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Abstract continued

multiplicative version of Gutman index of strong product of connected and complete graphs.
And we observe the exact value for the strong product of two complete graphs. From this,
we prove that our bound is tight.

1 Introduction

In this paper, all graphs considered are simple and connected graphs. We denote the vertex
and the edge set of a graph G by V (G) and E(G), respectively. d¢(v) denotes the degree of
a vertex v in G. The number of elements in the vertex set of a graph G is called the order of
G and is denoted by v(G). The number of elements in the edge set of a graph G is called the
size of GG and is denoted by e(G). A graph with order n and size m is called a (n, m)-graph.
For any u, v € V(G), the distance between v and v in GG, denoted by d¢(u, v), is the length
of a shortest (u,v)-path in G. A graph G is complete, if every pair of its vertices are adjcent.
A complete graph on n vertices is denoted by /,.

The Cartesian product [1]of the graphs GG; and G2, denoted by G;0G; has the vertex set
V(G10G2) = V(Gy) x V(G3) and (u,x)(v,y) is an edge of G;0G, is u = v and zy €
E(Gy) oruwv € E(G4) and = = y. For two simple graphs G; and G, their strong product,
denoted by G; X GGy, has vertex set V(G1) x V(Gy) = {(u,v) : uw € V(Gy),v € V(Gq)}
and (u,x)(v,y) is an edge whenever (i)u = v and xy € E(Gs), or (ii)uv € E(G,) and
x =y, or (iti)uv € E(Gy) and zy € E(Gy).

A topological index is a real number related to a structural graph of a molecule, which is
invariant under graph isomorphism, that is, it does not depend on the labeling or pictorial
representation of a graph. A topological index related to distance is called a “distance-based
topological index”. In 1947, H.-Wiener [9] introduced the first distance-based topological
index which is named as Wiener index and it is defined as

WG = Y dal Z dGuv

{u,v}CV(G) uweV (G

The topological indices based on distances between vertices of a graph are widely used for
characterizing molecular graphs, establishing relationships between structure and properties
of molecules, predicting biological activity of chemical compounds see [6, 8.

There are some topological indices based on degrees known as the first and second Zagreb
indices of molecular graphs. The first and second kinds of Zagreb indices are introduced by
Gutman et al. in [5]. The first Zagreb index M;(G) and the second Zagreb index M, (G) of
a graph G are defined as

M(G)= Y [de(u) +de(v)] = > di(v

weE(G) veV(G)
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My(G) = > da(u)da(v)

weE(G)

The degree distance was proposed by Dobrynin and Kochetova [3] and Gutman [4] as a
weighted version of the Wiener index. The degree distance of GG, denoted by DD(G), is
defined as

DD(G)= > dG(u,v)[dG(u)—l—dG(v)]:% > da(u,v)[da(u) + da(v)].
{up}CV(G) u,veV(G)

Also in [4], Gutman defined the Schultz index of the second kind, which is now known as
the Gutman index. The Gutman index of GG, denoted by Gut(G), is defined as

Gut(G)= Y _ dG(u,v)dG(u)dG(v):% > da(u,v)de(u)da(v).

{uv}CV(G) uveV (G)
We introduce the multiplicative version of degree distance and the multiplicative version of
Gutman index of graphs which are defined as

1

pp(@) = (I dolw0)ldotw) +do(v)])”

u,veV(G),u#tv

Gut*(G) :( I1 dG(u,v)dG(u)dG(v)f.

u,veV(G),utv

2 Basic Lemmas

Lemma 1. (Arithmetic Geometric inequality)|2]
Let 1, %3, ..., ¥, be non-negative numbers. Then BF22ttn > o/p 50 T,

Lemma 2. [7] (a) Let w;; = (u;,v;) and wy, = (up,v,) be in V(G10Gs). Then

de,0c, (wijv wPQ) = dg, (ui7 up) + dg, (Ujv UQ) and dg, 06, (wij) = dg, (ul> +dg, (Uj>
(c) Let x;; denote the vertex (u;, u;) of G W K,. Now dexr, (vi;) = rda(u;) + (r — 1) and

1, i=k,j#p
derk, (Tij, Trp) = § de(us,ug), £k, j=p
da(ui,ug), ©#k,j#p

The degree of the vertex (u;,v;) of V(G1 K Gs) is de, (w;) + da, (v;) + de, (wi)de, (v;), That
is deyma, (ui; v5) = da, (wi) + da, (V) + da, (ui)da, (v5).
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3 The Multiplicative Version of Degree Distance of Strong
Product of Graphs.

In this section, we obtain the sharp upper bound of the multiplicative version of degree
distance of G X K.

Theorem 3. Let G be a (n, m)graph. Then

drm + 2n(r — 1)] =) y [QTDD(G) +4(r — 1)W(G)} nrlrg=n)

DD*(GRK,) < [ =)

n

Proof. Let V(G) = {ug, u1, ug, ..., up_1 } and V(K,) = {vg, v1,va, ..., Up_1}.
Let w;j, wy, € V(G X K,), where w;; = (u;, v;) and w,g = (up, vy).

