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ABSTRACT

ARTICLE INFO

Numerous networks as, for example, road networks, elec-
trical networks and communication networks can be
modeled by a graph. Many attempts have been made
to determine how well such a network is ”connected” or
stated differently how much effort is required to break
down communication in the system between at least
some nodes.

Two well-known measures that indicate how ”reliable”
a graph is are the "Tenacity” and ”"Edge-tenacity” of a
graph. In this paper we present results on the tenacity
and edge-tenacity, T.(G), a new invariant, for several
classes of graphs. Basic properties and some bounds
for edge-tenacity, T.(G), are developed. Edge-tenacity
values for various classes of graphs are calculated and
future work and concluding remarks are summarized .
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1 Introduction

The concept of graph tenacity was introduced by Cozzens, Moazzami and Stueckle in [2,3],
as a measure of network vulnerability and reliability. Conceptually graph vulnerability
relates to the study of graph intactness when some of its elements are removed. the
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motivation for studying vulnerability measures is derived from design and analysis of
networks under hostile environment. Graph tenacity has been an active area of research
since the the concept was introduced in 1992. Cozzens et al. introduced two measures of
network vulnerability termed the tenacity, T(G), and the Mix-tenacity, T,,(G), of a graph.
The tenacity T(G) of a graph G is defined as

) | A|+7(G — A)
e = mw t—G—a !

where 7(G — A) denotes the order (the number of vertices) of a largest component of G-A
and w(G — A) is the number of components of G-A.
The Mix-tenacity 7}, of a graph G is defined as

| A| +7(G — A)
){ w(G —A) }

T, = min
ACE(G
where 7(G — A) denotes the order (the number of vertices) of a largest component of G-A
and w(G — A) is the number of components of G-A.
we called this parameter Mix-tenacity. It seems Mix-tenacity is a better name for this
parameter. T(G) and T,,(G) turn out to have interesting properties. After the pioneering
work of Cozzens, Moazzami, and Stueckle several groups of researchers have investigated
tenacity, and related problems. The edge-tenacity 7.(G) of a graph G was defined as

L E TG - F)
TG(G)_FICI}EI?G){ w(G—F)

}

where the minimum is taken over all edge cutset F' of G. We define G-F to be the graph
induced by the edges of E(G) — F, 7(G — F) is the number of edges in the largest
component of the graph induced by G-F and w(G — F') is the number of components of
G —F. Aset F'C E(G) is said to be a T,-set of G if

F|4+7(G—-F
rG) = Mg

Each component has at least one edge.

In [10] and [11] Piazza et al. used the above parameter as edge-tenacity. But this param-
eter is a combination of cutset A C E(G) and 7(G — A) the number of vertices of a largest
component. It may be observed that in the definition of 7,,,, the number of edges removed
is added to the number of vertices in a largest component of the remaining graph. This
may not seem very satisfactory. This motivated the authors to introduce a new measure
of vulnerability in this paper. This new measure of vulnerability involves edges only and
thus is called the Edge-Integrity.

The concept of tenacity of a graph G was introduced in [1,2], as a useful measure of
the ”vulnerability” of G. In [5], we compared integrity, connectivity, binding number,
toughness, and tenacity for several classes of graphs. The results suggest that tenacity is
a most suitable measure of stability or vulnerability in that for many graphs it is best able
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to distinguish between graphs that intuitively should have different levels of vulnerability.
In [4,5,6,7,8,9,10,13,17,18], they studied more about this new invariant.

For our purposes a graph G is an ordered pair (V,E), where V is a finite set of elements
called vertices and E is a finite set of elements called edges. Let A be a subset of V(G).
The neighborhood of A, N(A), consists of all vertices of G adjacent to at least one vertex
of A. A graph G is connected if every two vertices in G are joined by a path. Given a
graph G, the graph G? has V(G?) = V(G) and wv € E(G?) if and only if uv € F(G) or
the distance from u to v is 2. A set of vertices in G is independent if no two of them are
adjacent. The largest number of vertices in such a set is called the vertex independence
number of G and is denoted by a(G) or a. Analogously, an independent set of edges
of G has no two of its edges adjacent and the maximum cardinality of such a set is the
edge independence number o/(G) or /. The line graph of a graph G, denoted L(G), is
the graph whose vertices are the edges of G, and two vertices are adjacent whenever the
corresponding edges of G are adjacent.

