terms with equal powers of �, the following linear differential equations are 
obtained 

�� : '(�)
�*( + �� = 0 , ��-0. = 0 , '�)-�.

�* = /                                                              
�: 0�� �'(�1

�*( + �� + �0� '(�)
�*( + 2�� + 3��4�� = 0 , �-0. = 0 , '�1-�.

�* = 0
⋮

                     (71) 

�� : '(6)
�7( + 4� = 0 , 4�-0. = 0 , '6)-�.

�7 = 8                                                                       
�: 9�� �'(61

�7( + 4� + �9� '(6)
�7( + :4� + ;4�� + <���� = 0 , 4-0. = 0 , '61-�.

�7 = 0
⋮

              (72) 

The solution of the initial (zero) approximation is simply given by 

( ) ( )0a Xsinτ τ=                                                                                                                                               (73)

( ) ( )0b Ysinν ν=                                                                                                                                                 (74) 

Substituting Eqs. (73) and (74) into the first approximation Eqs. (71) and (72), respectively, it 
is obtained that 

( ) ( ) ( )
2

2 2 21
0 1 02

0
d a

a Xsin AXsin BXYsinω ω τ τ τ
τ

 
 + + − + + =   ∂ 

                                                            (75)

( ) ( ) ( ) ( )
2

2 2 2 2 2 21
0 1 02

0
d b

b Ysin CYsin DY sin EX sinν ν ν ν
ν

 
 Ω + + −Ω + + + =   ∂ 

                             (76) 

Expanding the trigonometric function using Fourier sine series for ( )2 sin τ  in the first period 

yields 

( ) ( ) ( )2 8 8
3

3 15
sin sin sinτ τ τ

π π
≅ −                                                                                                                 (77) 

Substituting Eq. (77) into Eqs. (75) and (76) and letting the coefficient of ( )sin τ  to be zero in 

order to eliminate the secular terms, it is found that 

8

3
A BYω

π
= +                                                                                                                                              (78)

28

3

X
C DY E

Yπ
 

Ω = + + 
 

                                                                                                                           (79) 

It can also be seen that in contrast to linear systems, the frequencies of the vibration are 
dependent on its velocity amplitude which are related to the initial conditions so that the larger 
the amplitude, the more pronounced the discrepancy between the linear and nonlinear 
frequencies becomes. This is caused by the nonlinearity of the system. It should be noted that 
if the dependence of the frequency to amplitude of vibration is neglected the linear natural 
frequency of the system is obtained. The results demonstrate that the nonlinear torsional natural 
frequency is deviated from the linear part only by the torsional vibrations amplitude while the 
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nonlinear radial natural frequencies are dependent on the torsional and radial vibrations velocity 
of the system. Moreover, it can be seen that the torsional mode number (n) affects the torsional 
nonlinear natural frequency. This means that in general, different torsional mode numbers can 
combine to establish the nonlinear torsional natural frequency. 

Considering Eqs. (78) and (79), the solution of Eqs. (75) and (76) can be obtained as 

( ) ( ) ( )1

3 1
3

5 3 8 3

BXY
a sin sin

A BX
τ τ τ

π
 = − +  

                                                                                             (80)

( ) ( ) ( ) ( )
2 2

1 2 2

3 1
3

5 33 8

DY EX
b sin sin

YC DY EX
ν ν ν

π
+  = − + +  

                                                           (81) 

Thus, the first approximate solution of Eqs. (56) and (57) can be written as follows: 

( ) ( ) ( ) ( ) ( ) ( )0 1

3 1
3

5 3 8 3

BXY
a a a Xsin sin sin

A BX
τ τ τ τ τ τ

π
 = + = + − +  

                                            (82)

( ) ( ) ( ) ( ) ( ) ( ) ( )
2 2

0 1 2 2

3 1
3

5 33 8

DY EX
b b b Ysin sin sin

YC DY EX
ν ν ν ν ν ν

π
+  = + = + − + +  

                  (83) 

\\Now, the error analysis is discussed briefly. The numerical errors enter to the problem during 
Eqs. (67) - (70). Because, only two terms are considered in Eqs. (82) and (83) and only one 
term in Eqs. (78) and (79). It should be pointed out that the governing equation derived from 
the HPM principle turns out to be an infinite order series. Because it is almost impossible to 
analyze the infinite order series, only few terms in the infinite series in Eq. (67) - (70) are 
retained. It should be added that numerical are also entered to the problem during Eq. (50) and 
(51) which in Galerkin method is used. 