[DD*(GRK,)]* = 11 demk, (Wi, Wyq) [dGﬁKr(wij) + dG@Kr(wpq)}
Wi j,Wpq €V (GRK,),wij #wpq
n—1 r—1

= [T II desx. (wi,wi) [deKT(wij)ﬂLdG&KT(wiq)]

=0 j,4=0,j#q
1 n—1

N

X [T dosx, (wi,wy) [dcmr (wij) + dem, (ij)}
1,p=0,i#p

<.
Il
o
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n—1 r—1

11 I demx, (wij,wp,) [dGMT (wij) + dewi, (wm)}

1,p=0,1#p  J,q=0,5#q
Ax BxC, where A, B ,C areterms of the above
products taken in order.

n—1 r—1

H H dewi, (Wij, Wig) [ngKT (wij) + demi, (wiq)]
=0 j,q=0,j#q
n—1 r—1
H H 1[7’dG(ui) + (r—1) +rde(u;) + (r — 1)} Lemma 2
=0 j,q=0,57#q
n—1 r—1
H [Qng(ui) +2(r — 1)}
=0 j,q=0,j#q
1 n—1 r—1 {2 ; ( >+ 2( 1>}i|nr(7"—1)
nr(r—1) A reait "
=0 j,q=0,j#¢
_ 1 r—1 n—1 nr(r—1)
L 2% S de(u) + 20 — 1 1}]
_nr(r—l)‘z { ZGU +2(r ) ,
7,a=0,j7#q i=0 =0
r—1
r 1 nr(r—1)
3,4=0,37#q
r—1
r 1 { nr(r—1)
——34drm + 2(r — 1)n} 1}
nT’(T B 1) j,q=20;75q
————{arm+2(r = Dnr( 1)]m(r_1)
_m“(r —1) m " "
rdrm 4 2(r — 1)n ]WT 1)
n
r—1 n—1
[ desx, (wij, wyy) [dcmr (wij) + dem, (ij)}
Jj=0  4,p=0,i#p
r—1 n—1
I I delw.w) [Td(;(ui) +(r — 1)+ rdg(uy) + (r — 1)} Lemma 2
j 1,p=0,i#p

)
Il
- o

n—1

H de(ug, up) [r (dg(ui) + dg(up)> +2(r — 1)}

J=0  i,p=0,i#p

nr(n—1)

[m de(us, up){r(dg(ui) + dg(up)> 4o — 1)}}
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r—1 n—1

iy S 8 it (ao st

7=0 3,p=0,i#p

n—1
nr(n—1)
2(r—1) Z de(ui, uy H
=0,i#p
r—1 r—1 nr(n—1)
m—" {2TDD(G) ZO 1+ 4(r — )W 1}}
———{opD(G 4 — DW(G b
nrn—l) r ) xr+4(r—1) ()xr}
2rDD(G) + 4(r — 1)W(G)]W(n—1)
n(n—1)
r—1 n—1
11 I dos, (wij, wy) [dcmr(wij) +dG®KT(wpq)}
J,q=0,j#q  i,p=0,i#p
r—1 n—1

[T I dewsw)|rdatw)+ (= 1)+ rde(u) + (r = 1)]

J,q=0,j#q  i,p=0,i#p

ﬁ 1:[1 o i, up) |7 (da(u) + da(uy) ) +2(r = 1))

7,9=0,j#q  i,p=0,i#p

[nr(n — i)(r —1) Tz_: nz_: dG(ubup){r<dG(Ui)

J,9=0,j#q i,p=0,i#p

dg(up)> +2(r — 1)}]W(n_1)(r_l)

r—1 n—1

[nr(n — 1)(7’ —1) Z {T Z dG(ui’up)@G(ui) + dG(up))

7,4=0,57#q i,p=0,i#p

nr(n—1)(r—1)
2(r—1) Z dg( U, Up }]

1,p=0,i#p

r—1

[nr(n — i)(r —1) {QTDD(G) Z L

J,4=0,j7#q

r—1

w-1we) Y 1}}"“"‘”“‘”

3,4=0,37#q
= i)(r 12rDDG) x5l = 1) + 46 = )W(G) r(r - p "
[QTDD(G) +4(r — 1)W(G)]m<nl><rl>
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Hence we get the following upper bound.

DD GRE,)? < rdrm + 2n(r — 1)]m“(?“—1) " [27"DD(G) +4(r — I)W(G)rr(n—l)
" - L n n(n —1)
L [2rDD(G) +4(r - 1)W(G’)}m"(n1)(r1)
n(n—1)
DD GRE,) < rdrm + 2n(r — 1)]’”<;” y [QTDD(G) +4(r — 1)W(G) 75—
Yo n n(n —1)

O

Lemma 4.

nr(nr—1)

DD*(K,®RK,) = (2nr—2)

Proof. The degree of every vertex in K, X K, isr(n — 1)+ (r — 1) =rn — 1.
Hence K,, X K, is a complete graph. Now

[DD*(K, R K,)* = 1T dr,mr, (Wij, Wyq) [dKnﬁKr (wij)

Wij,Wpq €V (KnMK7),wij#wpq

+ dk,xK, (wpq)]

r—1

i
L

= I drusmi (wy, wi) [dmﬂm (wij) + dic, =k, (’wiq)}
=0 j,q=0,j7#q
r—1 n—1
X I drosor, (wij, wyy) [dKn&Kr(wz‘j) + di,mx, (ij)]
J=0 i,p=0,i#p
n—1 r—1
< 11 I e (wij, wpg) [dKngKr(wij) + dk, &K, (wpq)]

i,p=0,i#p  j,q=0,j#q

n—1 r—1 r—1 n—1
= H H Inr—1+nr—1] x H H lnr —1+nr—1]
j

=0 j,q=0,j#q =0 i,p=0,i#p

n—1 r—1
X H H Lnr—1+4+nr—1]

ivp:()yi?ép j7q207j¢q
= (2nr — 2)"’"(“1) X (2nr — 2)’”(”*1) X (2nr — 2)"’"(“1)(”*1)
(271’/“ _ Q)nr(nr—l)

nr(nr—1)

Hence DD*(K,XK,) = (2nr—2) 2 (1)
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Remark 5. Using Lemma 4, we show that the upper bound in the Theorem 3 is sharp.