The vertex connectivity, K = k(G), of a finite, undirected, connected, simple graph G
(without loops or multiple edges) is the minimum number of vertices whose removal
results in a disconnected graph or results in the trivial graph K;. Graph G is called n-
connected if k > n. Analogously, the edge-connectivity, A = A(G), of a finite, undirected,
connected simple graph G is the minimum number of edges whose removal results in a
disconnected or trivial graph K;. A graph G is called n-edge- connected if \(G) > n.

A collection of vertices in V(G) is called a cutset if their removal disconnects G, and a
collection of edges in V(G) is called an edge-cutset if their removal disconnects G.

In this paper we prove a number of basic results about tenacity. We can prove the following
propositions:

Proposition 1: If G is a spanning subgragh of H, then T'(G) < T'(H).

Proposition 2: For any graph G, T(G) > H&C(;)GJ)FI

Proposition 3: If G is not complete, then T(G) < %, where n is the
number of vertices in G.
Proposition 4: If m <n then T(K,,,) = 2.

n

Lemma 1: If A is a minimal T-set for the graph G then, for each vertex v of A, the
induced subgraph < V(G) — A + v > has fewer components than does G-A.

Proof: Let A = A —v. If G-A’ has at least as many components as G-A, then
| A" |=| A| =1 and 7(G — A) < 7(G — A) + 1. Therefore ATCA) _ AZLA(GoA)

w(G—A) w(G—A) —
|A|—14+7(G-A)+1 __ T
w(G—A) o

(@), contrary to our choice of A.

Theorem 1: Let G = Gy + Gy, where | V(G) |= n, | V(G;) |= pi;, T(G) = T and
T(G;) =T, for i = 1,2. Then if G # K,, we have

[TL+T(G1—A1)]T1 [7’L+T(G2—A2)]T2} <T<min{n—a1+1 n—oz2+1

L7 (Ci— A1 pat7(Co— Ay o R

min{

where «; is the independence number of GG;, and A; is a disconnecting set of GG; for i = 1, 2.
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Proof: Because of the structure of G, the graph cannot be disconnected without remov-
ing one of V(G;) or V(G5). Having removed the appropriate set, we can then disconnect
the graph by disconnecting the remaining graph, either G; or GG,. Candidates for T

are of the form ™2 ?g:(_GAfSAl) or "2tP tg;(ﬁg‘h) where n; =| A; | for i = 1,2. Then

T = min{"*2 ?JGTS;SA”, natp tg;(GQ 4201 where the minimum is taken over all 4; and

Ay as defined. Also T7 < % which implies w(G; — A;) < %ﬁfh). Thus

ni4pa+7(Gi—A1) < [n+patT(Gi-ADT o madpi+T(Ga—As) [natpi+T(Ga—Ad)|T:
vptr(CioA) > [ntpet G —AVn - Gjyjlgpy, netetr(Gazt) o It r(Cadally oy
T > mm{[l—km}ﬂ, [H—W]Tz} Also we know that ny < p; and ny < ps,

n+7‘ Gl A1)]T1 [n+T(G2 AQ
therefore T > min{=- T GioA) 0 patr(GaA

two candidates for T are ZL=eltlipz 4p4 w, which yield T < man{2=2+1}
n—a2+1} a1 a2 a1

]T2} From Proposition 3, we observe that

The effect of removing a vertex is considered first. If the removal of a vertex from a
graph results in a complete graph, the tenacity becomes infinite. On the other hand, the
removal of a vertex cannot lower T by too much.

Theorem 2: For any nontrivial noncomplete graph G on n vertices and any vertex v,
TG —-v)>T(G) - 3.

Proof: Let G' =G —v. If G’ = K,,_1, then T(G’) = 0o, and the theorem holds. Hence,
assume G’ # K,,_1. Let A’ be a T-set for G’, and let | A’ |=m

then T(G') = %_/2,’;1/). Now define A = A’ U {v}. Clearly A is a disconnecting

set for G and so T(G) < PG A Byt | A |=m+1and G- A = G — A, so

w(G—A)
m+1+7(G'—A") _ m+7(G'-A") 1 o 1 1 .
T(G) S w(G—A7) — Tw(@=A) + w(G—A) — T(G/) + —w(G’—A’) S T(G/) + 9 since

w(G"'— A") > 2. Hence T(G) < T(G") + 1
We next obtain some bounds on the tenacity of a graph.

Proposition 5: If G is connected, then T'(G) > ﬁ.

