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ABSTRACT

ARTICLE INFO

Let G be a graph. Let f: V(G) — {0,1,2,...  k— 1}
be a function where k£ € N and £ > 1. For each edge

wv, assign the label f (uv) = {w—‘ f is called k-

total mean cordial labeling of G if |t,, 7 (1) — tyy (5)| < 1,
for alli,j € {0,1,...,k — 1}, where t,,f (x) denotes the
total number of vertices and edges labelled with x, x €
{0,1,2,...,k—1}. A graph with admit a k-total mean
cordial labeling is called k-total mean cordial graph.
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1 Introduction

Graphs in this paper are finite, simple and undirected. Ponraj et al. [3] have been intro-
duced the concept of k-total mean cordial labeling and invesigate the 4-total mean cordial
labeling of certain graphs path, cycle,star, bistar, comb, crown, square of path, double
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comb, double crown, double fan, subdivision of star, subdivision of comb, subdivision of
ladder, helm, flower graph, gear graph and web graph in [3, 4, 5, 6, 7] . In this paper we
investigate the 4-total mean cordial labeling behaviour of dumbbell graph, dragon graph,
armed crown etc. Let z be any real number. Then [z] stands for the smallest integer
greater than or equal to x. Terms are not defined here follow from Harary [2] and Gallian

[1].

2 k-total mean cordial graph

Definition 2.1. Let G be a graph. Let f : V(G) — {0,1,2,...,k — 1} be a func-

tion where & € N and k£ > 1. For each edge wv, assign the label f (uv) = {w-‘

f is called k-total mean cordial labeling of G if |t,,5 (i) —t,p (7)] < 1, for all 4,5 €
{0,1,...,k — 1}, where t,,; () denotes the total number of vertices and edges labelled
with z, z € {0,1,2,...,k —1}. A graph with admit a k-total mean cordial labeling is
called k-total mean cordial graph.

3 Preliminary

Definition 3.1.The complement G of a graph G also has V(G) as its vertex set, but two
vertices are adjacent in G if and only if they are not adjacent in G.

Definition 3.2. The Cartesian product of two graphs GG; and G is the graph G x Gs
with vertex set V; x V5 and two vertices u = (uq, uz) and v = (vq, v3) are adjacent whenever
[uy = vy and us adj vy or [uy = ve and wy adj vy].

Definition 3.3. Let C” denote the one point union of ¢ cycles of length n.

Definition 3.4. The armed crown AC,, is obtained from the cycle C,, : ujus . .. u,u; with
V(AC,) =V (C,) U{v,w; : 1 <i<n}and E(AC,) = E (C,) U{uw;,vyw; : 1 <i < n}.
Definition 3.5. The graph obtained by joining two disjoint cycles u; us ... u, u; and

v1 Vg ... v, v; of same length with an edge uyv; is called dumbbell graph Db,.

Definition 3.6. The graph obtained by joining cycle C), : uius...u,u; and path P, :
v1Vy . . . v, of same length with u; = vy is called dragon graph C,@QPF,,.

Definition 3.7. The shadow graph D, (G) of a connected graph G is obtained by taking
two copies of GG, say G; and G5. Join each vertex u; in GG; to the the neighbours of
corresponding vertex us in G.
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Definition 3.8. The graph C,, ® S,, is obtained from the cycle C,, : ujus ... u,u; with
the vertex set V (C,,®S,) = V(C,) U{v;:1<i<n} and E(C,® S, = E(C,) U
{Ul'UZ' 01 S 7 S TL}

Definition 3.9. The graph C,, ® S, is obtained from the cycle C,, : ujus . .. u,u; with the
vertex set V (C, ® S,,) =V (C,) U{v,v; : 1 < i <n}, where u; = v; and F (C, ® S,,) =
E(C,) U{vui} U{vy; : 2 <i<n}.

4 Main results

Theorem 4.1. The book with rectangular pages K;, x K, is 4-total mean cordial for
all n.

Proof. Let V (K1, x Ks) = {u,v,u;,v; : 1 <i<n} and
E (K1, x Ks) = {uwv, uu;, vo, wv; 0 1 <1 < n}.

Clearly |V (Kl,n X K2)| + |E (Kl,n X K2>| =5n+ 3.
Assign the labels 0 and 3 respectively to the vertices u and v.

Case 1. n =0 (mod 4).