Clearly DD(K,) = (2n—2)M

2
—1
W(K,) = %, and m =

When G = K, the upper bound in Theorem 3 becomes

nr(r—1)

=n(n — 1)

n(n —1)

DD (K, KK, < rdrm + 2nn(7“ - 1)} 3
" 2rDD(K,) +4(r — )W (K,)1 "z
n(n —1)
L [2rDD(K,) +A(r = YW (K)o
I n(n —1)
'47“@ + 2n(r — 1) 252
-
2nr(n — 1) + 4(r — 1)@ S
] n(n —1)
r2nr(n — 1) 4+ 4(r — 1)@
“ n(n —1)
After simplification, we get
nr(nr—1)

DD" (K, XK K,) < [2rn—2] >

From (1) and (2), we conclude that the upper bound is sharp.

4 Multiplicative Version of Gutman Index of

product of graphs.

In this section, we present the multiplicative version of Gutman index of G X K.

Theorem 6. Let G be a (n, m)graph. Then

Gut (GREK,) < [

n

r? M (G) + 4r(r — 1)m + n(r — 1)2] B

2)

Strong

[2r2Gut(G) +2r(r — 1)DD(G) + 2(r — 1)*W(G) ™5

n(n —1)
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Proof.

[Gut*(GXR K,)]? = H damk, (Wij, Wye)dowi, (Wij)daxk, (Wpq)

Wij,Wpq €V (G),wij FwWpq
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n—1 r—1

H dG&KT (wz’j7 wiq>dG|XIKT (wz‘j>dGIXIKT (wiq)
=0 4,g=0,j#q
r—1 n—1

—

I domx, (wij, wy;)dos, (wi;) dosi, (wy;)
J=0 i,p=0,i#p

n—1 r—1

11 1T  doux, (i, wpe)demr, (wig)demr, (wpy)
1,p=0,i#p  J,q=0,j7#q
S1 X S5 x S3, where S , S5 and S3 are terms of the above
products taken in order.

n—I1 r—1

H dG&KT (wija wiq)dG’&KT (wij)dG’ﬁKr (wiq>
=0 4,¢=0,j#q
n—1 r—1

[Tl ) oo+ -]

=0 j,g=0,j#q

n—1 r—1

H [eré(uz) + 27“(7“ — 1)dG’(Uz) + (’I“ _ 1)2}

=0 4,¢=0,j#q

Do il C IR E AR

-1 n—1 n—1
1
[m {TQ d2(u;) + 2r(r = 1)y de(u;)
7,a=0,37#q i=0 i=0
n—1
nr(r—1)

(=121}

=0
P i {TQM (G)+2r(r—12m+ (r — 1)2nHM(T_1)

nr(r = 1) S 1
- 7,<7, _ 1) ) 9 nr(r—1)
_ M 4 -1 —1
P {PMi(G) + 4r(r = m + n(r — 1)}
My (G) + 4r(r — 1)m +n(r — 1)2} nr(r—1)
n

r—1 n—1

I desx. (wij, wy;)dos, (wij)damx, (wy;)
Jj=0  i,p=0,i#p
r—1 n—1
[T II detww)|(rdotw)+ o —1)(rdalu) + (- =1)]
J=0  4,p=0,i#p
r—1 n—1

[T detuiw)[r*do(w)da(u,)
i=0  ip=0,i#p

r(r — 1)dg(w) + r(r — Dda(uy,) + (r — 1)2}
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r—1 n—1
1 2
[m"(n —1) A de (ui, up){T de(ui)da(uy) + r(r — 1)dg(u;)
J=0  4,p=0,i#p
9 nr(n—1)
+r(r —1dg(uy) + (r —1) H
1 r—1 n—1
[TM"<TL— 1) {T ‘ Z dG(ulaup)dG(uz)dG<up)
Jj=0 i,p=0,i#p
n—1
rir=1) Y da(us,up)da(u)
i,p=0,ip
— nr(n—1)
r(r—1) Z da(ui, up)da(uy,) + (1 — 1) Z de(ui, u, H
1,p=0,17p i,p=0,i#£p
1 r—1 n—1
N
j=0 i,p=0,i%£p
n—1
r(r—1) de (i, uy) (de(w:) + de(uy)
i,p=0,ip
9 nl nr(n—1)
(=12 > dalus,u)}]
1,p=0,i#p
L {2r2Gut(G) + 20(r = )DD(G) + 2 —1)2W(G)}]"’”(" K
wr(n —1) r*Gu r(r r

=0

—1{2 2Gut )+2r(r—1)DD(G) +2(r — 1>2W(G)Hnr(n—1)
)

2r2Gut(G) + 2r(r — 1)DD(G) + 2(r — 1>2W(G>:|n(n1)
n(n —1)
r—1 n—1
11 II  dasx, (wis, wpg)demx, (wig)dosk, (wh,)
3,4=0,#q  i,p=0,i7p
r—1

