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1 Introduction

Graphs considered here are finite, undirected and simple. The symbols V(G) and
E(G) will denote the vertex set and edge set of a graph G. The order and size of a graph
G are respectively denoted by p and ¢. Origin of graph labeling is graceful labeling which
was introduced by Rosa [8] in 1967. In 1980, Cahit [4] introduced the cordial labeling of
graphs. Cordial labeling behavior of several graphs were studied in [10]. Somasundaram
and Ponraj introduced the notion of mean labeling of graphs in [11]. Also in [1, 2, 3,
9], mean labeling behavior of several graphs were studied. Motivated by this labeling,
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Ponraj, Ramasamy and Sathish Narayanan [7] introduced the concept of total mean
cordial labeling of graphs and studied about the total mean cordial labeling behavior of
path, cycle, wheel and some more standard graphs.

In this paper we investigate CT(ZQ), ladder L,,, book B,, and some more graphs. If x is any
real number. Then the symbol |z]| stands for the largest integer less than or equal to x
and [x] stands for the smallest integer greater than or equal to x. Terms and definitions
not defined here are used in the sense of Harary [6] and Gallian [5].

2 Total mean cordial labeling

Definition 2.1. A total mean cordial labeling of a graph G = (V,FE) is a function
f:V(G) — {0,1,2} such that f(zy) = [ww where z,y € V(G), vy € E(G), and
the total number of 0, 1 and 2 are balanced. That is |evs(i) — evs(j)| < 1, 4,7 € {0, 1,2}
where evy(z) denotes the total number of vertices and edges labeled with x (z =0, 1,2).
If there exists a total mean cordial labeling on a graph G, we will call G is total mean
cordial.

The following results are frequently used in the subsequent section.
Theorem 2.1. [7] Any path P, is total mean cordial.

The above theorem 2.1 is used in theorem 3.1. So we recall the structure of the total
mean cordial labeling g of a path.

Let P, : vi,vs,...,v, be the path. When m = 3t. Assign the label 2 to the vertices
V1, Vg, ..., and assign the integer 1 to the vertices vyi1,v419,...,vy. Finally assign the
label 0 to the vertices vo;y1, Vorio, ..., U3t

In the case of m = 3t 4 1, assign the label to the vertices v; (1 < i < 3t) as in the case of
m = 3t. Then assign 0 to the vertex vs 1.

For m = 3t 4 2, we define a map g : V(P,,) — {0, 1,2} by

g(v;) 0, 1<i<t+1
g(ep) = 1, 1<i<t
g(ag14:) = 2, 1<i<t
g(U3t+2) = L

Theorem 2.2. [7] The cycle C,, is total mean cordial if and only if n # 3.

The theorem 3.2 is based on theorem 2.2. So we recall the total mean cordial labeling of
a cycle C,,. Let C), : ujus ... uyu; be the cycle. If n = 3, then we have evs(0) = evs(1) =
evy(2) = 2. But this is an impossible one. Assume n > 3. When n = 0 (mod 3), let
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n = 3t, t € Z*. Tt is easy to see that Cg is total mean cordial. Take ¢ > 3. Define
f:V(Cr) —{0,1,2} by

flu) =0, 1<i<t
f(ut+l‘) = 2, 1 S 7 S t
f(U/Qt-i—’i) = 1, 1 S ) S t— 2.

f(us—1) = 0 and f(us) = 1. When n = 1,2 (mod 3), The labeling ¢ defined in theorem
2.1 satisfy total mean cordial condition of C),.

3 Main Results

The union of two graphs G; and Gy is the graph G; U Gy with V (G; UGy) =V (Gh) U
V (Gg) and E (Gl U Gg) =F (Gl) Uk (Gg)

Theorem 3.1. Let G be a (p, ¢) total mean cordial graph and n # 3 then G U P, is total
mean cordial.

Proof. Let vy, vs,...,v, be the vertices of G and P, : uy,us,...,u, be the path. Let f
be a total mean cordial labeling of G and g be the total mean cordial labeling of P, as
defined in theorem 2.1. The induced total mean cordial labeling h by f and g of GU P,
as follows:

Case 1. n <8.

Subcase 1. p+ ¢ =0 (mod 3).

Let p+ g = 3t. Assign the labels to the vertices of P, (n < 8) as in theorem 2.1. One can
easily check that the labeling f together with g forms a total mean cordial labeling h of
GUP,.