Let n =4r, r € N. Assign the label 0 to the r vertices uy,us,...,u,. Then we assign the
label 1 to the 2r vertices w,y1,U19,...,u3-. Next we assign the label 3 to the r vertices
U3p11,U3r42,- - - Usr. NOW we assign the label 0 to the 2r vertices vy,vs,...,09,.. Next we
assign the label 2 to the r vertices v, y1,V9,19,...,v3.. Finally we assign the label 3 to the
7 vertices vy i1,Vsr12,. - -, Usp-

Case 2. n =1 (mod 4).

Let n = 4r + 1, r > 1. Assign the label to the vertices u; (1 <i < 4r) as in Case 1.
We now assign the label 0 to the vertex uy.11. Now we assign the label 0 to the 2r — 1
vertices vq,v9,...,U02,_1. Next we assign the label 1 to the vertex v,,.. Now we assign the
label 2 to the r vertices vo,11,V2719,...,v3,. Then we assign the label 3 to the r vertices
V3p41,V3r42,- - -,U4r. Finally we assign the label 2 to the vertex vg,41.

Case 3. n =2 (mod 4).
Let n = 4r + 2, r > 1. Label the vertices u;,v; (1 <7 <4r+1) as in Case 2. Now we
assign the labels 0,2 to the vertices w41 2,04, 12-

Case 4. n =3 (mod 4).
Let n =4r + 3, r > 1. As in Case 3, assign the label the vertices u;,v; (1 < i < 4r +2).
Finally we assign the labels 1,3 to the vertices w4, 13,04,13.

This vertex labeling f is a 4-total mean cordial labeling follows from the Table 1
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Nature of n | £y, (0) | tins (1) | tins (2) | Ly (3)

n =4r or+1 or 50+ 1 | 5r+1
n=4r+1 | 5r4+2 | 5r4+2 | dr+2 | br+2
n=4r+2 | or+4 | 5r+3 | dr+3 | 5r+3
n=4r+3 | br+4 | 5r+5 | 5r+4 | 5r+5

Table 1:
Case 5. n = 2,3.
A 4-total mean cordial labeling is given in Tabel 2 m
n|u|v| U | Uy | U3 | V1 | V2| Ug
21013011 2 |2

310301 ]2]01]3

Table 2:

Theorem 4.2. The armed crown AC,, is 4-total mean cordial for all n > 3.

Proof. Take the vertex set and edge set of AC,, as in definition 3. Clearly |V (AC,)| +
|E (AC,)| = 6n.

Case 1. n =0 (mod 4).

Let n = 4r, r € N. Assign the label 2 to the 2r vertices uy,us,...,us,. Then we assign
the label 3 to the 2r vertices wug,11,u9r19,. .., us-. Next we assign the label 0 to the 2r
vertices vy,vs,. . .,U2,. Now we assign the label 1 to the r vertices vo,11,v9,49,...,03.. Then
we assign the label 2 to the vertex vs,, ;. Next we assign the label 3 to the r — 1 vertices
U3442,U3r43,- - -,U4r. Assign the label 0 to the 2r vertices wy,ws,. . .,wy,.. Then we assign the
label 1 to the 2r vertices w1 1,Wap12,. . ., Wy,

Case 2. n=1 (mod 4).
Let n =4r +1, r > 1. Assign the label to the vertices u;, v;,w; (1 <7 < 4r) as in Case 1.
We now assign the labels 3,1,0 to the vertices w4, 1,V4r41,Wap11-

Case 3. n =2 (mod 4).

Let n = 4r + 2, r > 1. Assign the label 3 to the 3r + 1 vertices wuy, ug, ..., Ugry1-
Next we assign the label 2 to the r» 4+ 1 vertices usq12, Ugr13, ..., Usrro. Then we assign
the label 0 to the 2r + 1 vertices vy, vg, ..., v9,4+1. Now we assign the label 1 to the
2r + 1 vertices vg,y9, Voris, ..., Usyrro. Now we assign the label 0 to the 2r + 1 vertices
Wi, Wa, . .., Worr1. Then we assign the label 1 to the 2r+1 vertices wo, 1o, Wori3, . . ., Wyrio.

Case 4. n =3 (mod 4).
Let n = 4r+3,r > 1. Asin Case 3, assign the label the vertices u;, v;, w; (1 <i < 4r + 2).
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Finally we assign the labels 3, 1, 0 to the vertices w4, 13, Vari3, Warss.