[T I1 detu)| (ot + =) (o) + (= 1)]
5,9=0,j7#q  1,p=0,i7p

r—1 n—1

H H de(ui, up) [TQdG(ui)dG(up)

J,q=0,j#q  i,p=0,i#p

r(r — Ddg(u:) + r(r — Ddg(up) + (r — 1)2]

r—1 n—1
1 2
d i) d i d
[m’(n —1(r—1) qu%iq {7’ @p;ﬁp c(wi, up)da(ui)de(uy)
n—1 n—1

r(r=1) Y da(unup)de(u) +r(r—1) > da(ui,uy)de(uy)

1,p=0,i#p 1,p=0,i#p
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nr(n—1)(r—1)
+ (r—1)? Z de(ug, up) }]

1,p=0,i#p
1 r—1 n—1
— r? de(ui, up)de(u;)da (uy)
[m"(n — D -1) jqz(J;#q{ i,p=20,:i7ép ’ ’
+ r(r—1) Z de(ui, uy (dG u;) + dg Up))
i,p= 01#)
nr(n—1)(
—+ 7“—1 Z dG uuup }]
i,p=0,i7#p
r—1
1
= 2r°Gut(G) + 2r(r — 1)DD(Q)
[m‘(n —1)(r—1) j,qzo,;;éq{
nr(n—1)(r—1)
+ 200 - 1PW(G) ]|

[m’(nrgl_)(i’)— 1)
b))

[QTQGut(G) +2r(r —1)DD(G) + 2(r — 1)2W(G)r(n—l)(r—1)
n(n —1)

{2r2Gut(G) +2r(r —1)DD(G)

Hence we get the following upper bound.

[Gut (GRK,)]? <

2 My (G) + 4r(r — 1)m + n(r — 1)2]7”“(7"—1)

y :2r2Gut(G) + 27“(?— 1)DD(G) + 2(r — 1)2W(G)rr(n—1)
i n(n —1)
" 2r2Gut(G) + 2r(r — 1)DD(G) + 2(r — 1)2W(G)}nr(n—1)(r—1)
n(n —1)

rr2 My (G) + 4r(r — 1)m + n(r — 1)27 5

Gut*(GX K,) <

22Gut(G) + 2r(r — 1)DD(G) + 2(r — 12 (G)7 2=
n(n —1)

Lemma 7.

Gut' (K, X K,) = (m“ _ 1>nr(m~—1)
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Proof. The degree of every vertex in K, X K. isr(n— 1)+ (r — 1) =rn — 1.
Hence K, X K, isacomplete graph. Now

[Gut* (K, R K,)]? = H di, 1K, (Wij, Wpe)dk, 1x, (Wi ) d i, 1K, (Wpy)

wij,wpqEV(KngKr),wiﬁéwpq
n—1 r—1

= I drumr, (wij, wig)dic, mr, (wi)dome, (wig)
=0 j,q=0,j#q
r—1 n—1

x I drumr (wi, wyy) i, (wig)demar, (wyy)
J=0 i,p=0,i#p
n—1 r—1

< ] I dicos, (wig, wpg)dic, s, (wig)dasie, (wy)

i,p=0,i#p  j,q=0,j#q

n

r—1
H I(nr —1) x (nr —1) XH H I(nr—1) x (nr—1)

-1
=0 j,q=0,j#q =0 i,p=0,i#p

X H H I(nr—1) x (nr—1)

1,p=0,i#p  4,9=0,j#q
= (nr_l)Qnr(r—l) % (nr_l)Qnr(nr—l) % (nr_1)2m"(n—1)(r—1)

L Gutt(K,RK,) = (nr—1)""""" 3)
O

Remark 8. Using Lemma 7, we show that the upper bound in Theoerm 6 is sharp. Clearly

Gut(K,) — "(”T_”g DD(K,) = n(n —1)%, My(K,) = n(n — 1)%and
n(n —1)

W(K.) ;
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When G = K,,, the upper bound in Theorem 6 becomes

(2 My (K,) 4 4r(r — D)m + n(r — 1)27 25

Gut’ (K, M K;) <
- n
o [2rGui(Ey) +2r(r — YDD(K,) +2(r — 1)2W(Kn)} nrtar—r)
- n(n—1)
o 'T‘QTL(n - 1)2 + 47"(7“ — 1)@ + n(T‘ o 1)2:| w
L n
% -2r2 % ”(”T—l)g + 2r(7‘ — 1)n(n — 1)2 + 2(7“ _ 1)2 « n(nz—l) W
n(n —1)
Simplifing we get,
Gut* (Kn X KT) S [TL’I“ o 1]nr(m~—1) (4)

From (3) and (4), we conclude that the upper bound is sharp.

S Multiplicative Version of degree distance of cartesian
product of graphs.

In this section, we obtain the sharp upper bound of the multiplicative version of degree
distance of G;0G5.