Results and discussion 

In order to validate the presented method, the results obtained herein using Galerkin and HPM 
methods are compared with the available numerical results. 
To this end, in Fig. 5 nondimensional amplitude of vibration for axial and torsional modes are 
drawn againt the nondimensional time using fourth-order Runge-Kutta method and presented 
method. The sample SWCNT that has been used in this figure and upcoming figures is Zigzag 
(16, 0) and clamped-free boundary condition is considered for it. From this figure, the boundary 
condition is assumed to be clamped-free. From this figure, it can be seen that the present method 
predictions of the nonlinear coupled torsional-radial vibration amplitudes are in good agreement 
with the fourth-ordered Runge-Kuta numerical results. Now, the dependence of boundary 
conditions, vibration modes and nanotubes geometry on the nonlinear coupled torsional-radial 
vibration characteristics of SWCNTs are studied in details for Zigzag (16, 0). It should be added 

that one may relate the natural frequency (f ) is related to the angular frequency (ω ) as 
 

2

w
f

π
=

. This equations is used in Figs. 5- 10 to give the frequencies in THz.Throughout this paper, 
the mechanical properties of SWCNT are assumed to be: Poisson's ratio 0.2ν = , mass density 

3
2300 

kg

m
ρ =  and Young’s modulus 1.1 E TPa= [1]. 

In this section, comparison between the results obtained herein using HPM and the available 
numerical results are presented to validate the presented method. 
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To demonstrate the accuracy of the obtained analytical results, the variation of nondimensional 
vibration amplitude for torsional mode is plotted versus the nondimensional time for Zigzag 
(16, 0) SWCNT using fourth-order Runge-Kutta method and the presented method in Fig. 5. 
From this figure, it can be seen that the HPM predictions of the nonlinear coupled torsional-
radial frequencies are in good agreement with the fourth-ordered Runge-Kuta numerical results. 
The boundary condition is assumed to be clamped-free.  

   

Fig. 5 Nondimensional vibration amplitudes for torsional vibration versus nondimensional time for Zigzag (16, 
0) nanotube with 1X Y= =  for clamped-free boundary condition. 

Figs. 6 and 7 show the nonlinear natural frequencies variation versus maximum torsional and 
radial vibration velocity for Zigzag (16, 0), respectively. As can be seen from these figures, in 
contrast to linear systems, the nonlinear natural frequencies are a function of maximum 
vibration velocity so that the larger the velocity, the more pronounced the discrepancy between 
the linear and nonlinear frequencies become. In Fig. 6, as the nondimensional maximum 
torsional vibration velocity increase, the nonlinear radial natural frequency increases while 
nonlinear torsional natural frequency becomes constant. It means that in coupled nonlinear 
vibration of CNTs, the nonlinear torsional natural frequency is independent to maximum 
torsional vibration velocity. In Fig. 7, as the nondimensional maximum radial vibration velocity 
increases, the nonlinear torsional natural frequency increases while there is a minimum point 
in the nonlinear radial natural frequency curve. It means that with increasing nondimensional 
maximum radial vibration velocity, the nonlinear radial natural frequency first decreases and 
then increases. This minimum can be obtained by differentiating nonlinear radial natural 
frequency with respect to nondimensional maximum radial vibration velocity. It should be 
noted that in the case 0B =  in Eq. (78) and also 0D E= =  in Eq. (79), the results are in an 
excellent agreement with those obtained via linear method according to the formulations 
presented in [41, 46]. 
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Fig. 6 Nonlinear natural frequencies against nondimensional maximum torsional vibration velocity for Zigzag 
(16, 0) SWCNTs with 1Y =  under clamped-free boundary condition 

 

Fig. 7 Nonlinear natural frequencies against nondimensional maximum radial vibration velocity for Zigzag (16, 
0) SWCNTs with 1X =  under clamped-free boundary condition 

Fig. 8 illustrates the nonlinear natural frequencies variation against to the tube length of Zigzag 
(16, 0) SWCNT under different boundary conditions. It can be observed that with the increase 
of the tube length, the nonlinear torsional natural frequencies of SWCNTs decrease while the 
radial one is constant. The decreasing rate for the nonlinear torsional natural frequency is more 
apparent for lower lengths. As is expected, the clamped CNT has the highest natural frequency 
among the selected boundary conditions. It is also seen that as the tube length increases, the 
nonlinear torsional natural frequencies tend to approach the linear ones especially for large 
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lengths. It can also be seen that in the same conditions, nonlinear radial natural frequency is 
much higher than the torsional one. This discrepancy is more apparent in lower lengths. 