Proof: K, is a special case, otherwise the removal of any vertex of a connected graph G
yields at most A(G) components. Similarly, the removal of any n vertices yields at most
nA(G) components. Then, from the definition we have T'(G) > n”A—J(ré,) > ﬁ.
Theorem 3: If G is connected and a noncomplete K s-free graph then T'(G) >

Proof: Suppose G is a noncomplete, K 3-free graph with connectivity (G). Let A be
a T-set, and let Wy, Wy, --- | W,, be the components of G-A. Since G has a connectivity
k(G), it is k(G)-connected and so there exist x(G) internally disjoint paths from u; € W;
towu; € W, for all 1 <4, j <m with 7 # j. each of these paths must contain a vertex of
A. Then for each i there are at least x(G) edges coming from W; to distinct vertices of
A. Thus in all there are at least mx(G) edges from G-A to A counting at most one from
any component W; to a particular vertex of A.
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Suppose v € A is adjacent to vertices uy, us, and ug in distinct components of G-A. Then,
since {u1,ug, ug} is an independent set the graph induced by {v,uy, ug, us} is a K3, a
contradiction. Hence we can conclude any vertex of A is adjacent to at most two com-
ponents of G-A. Thus, there are at most 2 | A | edges coming from G-A to vertices of
A, counting at most one edge from any component to a particular vertex of A. Hence
mr(G) < 2| A |, or %(G) <| A |. Therefore %(G) <| A| +1, or WTH > @ Thus
T(G) = IALJE;(fA)A) > Al H(2G)'

m

The toughness of a graph G was introduced by Chvétal in [1], who observed the relation-
ship between this parameter and the existence of Hamilton cycles in the given graph, and
several results regarding this invariant were obtained. The original approach to tough-
ness is as follows. A connected graph G is called t-tough if tw(G — A) <| A | for any
subset A of V(G) with w(G — A) > 1, . If G is not complete, then there is a largest t
such that G is t-tough; this number is the toughness of G and denoted by t(G). Thus
tHG) = min{w(g‘_‘A)}, where A is a cutset of G. Since a complete graph has no cutset A,
we set t(K,) = oo for all n > 1.

Without attempting to obtain the best possible result, we can prove the following relation
between T(G) and t(G). This result gives us a number of corollaries.

Theorem 4: For any graph G, T(G) > t(G) + ﬁ

Proof: Let A C V(G) be a t-set and B C G be a T-set. Then ‘BLJE;(EJI;)B) > w(gBjB) +
1 |A] 1

w(G—B) 2 w(G—A) + a(G) "

Corollary 1: For any graph G, T(G?) > x(G).

Corollary 2: Let G be a non-empty graph and let m be the largest integer such that

K1, is an induced subgraph of G. Then T(G) > =9 4 ﬁ

Theorem 5: Let G be a graph with n vertices and G # K, then T(G) + T(G) > L.

Proof: We observe that at least one of G or G is connected. Suppose G is not con-

nected. We proved (Proposition 5) that T(G) > ﬁ > —L for any graph G. Thus,

T(G) + T(G) > —5. Now suppose G is not connected but G is connected. Again by

Proposition 5, we have T'(G) > —L=. Therefore T(G) + T(G) > —L=.
Theorem 6: Let G be a graph with 0 < T'(G) < oo, and let A(G) = A, then T(L(G)) > 3.
Proof: Assume there exist vertex cutsets A for L(G) such that A is a t-set. By Theorem 4,
T(L(G)) > t(L(G)). Let E be those edges of G which are incident to vertices of A. Then E
is an edge-cutset of G. Thus we have t(L(G)) = min{#)‘_m} > mm{%} =t(G),
where A is a cutset and E is an edge cutset of G.

Using the result of Chvétal [1] we have t'(G) = min{w(g‘m} = 2. Therefore T(L(G)) >
A

5"
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The binding number of a graph G was defined by Woodall in [14] as

N(A
bind(G) = mjn{wT'H}
where ¢ # A C V(G) and N(A) # V(G). In [15,16] the binding number was called the
melting-point of the graph. the reason for the name ”binding number” is that, roughly
speaking, if bind(G) is large, then the vertices of G are bound tightly together, in the
sense that G has many edges fairly well distributed.

Theorem 7: For any graph G, T(G) > bind(G) — 1.