Lemma 9. Let G be a graph with r-vertices. Let V(G) = {vg, v1, ..., v,_1}. Then

S dolo) = 20— De(0)

J,4=0,j7#q

Proof:

S de(y) = S dolvy)

7,q=0,37#q J=0  ¢=0,5#q
= " [20(@) — d(w)
= 2¢e(G) 3 1- 3 d(v;)
= 2€(G);: 26(G)ji
= 2¢(G)(r—1)



15 R. Muruganandam / JAC 50 issue 1, June 2017, PP. 1 - 28

Theorem 10. Let Gy and G5 be two graphs with order n and r respectively. Then

DD*(G10G,) < 18e(G1)W (Gy) + 2nDD(Gy) ™5
s nr(r —1)
2rDD(G4) + 8W (Gy)e(Ga) 15
X
_ rn(n — 1)
© Lt i><r ~1) {2 = )DD(G) +8W(G)(r — 1)e(Ga)

nr(n—1)(r—1)
2

4 8(n — 1)e(G)W(Ga) + 2n(n — 1)DD(G2)}]

Proof. Let V(Gy) = {ug,u1, us, ..., up—1 } and V(Gs) = {vg, v1, V2, ..., Up_1 }.
Let w;j, wy, € V(G10G2), where w;; = (u;,v;) and wy, = (uy, vy).

[DD*(G1DG2)]2 = H dGIDG2 (wij7 wp(I) |:dG1‘:‘G2 (wij) + dGIDG2 (wPQ)]
Wi j,Wpq €V (G10G2),wij#wpq
n—1 r—1
= I 1II deoe.(wy,wy) [dGIDGQ (wij) + de, o, (wiq)}
=0 j,q=0,j#q
r—1 n—1

< 11 11 dclmcz(wz‘jaij)[dclmcg(wij)+dclmcz(ij)]

J=0  1,p=0,i#p

n—1 r—1

< ]I 11 dGIDGQ(wz‘wwpq)[dGluGQ(wu)+d01DGQ(wpq)]

i,p=0,i#p  j,q=0,j7#q
= J; X Jy x J3 where J; ,Js ,J3 are terms of the above

product taken in order.
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n—1 r—1
I deo,(wi, wi) [dGm@ (wij) + deyoc, (wz‘q)}
=0 j,q=0,j#q
n—1 r—1
H H dGz (Uj’ UQ) [dG1 (ul) + dGz (Uj) + dG1 (UZ) + dGQ (UQ)]
=0  j,q=0,j7#q
n—1 r—1

[T dea(vs,ve) [2da, (w) + doy (v5) + dos (v,)]
=0 j,q=0,5%#¢
n—1 r—1

nr(r—1)
[ﬁz S doy (g, v) {2 () + doy () + do, o) ]
i=0 'q 0.j#q
r—1
|:TLT 7,_ 1){ ZdGl ul) Z dG2<Uj7UQ)
7,q=0,37#q
n—1 r—1

da, (V55 v (dGQ(Uj) +dg, (vq)> Hm(r Y

Fﬂ

i=0 3,4=0,37#q
1 nr(r—1)
[m{2 X 2€(G1> X QW(GQ) +n X 2DD(G2)}:|
[Se(G )W (Ge) + 2nDD(G2)]m’ r=1)
nr(r —1)

r—1 n—1

I doioe,(wij,wy) [dG1D02 (wiz) + deyoe, (ij)}
J=0i,p=0,i#p
r—1 n—1

[T do(uisup) [day (us) + dasy(v7) + da (up) + desy ()|
J=0  i,p=0,i#p
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r—1 n—1

[T do(uisup) [day (1) + 2des () + da ()]
j=0 i,p=0,i#p
r—1

ol nr(n—1)
oy 3 2 dan (o) dofo) + 20}
r—1

Frre IO DD DRI AR S)

i,p= 0#19

2 nzjl de, (ug, up) ZdG? ;) }]Wn g

1,p=0,i#p

[m{r % 2DD(G1) + 2 x 2W(Gy) x 2e(G2)}]m(n Y

|:2TDD(G1) —|—8€(G2) (G1>:|m"n 1)
nr(n —1)

[T deioc, (wij, wy) [d01D02 (wiz) + deyoe, (wpq)}

n—1
i,p= O'sép J,q= Oj#q

I
T I (dentinny) + deatonenn) [destd + doyu)

i,p=0,i#p  j,q=0,j7#q

g (v7) + g (v)|

[n?“(n —D(r—1) { Z Z o (s ) (dos (w) + dos (1)

i,p= 0@751) J,q= 03#!1

de, (vj) + da, (%) + Z Z ng(Uqu)(dGl (wi) + de, (up)

i,p=0,i#p j,g=0,j7#q
rn(n—1)(r—1)

de, (vj) + da, (%)) }]
[m“(n — i)(r — 1){ nz TZ e, (i, ) (dGl(ui) + dGl(up))

i,p=0,i#p  j,=0,j7#q

n—1 r—1

> doy (s, ) (dea () + do (v,)
i#p  5,4=0,5#q

=0,%
n—1 r—1

S Y dauvy ) (doy ) + dey(uy)
1 r—1

Z Z da, (vj,vq) (dGz(Uj)+dG2(vq)> Hrn(n—l)(r—n

i,p=0,i#p  j,q=0,j7#q
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n—1 r—1

1
- ==t 27& ey (i, up) (do, (i) + da, (uy)) Z# 1
n—1 r—1
+ Z da, (ui, up) Z (dGz (v;) + da, (Uq)>
i,p=0,i%p 7,4=0,j#q
n—1 r—1
+ Z (dGl (U1> +dg, (up)) Z da, (Ujv UQ)
1,p=0,i#£p 7,a=0,j7#q
n—1 r—1 rn(n—1)(r—1)
+Y 1Y dey(vyvg) (dG2 (vj) + dg, (Uq)> H
1,p=0,17p 7,4=0,j7#q

