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1 Introduction

The study of more general structure than that of a topological space has taken several
directions over the last twenty years. In 1996, Maki[9] studied minimal structures, or
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shortly m-structures, on a set X that is a collection of subsets of X containing the empty
set and X, with no other restriction. In 1997, Csaszar[3] introduced a generalized struc-
ture on a non-empty set X called a generalized topology. Also, Csaszar([2, 4] introduced
and studied generalized operators. As a natural generalization of the above mentioned
structures, in 2011, Csaszar[5] introduced the notion of a weak structure which is a collec-
tion of subsets of X containing the empty set. He defined the interior and the closure in
the new context and showed the important properties of these operators. Let X be a non
empty set and P be its power set. A structure on X is a subset of P and an operation
on X is a function from P to P. A structure w on X is called a weak strucutre on X
if and only if ¢ € w. Weak structures are briefly noted as WS. If wis a WS on X,
then every member of w is known as w-open and complement of a w-open set is known
as w-closed. Let w be a WS on X and A C X then the union of all w-open subsets of A
is denoted as ¢ w A and the intersection of all w-closed sets containing A is denoted as ¢
w A. Further with the help of ¢ w and ¢ w, several other structures such as a(w), f(w),
o(w), 7(w) and p(w) have been introduced and studied. Ekici [7], studied the properties
of the structures a(w), f(w), o(w), 7(w) and p(w) and introduced the structures r(w) and
re(w). Navaneethakrishnan and Tamaraiselvi [8] extended the study of weak structures
and m structures. Das [6] shown that under some conditions r(w) is a topology on X and
studied the comparison of two weak structures. Avila and Molina [1] defined the notion of
generalized weak structures (GWS) as an extention of weak structures[5]. For that they
introduced the interior, the closure and other related notions and also proved that many
properties of these familiar notions remain valid under the general assumptions.
The generalized weak structure (GWS) on a non-empty set X is a non-empty class g of
subsets of X. If g is a generalized weak structure on X then each element of g is said to
be g-open and the complement (in X) of a g-open set is called a g-closed set. It is clear
that each generalized topology [3], minimal structure [9] and weak structure [5] are GWS.
Let g be a GWS on X and A C X. Then the g—closure of A is defined by ¢,(A) = N{F :
A C F,Fis g — closed} if there is any F' such that A C F and F' is g-closed otherwise
cy(A) = X and the g—interior of A is defined by iy,(A) = U{G : G C A,G is g — open} if
there is any G such that G C A and G is g-open otherwise i,(A) = 0.

In this paper we introduce and study the structures ro(g) and rc¢(g) in GWS and the
properties of ro(g). In addition we study the properties of the structures «a(g), 7(g),0(g)
and (g). The following results were proved in [8].

Theorem 1.1. /8] Let g be a generalized weak structure on X and A, B C X. Then the
following propertes hold:

(i)ig(ig(A)) = ig(A).

(it)cg(cg(A)) = cq(A).

(111)A C B implies that i,(A) C iy(B) and cy(A) C cy(B).

(w)If A € g, then A =i,(A).



23 R. Jamunarani / Journal of Algorithms and Computation 47 (2016) PP. 21 - 26

(v)If A is g-closed, then A = c4(A).

Theorem 1.2. /8] Let g be a generalized weak structure on X and A C X. Then
(i)x € cy(A) if and only if G N A # () whenever z € G € g.
(1i)cg(X — A) = X —i4(A) and ig(X — A) = X —c,(A).

Definition 1.3. [8] Let g be a GWS on X and A C X. Then, we define the following:
(1)A € a(g)if A Ciyegig(A).

(i)A € m(g) if A Cigey(A).

(ii)A € o(g) if A C ¢4i4(A).

(iv)A € B(g) if A C cgige,(A).

Lemma 1.4. [8] Let g be a GWS on X. Then iycyi ey = igcy and cgiyCyig = Cyly.

2  Properties of the structure ro(g)

Let g be a GWS on X and A C X. Then, we define ro(g) and rc(g) as follows.
(1) Aero(g) if A=1i4(cy(A)).
(2)A € re(g) if A =cy(ig(A)).

Theorem 2.1. For a GWS g on X and A C X, A € ro(g) if and only if A € a(g) and
X — A€ B(g)

Proof. Let A € ro(g). We have A = i,(c,(A)). By Theorem 1.1,i,(A) = i4(i,(cy(A)))

= i4(cy(A)) = A. Then, we have A = i,(A) C ¢4(iy(A)). It follows that A = i,(A) =
ig(ig(A)) C i4(cy(ig(A))). Thus A C ig(cy(ig(A))) and hence A € afg). On the other
hand, since A = i4(cy(A)), then X — A = X — i4(cy(A)). By Theorem 1.2, we have
X — A =cy(iy(X — A)). Moreover, ¢,(is(X — A)) C cy4(ig(cy(X — A))). This implies that
X—A=cy(X—A) =cylig(X—A)) Ccylig(cg(X—A))). Thus, X —A C cy(iy(cy(X—A)))
and hence X — A € 8(g).