Proof: Let bind(G) = c¢. If ¢ < 1, then ¢ — 1 < 0 and the result follows since T(G)
is nonnegative. Consider ¢ > 1. Suppose that A is a subset of V(G) such that w =
w(G — A) > 2. We want to prove that WTH > (¢ —1). If each of the w components of
G-A has at least two vertices, let S consist of the vertices in all the components except
the smallest, so that

V(@) ~Alw—1) | 2w(w=1)

| S |> =2w—1)>w.

If, on the other hand, V(G)-A contains an isolated vertex, let S = V(G) — A. So that
| S |=| V(G) — A |> w. In either case N(S) # V(G), and since bind(G) = ¢ > 1,

[ ST+HTATHLIS[S[+[AIZ[N(S) [Zc]S5].
It follows that | A| +1 > (¢—1) | S |> (¢ — 1)w. Therefore WTH >c—1,50T >c— 1.

In [8] we showed the Hamiltoinan Properties of tenacity. The results follows for a graph

G:

k(Q) K(G)+1
1) 1< 36 < “aigr <T(G)
k(G
2) MO <T(G) < 1.

Graphs satisfying the second inequality are not Hamiltonian-connected. Graphs satisfy-
ing the first inequality are Hamiltonian-connected.

3) 1(2)&(_2) < Yo <TG
K n+1
4) “wa < TG) <1+ _a(JE:)

If G satisfies the forth inequality it is not n-Hamiltonian. If G satisfies the third inequality
then G is n-Hamiltonian.

In [6], we compared integrity, connectivity, binding number, toughness and tenacity for
several classes of graphs. The results suggest that tenacity is a most suitable measure of
stability or vulnerability in that for many graphs it is best able to distinguish between
graphs that intuitively should have different levels of vulnerability.

Edge-Tenacity

The edge-tenacity T.(G) of a graph G was defined as
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T.(G) = FrCnEi?G){| d (L(g (_GF_) D,

where the minimum is taken over all edge cutset F of G. We define G-F to be the graph
induced by the edges of E(G) — F, 7(G — F) is the number of edges in the largest
component of the graph induced by G-F and w(G — F') is the number of components of
G —F. A set FF C E(G) is said to be a T,.-set of G if

F|l+7(G—-F
T.(G) = Tt

Each component has at least one edge. In this paper we introduce a new invariant edge-
tenacity, for graphs. it is another vulnerability measure. we present several properties
and bounds on the edge-tenacity. we also compute the edge-tenacity of some classes of
graphs.

Basic Properties and Bounds

In this section we develop basic properties and bounds related to edge-tenacity.

Proposition 6 Let G be a graph, and H, a subgraph of G. Then
T.(H) < T.(G)

Proof. Let H be a subgraph of G, and F is a minimum subset of E(G) which achieves

T.(G) then w(H — F) > w(G — F). Thus W(Hl_F) < W(Gl_F). Also we have

| F|4+7(H—-F)<|F|4+7(G-F)

Thus
|F|+T(H—F)< | F | +7(G - F)

wH-F) — wG-F)

Therefore
T.(H) < T.(G)

our next result, besides being of interest in its own right is also found to be useful in
several proofs later.

Theorem 10 If F is a minimum subset of E(G) which achieves T,(G), then every edge
of F connects vertices from different components of G-F.
Proof. Suppose e = uv is an edge in F. If u and v lie in the same component of G-F,

then if F; = F — e, we have w(G — F}) = w(G — F) and

|Fy |[+7(G—F1)
T(G) < =ermy

|F1|+7(G—F1)
w(G—F)
|F|-1+7(G—F1)
w(G—F)
|F|—147(G—F)+1
w(G—F)

T.(G)

IIA
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This shows that [} achieves T, (G) which is a contradiction since F} is a proper subset of F.

Theorem 11 Suppose that A = A(G) > 1 the edge-connectivity of G and e =| E(G) |.
Then

T.(G) 2 min(e, [ (8¢ ~ \))

Proof. Suppose that F' C E(G) is such that G-F has k components. Then 7(G — F) >
e_TIFI. For k=17(G—F)+|F|>e— |F|+|F|=e if k>1, then | F |> % so that

_ eFl, | _
G- Py [P S IR Le (k= D)
k k kk 2

The quantity on the right hand side of this inequality is minimized for k = 476. Hence the
result follows.

Conclusion

In this paper we have investigated the tenacity and some properties of edge-tenacity
of graphs. Work in progress related to this paper includes characterization of graphs for
edge-tenacity and tenacity values are the same, and finding a formula for the edge-tenacity
of hypercube, complete bipartite graph, and certain other classes of graphs [12].
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