[ 1

nr(n—1)(r—1)

+ d(n = 1)e(Gr) x 2W(G) + nln — 1) x 2DD(Gs) }|
1

[m"(n —1)(r—1)

+ 8W(Gy)(n — 1)e(Gy) + 2n(n — 1>DD<G2>}]

{2DD(G1) < r(r — 1)+ 2W(G1) x 4(r — 1)e(Gy)
rn(n—1)(r—1)

<

{27"(7“ —1)DD(GY) + 8(r — D)W (G1)e(Ga)

rn(n—1)(r—1)

Substituting .J;, J> and J3 we get,

DD (GiOGy) < |SAGUWIG:) +2nDD(G,) nrr_1)
s nr(r —1)
12rDD(G1) 4 8W (Gy)e(Ga) ™5
X
_ rn(n — 1)
ol Py i)(r 5 {27“(7“ — 1)DD(G:) + 8W(G1)(r — 1)e(Gs)

nr(n—1)(r—1)

+8(n — 1)e(G)W(Gs) + 2n(n — 1)DD(G2)}]

Lemma 11.

DD*(K,0K,) = 2 2 X (2n+2r—4) 2
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Proof.

[DD*(K,0K)P = I1 6106, (W35, W) | dei i (1)

wij,wpqg €V (G10G2),w;j7#Wpq

+ dGl 0G2 (wPQ)]
n—1 r—1

= I 1 dx.ox. (wi,wi) [dKnDKT(wij)+dKnDKr(wiq)]

=0 j,q=0,j#q

r—1 n—1

< 11 11 dKnDKr(wiwwm‘)[dKnDKT(wij)+dKnDKT(wm‘)]

Jj=0  4,p=0,i#p

n—1 r—1
X H H dk, oK, (wija wpq) [dKnDKT(wij) + dKnDKr<wpq>i|
uL,p=0,i7p  J,q=0,j7q
n—1 r—1

= II II 12r-1)+2(-1)

=0 5,4=0,j#q
1 n—1

X IT 120 -1)+20 1)

J=0  i,p=0,i#p
n—

1 r—1
< ] [T a+vpRm-1)+20-1)
i,p=0,i#Zp  7,4=0,j#q

— (@2n+2r—4)"""Y % (2n+2r —4)
% 2nr(r—1)(n—1) « (2’/’L +or — 4) nr(r—1)(n—1)

3 .

nr(n—1)

nr(r—1)(n—1) nr(nr—1)

Hence DD*(K,0K,) = 27 =2 X (2n+4+2r—4) =z (5)
O

Remark 12. Using Lemma 11, we show that the upper bounds in the Theorem 10 is sharp.
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Clearly,
(i) = "N iy =Y,
2 2
r(r—1) )
DD(K,) = (2r—2) 5 = r(r—1)
D‘D(Kn> = n(n - 1)2; W(Kn) — M, and Q(Kr> = r(rz )
when Gy = K, ,Gy = K, the upper bounds in Theoerm 10 becomes
r8e(K, K,)+2nDD(K,)1™ %"
DDY(K,0K,) < |SUEJWE,) + 2nD D)) ™5
nr(r—1)
o [2rDD(Ky) + 8W (Ky)e(K,) nrlg=t
rn(n —1)
I 1
2r(r — 1)DD(K. K — 1e(K,
< ey (2~ VDD + W () = (i)

nr(n—1)(r—1)
2

+ 8(n — De(Kn)W(K,) +2n(n — 1)DD(KT)}]

= 1 n(n—1)r(r—1) 2 e
[m’(r ) {8 5 5 +2nr(r — 1) H
1 s g M= 1) (= 1)
X [Tn(n Y {2rn(n —-1)°+38 5 >
! 2
8 [TTL(TL —1)(r—1) {QT(T —n(n—1)
+ 8(r—1) n(nQ— 1) r(rz— 1) N 8n(n2— 1) T(TQ_ 1)(n i,
nr(n=1)(r=1)
+ 2n(n— Dr(r — 1)2}]
Simplifing we get,
DD*(K,BK,) < 2" ¢ (2n +2r — 4)% (6)

From (5) and (6), we conclude that the upper bound is sharp.

Lemma 13. Let G be graph with r vertices. Let V(G) = {vo, v1, v, ,...,v,_1}. Then

S dolodolvy) = 46%(G) ~ M(G)

J,9=0,j7#q
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Proof.

S delolr) = Y Y dalu)do(vy
q=0,j#q

J.0=0.j#q j=0
= ch(vj) i da(v)
=0 q=0,j7#q
— i dG(Uj) |:26(G) dG<Uj>i|
= QG(G) id@(vj) — Z dé‘(”ﬂ)

]

6 The Multiplicative version of Gutman index of Cartesian
Product of Graphs.

In this section, we obtain the sharp upper bound of the multiplicative version of Gutman

index of G;0G,.

Theorem 14. Let G and G5 be two graphs with order n and r respectively. Then

Gut*(G1 DGQ) S

+

_|_

r2W (Go) M (G1) + 4e(G1)DD(Gs) + 2nGut(G2)} ne(e=d)

L nr(r—1)
r2rGut(Gy) + 4DD(Gh)e(Gy) + 2W (G1) My (Gy)7 ™5
rn(n — 1)
1

Lrn(n = 1)(r = 1) {2r(r = )Gut(Gy) +4(r = De(G2)DD(G)

oW (G) (462<G2) . MI(G2)> n 2(462<G1) _ Ml(G1)>W(G2)

nr(n—1)(r—1)
2

4DD(Gs)(n — 1)e(Gy) + 2n(n — 1)Gut(Gz)H

Proof. Let V(G1) = {ug, u, ug, ..., u,—1} and V(Gs) = {vo, v1,va, ..., Up_1 }.
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Let Wij, Wpq S V(Gll:ng), where Wi; = (Uz‘7 Uj) and Wpq = (Up, Uq).