Subcase 2. p+¢=1 (mod 3).

Put p + ¢ = 3t + 1. Suppose evs(0) = evs(1) =t, evy(2) =t + 1 then the following table
1 establishes that G U P, (n < 8) is total mean cordial.

up | U | us | ug | us | ug | ur | usg | evp(0) | evp(1) | evp(2)
PO t+1 t t+1
Pl 0|1 t+1 t+42 t+1
Pl O] 0] 2|1 t+3 t+42 t+3
PBlOo|O0O|1]2]1 t+3 t+3 t+4
FBlOo|lO0O|210]|1]2 t+4 t+4 t+4
Pl OO0 1 11211 t+5 t+5 t+4
PR|l|O|O0O]O0| 1T 12|21 t+d ]| t+d | t+6

Table 1:
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If evs(0) = evy(2) =t, evy(l) = ¢t + 1 then the following table 2 shows the total mean
cordial condition of GU P, (n < 8).

uy | ug | us | ug | us | ug | ur | ug | evp(0) | evp(1) | evn(2)
PO t+1 t+1 t
Pl 0] 2 t+1 t+2 t+1
Pl 0] 0] 22 t+3 t+2 t+3
Blolol22]1 t13 | t+3 | t+4
Bl OO0 2|2 1 t+4 t+4 t+4
Pl O|O0]0] 2|2 1 1 t+5 t+5 t+4
Pl OO0 0] 2 1 1 0 t+6 t+5 t+5

Table 2:

If eve(1l) = evp(2) =t, evs(0) = t+1 then the following table 3 establishes that GUP, (n <
8) is total mean cordial.

up | ug | us | ug | us | ug | ur | usg | evp(0) | evp(1) | evp(2)
Pl 1 t+1 t t
P12 Fr1 | el | t+2
Pl O 21210 t+2 | t+2 | t+3
Pl o0 |1 ]2]1 t14 | t13 | t+3
Bl 0] 0|1 112 ] 2 t+4 t+4 t+4
P00 |1 2210 t15 | t+4 | t+5
Ei1o|j]O0OlO] 1|1 2|21 |t+6 | t+d | t+5b

Table 3:

Subcase 3. p+ ¢ =2 (mod 3).
Put p+ ¢ = 3t + 2. Suppose evy(0) = evs(1) =t + 1, evs(2) =t then the following table
4 establishes that G U P, (n < 8) is total mean cordial.

uy | ug | us | ug | us | ug | ur | ug | evp(0) | evp(1) | evp(2)
P | 2 t+1 t+1 t+1
Pl 0] 2 t+2 t+2 t+1
P10 21210 t+3 t+3 t+3
Blolol22]1 t14 | t+3 | t+4
Blolo1]2]1 t+4 | t+4 | t+5
Pl O] 0] 2 1 2 1 0 t+5 t+5 t+5
Pl 0|00 1 1 2 1 t+6 t+6 t+5

Table 4:

Suppose evs(0) = evs(2) =t + 1, evy(1) =t then with the help of the following table 5,
we can understand that G U P, (n < 8) is total mean cordial.
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up | ug | us | ug | us | ug | ur | usg | evp(0) | evp(1) | evn(2)
Pl 1 t+1 t+1 t+1
Pl 0|1 t+2 t+42 t+1
PO 21110 t+3 | t+3 | t+3
Pl O| 12110 t+3 | t+4 | t+4
FPs| 0|01 11211 t+4 t+5 t+4
Plolo 211 0 t 15 | t45 | t+5
PR|l|O|O0O]O0] 1T 122 |1]t+6 | t+d | t+6

Table 5:

Suppose evs(1) = evs(2) =t + 1, evs(0) = t then the following table 6 establishes that
G U P, (n < 8) is total mean cordial.

up | U | us | ug | us | ug | ur | usg | evp(0) | evp(1) | evn(2)
PO t+1 t+1 t+1
Pl 0] 2 t+1 t+2 t+2
Pl O] 0] 1] 2 t+3 t+3 t+3
PBlOo|O0O|1]2]1 t+3 t+4 t+4
Pl 001210 t+4 | t+5 | t+4
Pl OO0 1 112 2 t+5 t+5 t+5
PRl|O|O0O]O0|1T |1 ]2]|2|1]|t+5 ]| t+6 | t+6

Table 6:

Case 2. n > 9.