This vertex labeling f is a 4-total mean cordial labeling follows from the Table 3

Nature of n |ty (0) |ty (1) | tins (2) | Ly (3)
n =4r 67 67 67 67
n=4r+1 | 6r4+1|6r+2|6r+1| 6r+2
n=4r+2 | 6r+3 | 6r+3|6r+3 | 6r+3
n=4r+3 | 6r+4 | 6r+5|6r+4 | 6r+5

Table 3:

Case 5. n = 2,3.
A 4-total mean cordial labeling is given in Tabel 4 O

| Uy | U2 | U3 | V1 | V2 | V3 | W1 | W2 | W3
Oj1 |10 1]0

w
w
\V}
w

Table 4:

Theorem 4.3. The graph P, ® K3 is 4-total mean cordial for all n.

Proof. Let P, be the path uy us ... u,. Let z;,y;,2; be the pendent vertices adjacent with
uiwherelgign_. o
Clearly |V (P, ® K3)| + |E (P, ® K3)| = 8n — 1.

Consider the vertices uy,us,. . .,u,. Assign the label 0 to the n vertices uy,us,. .., u,. Next

we assign the label 1 to the n vertices x1, o, ..., x,. Assign the label 3 to the 2n vertices
Y1,Y2,- - 3Yn 21,22, - ;2n-
Clearly t,,r (0) = 2n — 1, t,f (1) = 2n, tr (2) = 2n and t,,5 (3) = 2n. O

Corollary 4.3.1. The graph C,, ® K3 is 4-total mean cordial for all n > 3.

Proof. Obviously the vertex labeling of Theorem 4 is also a 4-total mean cordial labeling
of Cn ® Kg. ]

Theorem 4.4. The dumbbell graph Db, is 4-total mean cordial for all n > 3.

Proof. Take the vertex set and edge set of dumbbell graph as in definition 3. Note that
|V (Db,)| + |E (Db,)| = 4n + 1.

Case 1. n is odd.
n+l

Consider the vertices uy,us,. . .,u,. Assign the label 0 to the "= vertices uy,uz,. .., Unt1.
2
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TL—

Next we assign the label 1 to the “5= vertices Unts Unts . . Uy Now we consider the
vertices vy,vs,. . .,0,. Next we a851gn the label 2 to the L vertices vy,vs,. . S Untt . Finally

we assign the label 3 to the 2 T vertices Vn+s,Un+s,. .., Up.
2 2

Case 2. n is even.

Assign the label 1 to the ”T’2 vertices uy,us,. . Uz Then we assign the label 0 to the

”+2 vertices uz Unt2,. U, Next we assign the label 2 to the ”7_2 vertices vy,vs,. . SUn_2.
NOW we assign the label 1 to the vertex vz. Finally we assign the label 3 to the 3 vertices
Unt2 Untd,. . .,Up.
2 2
The Table 5 shows that this vertex labeling f is a 4-total mean cordial labeling O
Nature of n | tyf (0) | tis (1) | tons (2) |ty (3)
n is odd n n+1 n n
n is even n—+1 n n n
Table 5:

Theorem 4.5. The dragon graph C,QP, is 4-total mean cordial for n > 3.

Proof. Let C,, be the cycle uy usy ... u, u; and path v; vy ... v,. Note that |V (C,QPF,)|+
|E (C,QP,)| = 4n — 2.

Case 1. n is odd.
Assign the label 1 to the vertex u; = v;. Then we assign the label 0 to the ”TH vertices

Usg,U3,. . ., un+s. Next we assign the label 1 to the ”T’?’ vertices Un+s ,Un+7,. . .,U,. NOW We
2 2 2

assign the label 2 to the ”T“ vertices vg,v3,. . SCEEER Finally we assign the label 3 to the

"T’l vertices Unts Unis ;. . o Up.
Case 2. n is even.
n

Assign the label 2 to the vertex u; = v;. Next we asign the label 0 to the 5 vertices

U, Uz, - Unt2. Then we a881gn the label 1 to the %=2 vertices Unta,Unss, . Now we
assign the label 2 to the & T vertices v2,v3,. . .,vn. Fmally we assign the label 3 to the 7
vertices Un+2 ,Unt4,. .., Up.
2 2
The Table 6 shows that this vertex labeling f is a 4-total mean cordial labeling O
Nature of n | tyf (0) | tins (1) | tins (2) | tinr (3)
n is odd n n n—1 1] n—1
n is even n—1 1] n—-1 n n

Table 6:
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Theorem 4.6. The graph G obtained by subdividing the pendent edges of the bistar
B, , is 4-total mean cordial for all n.

Proof. Let V (G) = {u,v,u;, v, x,y; - 1 <1 <n} and

E(G) = {uv,ux;, x;u;, vy, yiv; - 1 <@ < n}. Clearly |V (G)| + |E (G)| = 8n + 3.