[Gut*(G10G,))?

IN

11 o6, (Wig, Wpe)dGy o6, (Wij)day o6, (Wpg)

wij,Wpqg €V (G10G2),w;j7#Wpq
n—1 r—1
IT I deso(wiwi)dasc, (wi)de,oe, (wi)
=0 j,q=0,j#q
r—1 n—1
IT 11 dene.(wy wy)de,se, (wi)de,oc, (wy;)
J=0  i,p=0,i#p

n—1 r—1

11 I deioc.(wij, whg)de,oc, (wi)da,oc, (wpg)
1,p=0,i#p  j,¢=0,j7q
Ap x Ay x A3, where Ay, Ay, Az are terms of above

product taken in order.

n—1 r—1
H H dGIDGZ (wij7 wiQ)dGlﬂGQ (wij)dG1DG2 (le)
=0 j,q=0,j7#q
n—1 r—1
I I devivg) [dcl (wi) + da, (Uj)} [dGl (wi) + da, (Uq)]
=0 7,4=0,j#q
n—1 r—1
[T deu(vsvg) |d, (w) + do, (ui)da (v,)
=0 j,q=0,j#q

g (05)de, (1) + dey (0 da (vy)]
1 n—1 r—1

oY 2 doal v {dh () + o () (dey () + oy (v,))

=0 7,4=0,j#q

dea()dey () )]
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[nr (r—1) {ZdGl (us) S de, (5, vg)

3,4=0,5#q
o) S denluru) (de(v5) + de(vy))
i=0 3,4=0,37#q
n-l r-1 nr(r—1)
S Y day(vy, Uq)dcz(vj)dcz(vq)H
= 3,4=0,57q
2W(G2)M1(G1) + 4€(G1>DD(G2) + QTLGUZS(GQ)}"T(T_I)
nr(r—1)
r—1 n—1
I douocs(wis, wp)da,oa, (wi)da o, ()
Jj=0  i,p=0,i#p
r—1 n—1
T II e (uiw) [dal (ui) + da, (Uj)] [dG1 (up) + de, (Uj)]
Jj=0  i,p=0,i#p
r—1 n—1

[T de (i) |des (wi)de () + oy () dess ()

=0 i,p=0,i#p

o (1) ey (v5) + @2, ()|

<.

1
nrin —1
—

Y Y o) {doy (1) () + o) (de ()
J 1,p=0,i#p

nr(n—1)

o (up) ) + %, (1) }]

r—1 n—1
[TM“ (n—1) {Z 1 de, (ui, up)de, (ui)de, (up)
J=0 i,p=0,i7#p
n—1
Z doa(v) Y da (i uy) (do (w3) + de (uy)
1,p=0,i#p
n-t nr(n—1)
ZdG2 U]) Z dG1 (uia up)}:|
i,p=0,i7#p
|:2TGUt(G1> +4€(G2)DD(G1> W(Gl)M1<G2)]m"n 1)
rn(n — 1)
n—1 r—1
H H dGl‘:‘GQ (wij’ wPQ)dG1DG2 (wij)dGlE‘Gz (wPQ)

i,p= Oisép J,q= Oj#q

H H (dG1 Ui, Up) +dG2(vJ,vq)> [dGl(ui)

i,p=0,i#p  j,q=0,j7#q

de, (Uj)] [dcl (up) + da, (Uq)]
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[m"(n —1)(r—1) Z Z (dG1 Ui, Up)

zp 0,i#p  7,9=0,j#q

da, (v, Uq)) {d61 (wi)de, (up) + da, (ui)da, (ve) + da, (vj)da, (up)

rn(n—1)(r—1)
de, (vj)da, (vg) H

[m’(n —1)(r—1) { Z Z da, (ui; up) (dGl (ui)da, (up)

i,p=0,i#p  5,4=0,j7#q

g (u3)das, (v,) + desy (v s, (1) + s (07 das (vy) )

i i dGl (Uj’ UQ) <dG1 (ui)dGl (up) + dGl (ui)dG2 (Uq)

i,p=0,i#p  j,q=0,j%q
e (v5)da, (1) + das (07 (1)) }

[W(n - 1)(7“ —1) {A&l + Ag,gH nr(n=Dir=1

where Aj 1, Aso are terms of above sum taken in order.