Now we define a vertex labeling h : V(G U P,) — {0,1,2} by h(v;) = f(v;), 1<i<p
and h(u;) = g(u;), 1<i<n.

Subcase 1. p+¢ =0 (mod 3) and n =0 (mod 3).

Let p+q = 3t; and n = 3t,. In this case ev,(0) = t1 + 2t — 1, evp (1) = evp(2) = t1 + 2to.
Subcase 2. p+¢=0 (mod 3) and n =1 (mod 3).

Let p+ ¢ = 3t and n = 3ty + 1. Here evy(0) =t; 4+ 2t2 + 1, evp(1) = evy(2) = t1 + 2to.
Subcase 3. p+ ¢ =0 (mod 3) and n =2 (mod 3).

Let p 4+ ¢ = 3t; and n = 3ty 4+ 2. In this case ev,(0) = evy (1) = evy(2) = t; + 2t + 1.
Subcase 4. p+¢=1 (mod 3) and n =0 (mod 3).

Let p+¢q = 3t + 1 and n = 3ty. If evp(0) = t; + 1, evp(l) = evy(2) = t; then
evp(0) = evp (1) = evp(2) =t + 2to. If evy(1) =t1 + 1, evs(0) = evy(2) = t; then relabel
the vertex w; 1o by 0. Here also ev,(0) = ev,(1) = evy(2) = t1 + 2to. If evy(2) = t; + 1,
evp(0) = evy(1) = t; then relabel the vertices wug;, uyio by 2, 0 respectively. Hence
evn(0) = evp (1) = evp(2) =t + 2ts.

Subcase 5. p+¢=1 (mod 3) and n =1 (mod 3).
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Let p+q¢=3t1 +1and n =3ty + 1. If evy(0) =t; + 1, evs(1) = evy(2) = ¢; then relabel
the vertex u; by 2. Hence ev,(0) = t; + 2t, evy(1) = evp(2) = t1 + 2t2 + 1. Suppose
evp(l) =t1+1, evp(0) = evy(2) =ty then ev,(0) = evp (1) = t1 +2t2+1, evy(2) = 1 +2t0.
If evp(2) = t1+1, evy(0) = evp(1) = t; then evy,(0) = ev(2) = t142t2+1, evy (1) = t1+2t0.
Subcase 6. p+ ¢ =1 (mod 3) and n =2 (mod 3).

Let p4+q = 3t; +1 and n = 3ty + 2. If evy(0) = ¢t + 1, evp(l) = evy(2) = t; Here
evp(0) =t + 2to + 2, evp (1) = evp(2) = ¢4 + 2ty + 1. Suppose evp(l) = t; + 1, evp(0) =
evp(2) = t; then ev,(0) = evp(2) =t +2to + 1, evp (1) =t + 2t + 2. If evy(2) =t + 1,
evp(0) = evy(1) = t; then ev,(0) = evp (1) =t + 2t2 + 1, evy(2) =t + 2t + 2.

Subcase 7. p+ ¢ =2 (mod 3) and n =0 (mod 3).

Let p+ ¢ =3t +2 and n = 3ty. If evy(0) = 1, evp(1l) = evp(2) = t; + 1 then relabel the
vertex ugo by 0. In this case ev,(2) = t1 + 2ty + 1, evy(0) = evy(1) = ¢4 + 2t2. Suppose
evp(l) = t1, evs(0) = evy(2) = t1+1 then ev,(0) = evy (1) = t1 + 2o, evp(2) = t1+ 26+ 1.
If evp(2) = t1, evp(0) = evy(1l) = t;+1 then ev, (0) = ev,(2) = t142t5, evy (1) = t1+2t2+1.
Subcase 8. p+¢ =2 (mod 3) and n =1 (mod 3).

Let p+q = 3t1 +2 and n = 3ty + 1. If ev(0) = t1, evp(l) = evs(2) = t; + 1 then
evp(0) = evp(1) = evp(2) = t1 + 2to + 1. Suppose evs(1) = ty, evs(0) = evp(2) =t; + 1
then relabel the vertices uy, w3 by 1, 0 respectively. In this case ev,(0) = evy(1) =
evp(2) =t +2to + 1. If evy(2) = t1, evs(0) = evy(1) = t; + 1 then relabel the vertices u;,
u3 by 2, 0 respectively. Here also ev,(0) = ev (1) = evp(2) = t; + 2t + 1.