Conversely, let A € a(g) and X —A € (g). We have A C i4(cy(ig(A))) and i4(cy(i4(A))) C
A. Thus,A = i4(cy(iy(A)))and by Lemma 1.4 A € ro(g). O

Theorem 2.2. For a GWS g on X and A C X, A € ro(g) if and only if A € 7(g) and
X —-Aeco(g).

Proof. Let A € m(g) and X — A € o(g). We have A C i,(cy(A)) and i,(c,(A) C A.
Thus, A = i4(cy(A)) and hence A € ro(g). The converse follows from the fact that
A =ig(cy(A). O

Theorem 2.3. For a GWS g on X and A C X. Then A € ©(g) if and only if there exists
B € ro(g) such that A C B and c,(A) = c4(B).
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Proof. Let A € m(g). We have A C i4(cy(A)). If we take B = i4(c,(A)), then B € ro(g)
and also A C B and ¢,(A) = ¢,(B).

Converesely, suppose that B € ro(g) such that A C B and ¢,(A) = ¢,(B). Then i, cy(A) =
igcq(B) = B and hence A C i4cy(A) which implies that A € 7(g). O

Let g be a GWS on X and A C X. Then A is said to be g-dense if ¢,(A) = X.

Theorem 2.4. Let g be a GWS on X such that g is closed under finite intersection and
A, B C X. Then the following hold.

(a)ey(4) Uy(B) = (AU B).

(0)iy(AN B) = iy(A) iy (B).

(¢c) GNcy(A) Cey(GNA) for every G € g and A C X.

(d) cg(GNecy(A)) =c,(GNA) for every G € g and A C X.

(e) cg(G) = c,(GNA) for every G € g and every g-dense set A.

Proof. (a)Suppose x & c,(A) U cy(B). Then = ¢ ¢,(A) and x ¢ c,(B). Then there exist
G, H € g contining x such that GNA=0and HNB = (. If z € GN H € g such that
(GNH)N(AUB)=((GNH)NA)U(GNH)NB) C (GNA)U(HNB) =0 and so
x & cy(AU B). Hence ¢,(AU B) C ¢,(A) Ucy(B) and, by using Theorem 1.1 we obtain
cg(A) Ucy(B) = cy(AU B).

(b)The proof follows from (a) and Theorem 1.2.

(c) Let x € GNcy(A). Thenz € Gand v € ¢y(A). f v € He g, thenaz € HNG € ¢
and so (H NG) N A # Qwhich implies that H N (G N A) # 0. Hence z € ¢,(G N A) which
implies that G N¢y(A) C ¢ (G N A).

(d) By (c), GNicy(A) C cy(GNA) and so c,(GNey(A)) C ¢y(GNA). But GNA C GNiey(A) C
cy(GNeg(A)) and so ¢,(GNA) Ccy(GNey(A)). Hence ¢,(GNecy(A)) =c,(GNA).

(e) The proof follows from (d). O

Theorem 2.5. Let g be a GWS on X and A C X. If A € w(g), then A is the intersection
of B € ro(g) and a g-dense set C.

Proof. Let A € w(g). By Theorem 2.3, there exists a B € ro(g) such that A C B and
cy(A) = ¢y(B). If we take C' = AU (X — B), then we have X = ¢,(B)U¢,(X — B) =
cg(A)Ucy (X —B) C ¢,(AU(X —B)) = ¢,(C). Thus C'is g-dense and hence A = BNC. O

The following example shows that the converse of Theorem 2.5 is not true in general.

Example 2.6. Let X = {a,b,c} and g = {0,{a},{a,b},{b,c}}. Then for the sets A =
{b,c} and B ={a,c}, A €ro(g) and B is g-dense but AN B = {c} ¢ n(g).
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3  Properties of the structures a(g),7(g),0(g),5(g)

Theorem 3.1. Let g be a GWS on X and A C X. If A is g-open and g-closed, then
A€ a(g) and X — A € n(g).

Proof. Let A be g-open and g-closed. By Theorem 1.1, A = i,(A) and A = ¢,(A). We
have A = i,(A) C ¢4(i4(A)). By Theorem 1.1, A = i,(A) = i,4(i4(A)) C ig(cy(ig(A))).
Thus, A C i4(cy(ig(A)))and hence, A € a(g). On the other hand, since A = i,(A) and
A=cy(A), then X —A =X —i,(A) =c,(X —A)and X — A =X —cy(A) =i, (X — A).
This implies X — A = i,(X — A) C i4(cy(X — A)). Thus, X — A C i,(cy(X — A)) and
hence X — A € n(g). O

The following example shows that the converse of Theorem 3.1 is not true in general.