Assign the labels 0,2 to the vertices u,v respectively. Now we assign the label 2 to the n
vertices x1,Ts,...,x,. Next we assign the label 0 to the n vertices uy,u2,...,u,. We now
assign the label 3 to the n vertices y1,ys,...,y,. Finally we assign the label 0 to the n
vertices vy,vq,. . .,Uy.

Obviously t,r (0) =2n+ 1, tyr (1) =2n+ 1, tf (2) = 2n + 1 and t,,5 (3) = 2n. O

Theorem 4.7 The graph B, ,, ® K; is 4-total mean cordial for all n.

Proof. Let V (B, © K1) = {u,v,z,y,u;,v;, x;,y; - 1 <i <n} and

E (B, , ® K1) = {uw, zu, yv, uu;, uz;, vv;, v;y; - 1 <@ <n}.

Clearly |V (Bnn, © Ki)| + |E(Bpn © K1) =8n + 7.

Assign the labels 0,2,2,3 to the vertices u,v,x,y respectively. Now we assign the label 0 to
the n vertices wuy,us,. . .,u,. Next we assign the label 1 to the n vertices xy,xs,...,2,. We
now assign the label 2 to the n vertices x1,xs,...,x,. Finally we assign the label 3 to the

n vertices y1,Y2,- - -,Yn-
Clearly tp,r (0) = 2n 41, tis (1) = tins (2) = ts (3) = 2n + 2. O

Ttheorem 4.8. The graph C? is 4-total mean cordial for all n > 3.

Proof. Let uy us ... u, u; and vy vo ... v,v; be the two cycles and u; = v;. Clearly
V(e +]E (c)| = -1

Case 1. n is odd.
Consider the vertices uq,us,. . .,u,. Assign the label 2 to the vertex u; = v;. Now we assign
label 0 to the ”T“ vertices uo,us,. . Ungs. Next we assign the label 1 to the ”T’:)’ vertices

Unts Untt,. . Un. Assign the label 1 to the vertex vs. Now we assign the label 2 to the ”T_?’

vertices vs,vy,. . ., Unt1. Finally we assign the label 3 to the ”T_l vertices vnts ,Un+s ,. . .,Up.
2 2 2

Case 2. n is even.

Assign the label 2 to the vertex u;. Now we assign the label 0 to the § vertices uy,us,. . SUEEER
n—2
2

Then we assign the label 1 to the 4
0 to the vertex v;. We now assign the label 3 to the 7 vertices vs3,vy,. . Untd. Finally we

vertices Un+a ,Un+6,. . .,u,. Now we assign the label
2

assign the label 2 to the ”7_4 vertices vUn+6,Unts,. . ., Up.
2 2

The Table 7 shows that this vertex labeling f is a 4-total mean cordial labeling
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Nature of n | £y, (0) | tins (1) | tins (2) | Ly (3)
n is odd n n—1 n n
n is even n n n—1 n
Table 7:

Theorem 4.9. The graph C, ® S, is 4-total mean cordial for all n > 3.

Proof. Take the vertex set and edge set of C,, ® 5, as in definition 3.8.
Note that |V (C, © S,)| + |E (C, © S,)| = 4n.

Case 1. n is odd.

Consider the vertices uy,us,. . .,u Assign the label 2 to the ”T“ vertices uy,Usg,. . .,Un+1.
2

Next we assign the label 3 to the n—1 vertices Unts Uns, . Now we move the vertices
V1,V2,. . .,Up. Next we assign the label 0 to the n vertices V1,U2,. « ,Up.

Case 2. n is even.
Assign the label 2 to the vertex u;. Now we assign the label 1 to the ”T_Q vertices
n

Uz,u3,. .., uz. Then we assign the label 0 to the 3 vertices unt2,unta,.. ., u,. Next we as-
2 2

sign the label 0 to the vertex v;. We now assign the label 2 to the ”T’Q vertices v2,03,. . .,Uz.
Finally we assign the label 3 to the 7 vertices Unt2 Untd,. . . Up.

The Table 8 shows that this vertex labeling f is a 4-total mean cordial labeling O]

n 1s odd

n is even

Nature of n |ty (0) |ty (1) | ting (2) | ting (3)
n n n n
n n n n

Table &:

Theorem 4.10. The graph C, ® 5, is 4-total mean cordial for all n > 3.

Proof. Take the vertex set and edge set of C,,®5S,, as in definition 3. Clearly |V (C,, ® S,,)|+
|E(C, ®S,)| = 4n.