Subcase 9. p+ ¢ =2 (mod 3) and n =2 (mod 3).

Let p+¢ = 3t; +2 and n = 3ty + 2. If evy(0) = ¢1, evy(l) = evy(2) = ¢; + 1 then
evp(0) = t1 + 2ta + 1, evp(1) = evy(2) = ¢4 + 2t2 + 2. Suppose evs(1l) = t, evp(0) =
evp(2) =t + 1 then ev,(0) = evp(2) =t + 2t2 + 2, evp (1) =t + 2t + 1. If evy(2) = 4,
evp(0) = evy(1) = t1 + 1 then evy(0) = evp (1) =t1 + 2t2 + 2, evp (1) =t + 26, + 1. O

The graph O denotes the one point union of ¢ copies of the cycle C,, : uy, ua, ..., Uy, uy.
Theorem 3.2. The graph C?) is total mean cordial.

Proof. Let the two copies of the cycles be ujus . .. u,u; and vivs ... v,v1. Assume u; = v;.
It is clear that p + ¢ = 4n — 1.

Case 1. n <8.

FIGURE 1 shows that 07(12) (3 <n < 8) is Total Mean Cordial.

Case 2. n > 8.

Treat u; as uy, u;4+1 as uy and so on. Similarly treat v; as vy, v;41 as v, and so on. Assign
the labels to the vertices of the two copies of the cycle C), as in theorem 2.2.

Subcase 1. n =0 (mod 3).

Let n = 3t. In this case evs(0) = 4t — 1, evs(1) = evy(2) = 4t.

Subcase 2. n =1 (mod 3).
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Figure 1:

Let n = 3t + 1. Relabel the vertices us, w10 and uyr4 by 2, 0, 0 respectively. Then we
have evs(0) = evp(1) = evs(2) = 4t + 1.

Subcase 3. n =2 (mod 3).

Let n = 3t+2. Relabel the vertex u;4o by 0. Then evy(0) = 4t+3, evs(1) = evs(2) = 4t+4-2.
Thus f is a total mean cordial labeling of C2. O

The book B,, is the graph S,, X P, where S, is the star with m + 1 vertices.
Theorem 3.3. The book B,, is total mean cordial.

Proof. Let the vertex set of By, be V(B,,) = {u,v,u;,v; : 1 <i <m} and the edge set of
By, be E(B,,) = {uv, uu;, vv;, wv; - 1 <i <m}. It is clear that p + ¢ = 5m + 3.

Case 1. m =0 (mod 6).

Let m = 6t and ¢ > 0. Define a function f: V(B,,) — {0,1,2} by f(u) =0, f(v) =2,

flu) =0, 1<i<5t
fluss) = 1, 1<i<t
flo) = 2, 1<i<d4t
flogss) = 1, 1<i<2t.

In this case, ev(0) = evy(1) = evy(2) = 10t + 1.
Case 2. m =1 (mod 6).
Let m =6t — 5 and t > 0. Define a map f: V(B,,) — {0,1,2} by f(u) =0, f(v) =2,

S (us) 0, 1<i<bBt—4

J(ust—ai) I, 1<i<t—1

F(vi) = 2, 1<i<4t—3

f(v4t—3+i) = ]_, 1 S 1 S 2t — 2.
In this case, ev(0) = evy(2) = 10t — 7, evy(1) = 10t — 8.

Case 3. m =2 (mod 6).
Let m = 6t —4 and t > 0. Define a function f : V(B,,) — {0,1,2} by f(u) =0, f(v) = 2,
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£(us) 0, 1<i<5t—3
flusizpi) = 1, 1<i<t—1
() — 2, 1<i<4t—3
Flosses) = 1, 1<i<2t—1.

Here, evs(0) = 10t — 5, evs(1) = evs(2) = 10t — 6.

Case 4. m =3 (mod 6).

Let m =6t — 3 and t > 0. When ¢t = 1, the vertex labeling of B; given in FIGURE 2 is a
total mean cordial labeling.