S o) [de (u)des () + des (u)des ()

i,p=0,i#p  j,4=0,j7#q

o (05)das, (1) + doy (v5)dery (v,)|

rn(n—1)(r—1)

n—1 r—1
Z dG1 (ui> up)dGl (ui)dGl (up) Z 1
1,p=0,i#p J,a=0,j#q
n—1 r—1
> de, (u, Up){d01 (wi) + de, (Up)} > de,(vy)
i,p=0,i#p 7,9=0,57#q
n—1 r—1
Z de (i, up) Z da, (vj)de, (vg)
1,p=0,17p 7,4=0,j7#q
2r(r — 1)Gut(G) + 2e(Gs)(r — 1)2DD(Gy) + 2W (G1) [4€*(G2) —
2r(r — 1)Gut(G1) + 4(r — 1)e(G2) DD(G1) + 2W (G4) [4€*(Ga) —
n—1 r—1

o (v, v,) | day () do, (uy) + o (us)dos (v,

i,p=0,i#p  J,q=0,j#q

da, (vj)de, (up) + dGz(Uj)dGQ(Uq)}

n—1 r—1
Y dai(w)de (u) Y day(vy,0)
i,p=0,i#p 7,4=0,37#q

r—1

S ) Y eyl v) (de(vy) + e (v,))

1,p=0,i#p J,4=0,j#q

M;(Gy)]

M, (Gy)]



25 R. Muruganandam / JAC 50 issue 1, June 2017, PP. 1 - 28

n—1

>

1

1,p=0,i#p

— 2(462(01) - Ml(Gl))W(Gg) +ADD(Ga)(n — 1)e(Gh) + 2n(n — 1)Gut(Gs)

r—1

D day (v, v)de, (v)da, (vg)

J,4=0,j#q

[rn(n —1)(r—1)

{27”(7“ ~1)Gut(Gy) + 4(r — 1)e(Go) DD(G))

oW (GY) (462(02) - Ml(G2)> + 2(462(01) - Ml(G1)>W(G2)

+ 4DD(Gy)(n — 1)e(Gy) + 2n(n — 1>Gut<ag>}]"’“<"l><m>

Multiplying A;, A, and A3 we get,

Gut*(G10Gy)

Lemma 15.

<

+

Gut*(K,0K,) =2

r2W (Go) M (Gy) + 4e(G1)DD(Gs) + 2nGut(G2)} =)
I nr(r —1)
r2rGut(Gy) + 4DD(G1)e(Ga) + 2W (G1) My (Ga) 1 ™5
rn(n — 1)

{27’(7“ ~1)Gut(Gy) + 4(r — 1)e(Go) DD(G))

1
Lrn(n — 1)(r — 1)
oW (G) (462(02) . Ml(G2)> + 2(462(G1) . Ml(G1)>W(G2)

nr(n—1)(r—1)

ADD(Gs)(n — 1)e(Gy) + 2n(n — 1>G“t<GQ>H

nr(n—1)(r—1) —1
2 X (n+r—2)m(m )
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II

Wi Wpq €V (KnOKy),wij #Wwpq

dk, ok, (Wij, Wye)dk, ok, (Wij)di, oK, (Wpy)

n—1 r—1

Il deox (wij, wz’q) [dKnDKT (wij)dx, ok, (wiq)]
=0 j,4=0,j7#q
r—1 n—1

T dx.ox (wz‘j, Wy;) [dKnDKT (wij)drk, ok, (wm)}
j=0 1,p=0,i#p

n—1 r—1

H H d,0K, (wija wpq) [dKnDKT (wij)d,oK, (wpq)]

i,p=0,i#p 5,4=0,j7#q

(47— 27] ey

<

9 nr(n—1)
X [(n +7r—2) ]

nr(n—1)(r—1)
2nr(n—1)(r—1) w |:(TL +r— 2)2:|

After simplification, we get,

Gut*(KnDKT) _ 2nr(n7;)(r71) y (TL NI 2) nr(nr—1) 7)
O
Remark 16. Using Lemma 15, we show that the upper bounds in the Theorem 14 is sharp.
Clearly,
-1
M) = -1, e(ig) = "0,
— —1)3
My(K,) = =D gy = "<”2 s
— —1)3
Gut(i,) = "D gD
2 2
-1
DD(K,) = n(n—17 W(K,) = "1
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When G, = K,, and Gy = K,., the upper bound in Theorem 14 becomes

Gt (K,OK,) < 2W (K, )M, (K,) + 4e(K,)DD(K,) + 2nGut(KT)} =
el = | nr(r —1)
L [2rGut(K,) + ADD(K,)e(k,) + 2W (K,) M (K,) =l
rn(n — 1)
i 1
Sl Py {27”(7’ — 1)Gut(K,) + 4(r — 1)e(K,)DD(K,)

v O2W(K,) (462(&) - Ml(KT)> + 2(462(Kn) - Ml(Kn)>W(Kr)
nr(n—1)(r—1)

£ ADD(K,)(n — De(K,) + 2n(n — 1)Gut(K,)}

_ - n(n — r(r — 1)3 3 2=l
- ﬁ{zn(” —1)* % T(Tz D 4 ( 5 1>7”(7" —1)*+2n rr—1° 5 D

[ n(n—1)3 r(r — n(n — nr(r-1)
% -nr(nl— 1) {QT ( 2 2 +2 : 9 1)2”(” — 1)+ 2 5 D r(r—1)2
x :nr(n — i)(r =) {27“(7‘ —1) n(n2— D° | 4(r —1) r(r—1) n(n — 1y2

L n(n — 1) (4 r2(r — 1) e 1)2> N 2r(r -1) (4 n*(n —1)? (- 1)2)

-1 —1)3 nr(n—1)(r—1)
+ 4n—1) % rr— 1+ 2n(n — 1) T 5 ) ] :
=2 ¢ o]
nr(n—1)(r—1)
% QWX [(n+r—2)2] 2
Hence Gut*(K,0K,) = 2% « (n b 2)W(W—1) )

From (7) and (8), we conclude that the upper bound is sharp.
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