Example 3.2. Let X = {a,b,¢,d} and g = {0,{d},{a,b},{b,c},{a,b,d}}. Then A =
{a,b,c} € a(g) and X — A € 7(g) but A is not g-open.

Theorem 3.3. Let g be a GWS on X and A C X. If there exists a g-open set B such
that B C A C ¢y(B), then A € o(g).

Proof. Let B C A C ¢,(B) for a g-open set B. Since B C A, then B C i,(A). This implies
cy(B) C ¢y(ig(A)) and then A C ¢,(i4(A)). Thus, A € o(g). O

The converse of Theorem 3.3 is not true in general as shown in the following example.

Example 3.4. Let X = {a,b,c,d} and g = {0,{b,d},{a,d},{a,c}, {b,c}}. Then A =
{a,b,d} € o(g) but we do not have any g-open set B such that B C A C c,(B).

Theorem 3.5. Let g be a GWS on X and C C X. If C € 5(g), then C = AN B, where
A€ o(g) and B is g-dense.

Proof. Let C € [(g). Then C C ¢4(i4(cy(C))). By Theorem 1.1, we have ¢,(C) C
Cq(cqlig(cg(C)))) = ¢4(ig(eg(C))). Also, ig(cy(C)) C ¢o(C) and then ¢4(ig(cy(C))) C
cg(cg(C)) = ¢4(C). We have ¢,(C) = ¢4(i4(cy(C))). This implies that A = ¢,(C) € o(g).
If we take B = C U (X —¢,(C)), then B is g-dense and C'= AN B. O

The converse of Theorem 3.5 is not true in general as shown in the following example.

Example 3.6. Let X = {a,b,c,d} and g = {0,{a},{a,b},{b,c}}. If we take A = {b,c}
and B = {a,c,d}, then A € o(g) and B is g-dense but AN B = {c} ¢ B(g).

Theorem 3.7. For a GWS g on X and A C X, the following properties are equivalent.
(i) A€ Blg).

(1) there exists B € w(g) such that B C c,(A) C cy(B).

(111) cg(A) € re(g).
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Proof. (i)==(ii). Let A € 5(g). Then A C ¢4(i,(cy(A))). Put B =iy4(c,(A)). This implies
that B € 7(g). Since A C ¢4(B), by Theorem 1.1 ¢,(A) C ¢4(cy(B)) = ¢4(B). Hence,
B =i4(cy(A) C cy(A) C cy(B).

(ii)==(iii). Let B € m(g) such that B C ¢,(A) C ¢,(B). Then B C i,(c,(B)) and
¢g(B) C cqlig(cg(B))). We have cg(ig(cy(B))) C ¢4lig(cg(A))). Since cg(A) C cy(B), then
by Theorem 1.1, i4(cy(A)) C ¢,(B) and then cg( ( ( ))) C cy(cy(B) = cg(B) Since

¢qlig(cg(A))) C ¢g(B) C cg(A) C ¢g(B) and ¢g(A) = ¢4(ig(cy(A))). Hence cy(A) é re(g).
(ili)==(1) Let c4(A) € 7rc(g). We have ¢,(A) = ¢4(i4(cy(A))). Since A C ¢4(A) =
cglig(cg(A))), then A € B(g). [

Theorem 3.8. Let g be a GWS on X. If AC B C ¢,(A) and A € 5(g), then B € B(g).

Proof. Let A C B C ¢4(A) and A € B(g). Then A C ¢,(i4(cy(A))). Now B C ¢4(A) C
Co(cqlig(cg(A)))) = cqlig(cg(A))) C ¢olig(cg(B))). Thus, B C cy(ig(cy(B))) and hence
B € B(g). O

References

[1] J. Avila and F. Molina, Generalized weak structures, Int. Math. Forum, 7 (2012),
no. 52, 2589-2595.

[2] A. Csészar, Generalized open sets, Acta Math. Hungar., 75(1-2) (1997), 65-87.

[3] A. Csészdr, Generalized topology, generalized continuity, Acta Math. Hungar., 96(4)
(2002), 351-357.

[4] A. Csészér, Generalized open sets in generalized topologies, Acta Math. Hungar.,

106(1-2) (2005), 53-66.
[5] A. Csaszar, Weak structures, Acta Math. Hungar., 131(2011), 193-195.

[6] A.K.Das, A note on weak strucutes due to Csészar, Buletinul Academie De Stiinte,
A Republicill Moldava, Mathematica, 2(78), (2015), 114-116.

[7] E. Ekichi, On weak structures due to Csészar,Acta Math. Hungar., 134(2012), 565-
570.

[8] M. Navaneetha Krishnan and M. Tamarai Selvi, On weak structures of Csészar, Acta
Math. Hungar., 137(2012), 224-229.

[9] H. Maki, J. Umehara and T. Noiri, Every topologicl space is pre-T7 /5, Mem. Fac. Sci.
Kochi. Univ. Ser. A Math., 17 (1996), 33-42.