Figure 2:

Assume t > 1. Define a function f: V(B,,) — {0,1,2} by f(u) =0, f(v) =2,

f(w;) 0, 1<t1<5t-3
f(USt—3+z‘) = 1, 1<:<t¢

fv) = 2, 1<i<4t-1
floggor) = 1, 1<i<2t—3.

and f(ve—3) = 0. In this case, evs(0) = evs(1) = evp(2) = 10t — 4.
Case 5. m =4 (mod 6).
Let m = 6t —2 and ¢ > 0. Define a function f : V(B,,) — {0,1,2} by f(u) =0, f(v) = 2,

Flus) — 0, 1<i<5t—2
flusg—oi) = 1, 1<i<t

F(v) — 2 1<i<4l—1
Flogrss) = 1, 1<i<2t—1.

In this case, evy(0) = 10t — 3, evs(1) = evy(2) = 10t — 2.
Case 6. m =5 (mod 6).
Let m = 6t —1 and t > 0. Define a function f : V(B,,) — {0,1,2} by f(u) =0, f(v) = 2,

£ (us) 0, 1<i<5t—1
fluse—14s) = 1, 1<i<t
F(v) — 2, 1<i<4t
Flosss) = 1, 1<i<2t—1.

In this case, evs(0) = evs(1) = 10t — 1, evs(2) = 10t. Hence B,, is a total mean cordial
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graph. O
The graph L,, = P, x P; is called ladder.
Theorem 3.4. The ladder L,, is total mean cordial.

Proof. Let V(L,) = {us,v; : 1 <i <n}and E(L,) = {uju1,00;41 : 1 <i<n—1}U
{u;v; : 1 <i <n}. Clearly p+q=5n— 2.

Case 1. n =0 (mod 6).

Let n = 6t and ¢t > 0. Define a vertex labeling f : V(L,) — {0,1,2} as follows:

flu) = 0, 1<i<5t
flus) = 1, 1<i<t
flo) = 2, 1<i<5t
flosss) = 1, 1<i<t.

In this case, evs(0) = evy(1) = 10t — 1, evy(2) = 10t.
Case 2. n=1 (mod 6).
Let n =6t + 1 and t > 0. Define a vertex labeling f : V(L,) — {0, 1,2} as follows.

F(u:) = 0, 1<i<5t+1
f(u5t+1+i) = 1, 1<i<t
f(vl) = 2, 1<:<5t—1
f(v5t,1+i) =1, 1<:<t+1

and f(ver1) = 2. Here, evs(0) = evy(1) = evp(2) = 10t + 1.
Case 3. n =2 (mod 6).
Let n =6t — 4 and t > 0. Define a vertex labeling f : V(L,) — {0, 1,2} as follows:

() =0, 1<i<5t—3
f(u5t—3+i) = 1, I<:<t—-1
F(vs) = 2 1<i<5t—4
fosimays) = 1, 1<i <UL

In this case, evy(0) = evp(1) = 10t — 7, evy(2) = 10t — 8.

Case 4. n =3 (mod 6).
Let n =6t — 3 and t > 0. Define a map f: V(L,) — {0,1,2} by

() 0, 1<i<5t—2
flusioys) = 1, 1<i<t—1
() = 2 1<i<5t—3
flosi-s+i) = 1, 1<i<t

In this case, evy(0) = 10t — 5, evy(1) = evs(2) = 10t — 6.
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Case 5. n =4 (mod 6).
Let n =6t —2 and ¢ > 0. When ¢ = 1, the graph L, given in FIGURE 3 is total mean
cordial.

Figure 3:

Define a function f: V(L,) — {0,1,2} by

Flus) — 0, 1<i<5t—2
flusiogi) = 1, 1<i<t

F(v) — 2, 1<i<5ht—3
f(USt—3+z‘) = 1, I<:<t—-1

f(ver—3) = 0 and f(ve—2) = 2. In this case, evs(0) = evs(1) = evs(2) = 10t — 4.
Case 6. n =5 (mod 6).
Let n =6t — 1 and ¢ > 0. Define a map f: V(L,) — {0, 1,2} by

() = 0, 1<i<5t—1
flusi—iys) = 1, 1<i<t
F(v) = 2, 1<i<5t—1
flosimiys) = 1, 1<i <t
Here, evs(0) = 10t — 3, evs(1) = evs(2) = 10t — 2. Hence L,, is total mean cordial. O
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