Case 1. n is odd.

Assign the label 0 to the ”“ vertices uy,us,. . .,un+1. Next we assign the label 1 to the ”—’1
vertices Unts Ungs ;. . Un. Now we assign the lagel 3 to the vertex v. Finally we ass1gn
the label 2 to the n — 1 vertices vo,vs,. . .,Uy,.

Case 2. n is even.
n—2

Now we asign the label 2 to the “7= vertices uy,uy,. . Uz Then we assign the label
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3 to the § vertices Un Untz,. . Un 1. We now assign the label 2 to the vertex wu,. Now
we assign the label 2 to the vertex v. Finally we assign the label 0 to the n — 1 vertices
V2,VU3,. .., Up.

This vertex labeling f is a 4-total mean cordial labeling follows from the Table 9 ]
Nature of n tmf (0) tmf (1) tmf (2) tmf (3)
n is odd n n n n
n is even n n n n
Table 9:

Theorem 4.11. The graph D (P,) is 4-total mean cordial for all n > 3.

Proof. Let V(D3 (P,,)) = {u;,v; : 1 <i<n}and E(Dy(P,)) =
{uiuiﬂ,viviﬂ 01 S 1 S n — 1} U {Ui'l}i+1,’l)iui+1 01 S 1 S n — 1}
Clearly |V (D3 (Py))| + |E (D2 (Py,))| = 6n — 4.

Case 1. n =0 (mod 4).

Let n = 4r, r € N. Assign the label 1 to the r vertices uq,us,...,u,. Then we assign the
label 2 to the r vertices w,,1,Uy19,...,us.. Next we assign the label 3 to the 2r vertices
Uopi1,U2r12,- - -, Usr. NOW We assign the label 0 to the 3r vertices vy,vs,...,v3,.. We assign
the label 2 to the r vertices v,y 1,V3,49,. . ., U4y

Case 2. n =1 (mod 4).

Let n = 4r + 1, r > 1. Now assign the label 1 to the r vertices uy,us,...,u,. Next we
assign the label 2 to the r vertices w1 1,Ur12,...,us.. Then we assign the label 3 to the 2r
vertices Ugy11,Usr12,. - -,Usr. We assign the label 1 to the vertex uy,.,1. Now we assign the
label 0 to the 3r + 1 vertices vy,vs,...,u3,11. We assign the label 2 to the » — 1 vertices
V37r42,U3r4.3,- - -,U4r. NOW We assign the label 3 to the vertex vy,.1.

Case 3. n =2 (mod 4).

Let n = 4r + 2, r > 1. Assign the label 3 to the r vertices uy,us,...,u,. Next we assign
the label 2 to the r 4+ 1 vertices u,y1,Ur12,...,u2+1. Then we assign the label 3 to the
2r + 1 vertices Ug,yo,Usri3,. . ., Usrro. NOW we assign the label 0 to the 3r + 1 vertices
V1,VU9,. . ,U3,11. Now we assign the label 2 to the r vertices vs,2,v3,13,. . .,Usr11. Next we
assign the label 0 to the vertex vy, .

Case 4. n =3 (mod 4).

Let n = 4r + 3, r > 3. Assign the label 3 to the r vertices uy,us,...,u,. Next we assign
the label 2 to the r 4+ 2 vertices u,11,Uy49,...,u242. Then we assign the label 3 to the
2r 4+ 1 vertices Ugyi3,U2p14,- - -, Usrr3. NOw we assign the label 0 to the 3r + 2 vertices
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V1,U2,. . .,U3;12. Now we assign the label 2 to the r — 1 vertices v3,43,U3014,. - -,Usp11. Next
we assign the labels 3,0 to the vertices v, y2,V4713.

This vertex labeling f is a 4-total mean cordial labeling follows from the Table 10

Nature of n |ty (0) | ts (1) | ting (2) | ting (3)
n = 4r 6r—1|6r—1|6r—11]6r—1
n=4r+1 | 6r+1 67 6r + 1 67
n=4r+2 | 6r+2 | 6r+2 | 6r+2 | 6r+2
n=4r+3 |6r+4 | 6r+3|6r+3 | 6r+4

Table 10:

Case 5. n = 2,3.
A 4-total mean cordial labeling is given in Tabel 11 O

| Uy | U | U3 | Ug | Us | U | U7 | V1 | V2 | U3 | Vg | U | Vg | U7
311133 01011
1102121313 (3/0(0[0J0J03|0

Table 11:
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