Variation of nonlinear natural frequencies versus tube diameter has been plotted in Figs. 9 and 
10 for different vibration modes, respectively. As seen from these figures, as the tube diameter 
increases the nonlinear natural frequencies increase.  This increasing is more apparent in higher 
modes of vibration and higher tube diameter. It is also seen that as the vibration mode increases, 
the nonlinear natural frequency increases too.  

 

Fig. 8 Variation of nonlinear natural frequencies against tube length for Zigzag (16, 0) SWCNT with 1X =  and 
1Y =  under various boundary conditions 

   
Fig. 9 Variation of nonlinear torsional natural frequencies versus tube diameter with 1X =  and 1Y =  for 

various modes of vibration 
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Fig. 10 Variation of nonlinear radial natural frequencies versus tube diameter with 1X =  and 1Y =  for 

various modes of vibration 
 

1. Conclusions 

In this paper, a detailed investigation of the nonlinear coupled torsional-radial vibration of 
SWCNTs based on HPM has been presented. The equations of motion for nonlinear coupled 
torsional-radial vibration of the SWCNT are derived based on nonlocal theory. It is the first 
time that nonlocal theory has been used to analyze the nonlinear coupled torsional-radial 
vibration of SWCNTs. The nonlinearities were originated from the large deformations in 
interaction of radial and torsional modes. To obtain the nonlinear frequency equations in 
coupled torsional-radial mode, the HPM has been used to derive the nonlinear natural 
frequencies of SWCNTs with arbitrary end conditions. The significant dependency of these 
nonlinear natural frequencies to tube radius, tube length and the maximum vibration velocity 
are studied in different boundary conditions and mode numbers. To show the accuracy and 
ability of this method, the generated results obtained have been compared with numerical results 
and excellent correlation has been achieved. The main results specifically obtained in this paper 
are as follows.  

1- Due to the coupling of the torsional and radial vibrations and obtaining the nonlinear 
natural frequencies in radial and torsional modes of vibrations, radial and torsional nonlinear 
natural frequencies are defined in this analysis. The nondependent part of the nonlinear natural 
frequencies to the velocity of vibration represents the natural frequencies of the linear model 
in which the radial and torsional vibrations are decoupled. 
2- The nonlinear natural frequencies of the system are obtained as the functions of 
maximum torsional and radial vibration velocities which this phenomenon is due to nonlinear 
nature of the system. 
3- The coupling between the radial and torsional vibrations appears in the nonlinear higher 
order free vibrations of the SWCNT which is originated from the large deformation terms in 
the deriving of the nonlinear differential equations of the system. This interaction generally 
affects the global dynamic behavior of the SWCNT. 
4- The nonlinearity leads to increment of the natural frequencies comparing with the linear 
model such that the nonlinear natural frequencies are higher than its linear counterparts. 
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5- As one travels through the free end conditions to clamped one, respectively, the 
influence of the boundary conditions is shown to increase the natural frequencies. This effect 
is more significant for lower tube lengths. 
6- For same tube length/diameter, the absolute value of the nonlinear radial natural 
frequency is higher than of the nonlinear torsional natural frequency. This discrepancy is more 
apparent in higher mode numbers. 
7- For equal maximum vibration velocities, the nonlinear radial natural frequency is higher 
than the torsional one. This difference between the radial and torsional nonlinear natural 
frequencies is more evident in higher vibration modes and lower tube length. 
8- As the tube length increase, the natural frequencies decrease. This decreasing is more 
apparent in clamped boundary condition. This shows that the effect of interaction of the radial 
and torsional vibrations of the SWCNTs decreases with increase in tube length.  
9- As the tube diameter increases, the natural frequencies decrease. For torsional natural 
frequency, this decreasing is more apparent in higher vibration mode while the radial natural 
frequency is insensitive to mode number. As the tube diameter increases more, the natural 
frequencies converge to single value. This shows that the effect of interaction of the radial and 
torsional vibrations of the SWCNTs decreases with increase in tube diameter.  
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