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1 Introduction

Let I be a graph without isolated vertices. Let G and H be non-empty graphs. We write
F — (G, H) to mean that any red-blue coloring on the edges of F' contains a red copy of
G or a blue copy of H. Any red-blue coloring on the edges of F'is called a (G, H)—coloring
if neither a red G nor a blue H occurs. If a graph F has a (G, H)—coloring, then we
write F' - (G, H). A graph F is called a Ramsey (G, H)—minimal if F' — (G, H), but
for every e € E(F), (F —e) - (G, H). The set of all Ramsey (G, H)—minimal graphs
is denoted by R(G, H). The pair (G, H) is called Ramsey-finite if R(G, H) is finite and
Ramsey-infinite if otherwise.

The characterization of all graphs in R(G, H) for any given graphs G and H is an inter-
esting problem. However, it is a difficult even for small graphs G and H. There are many
papers dealing with this characterization of the members of (G, H). Nesetfil and Rodl
(1978) gave some properties of G and H such that (G, H) is Ramsey-infinite. Some re-
searchers have characterized some infinite families of Ramsey (K7 o, H)—minimal graphs
(see [1, 4, 5, 6, 11, 15, 16]). Burr et al. [10] showed that the pair (G, H) is Ramsey
infinite whenever both G and H are forests, with at least one of G or H having a non-
star component. Moreover, Borowiecka-Olszewska and Haluszczak [7] gave a method for
constructing infinitely many graphs which belong to (K ,,,, G), where m > 2 and G is a
family of 2—connected graphs.

Burr et al. [8] proved that if G is a matching, then (G, H) is Ramsey-finite for all
graphs H. In the same paper, Burr et al. proved that for any graph H, R(Ky, H) = {H}
and they gave some examples of the set R(2K,, H) where H = 2K, and H = Cj, that
is R(2K>,2K5) = {C5,3K,} and R(2K,,C5) = {K5,2C5,G1} (see Figure 1). Moreover
Burr et al. [9] investigated R(G, H) in the special case where G is a 2—matching and H
is a t—matching. They also proved that R(2K5,3K3y) = {C7,4K5, G2}, R(2K,,4K,5) =
{5K>,2C5,C5 - C5,Cy, G3, G4} (see Figure 1), R(2Ky, K 2) = {Cy, C5,2K 5}

AQ QW

Figure 1: Graphs G, G2, G5 and Gj.

Mengersen and Oeckermann [12] characterized graphs which belong to R(2K5, K ,,) for
n > 3 and determined explicitly all graphs in R(2K5, K ,,) for n < 3. Baskoro and Yulianti
[3] determined all graphs in R(2K,, P,) for n = 4,5. Moreover, Tatanto and Baskoro [14]
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determined all graphs in R(2K5,2P;). Mushi and Baskoro [13] derived the properties of
graphs belonging to the class S3(3K5, P3) and obtained all graphs in this set, which can
be also found in [9] without proof, except one graph. Recently, Baskoro and Wijaya [2]
gave the necessary and sufficient conditions of graphs in R(2K5, H) for any connected H.

Theorem 1.1. [2] Let H be any connected graph. F € R(2Ks, H) if and only if the
following conditions are satisfied:

(i) for everyv e V(F),F —v 2D H,
(ii) for every K3 in F, F — E(K3) 2 H,

(iii) for every e € E(F), there exists v € V(F) or K3 in F such that (F —e)—v 2 H or
(F—e)— E(K3) 2 H.

They determined all graphs in R(2K5, K4) with at most 8 vertices.
In this paper, we give some properties of graphs belonging to R(2K3,C,,) for n > 3.
Furthermore, we characterize all graphs in the set R(2K5, Cy).

2 Main Results

As usual, V and E are used to denote the vertex set and the edge set of a graph G. If a
vertex u is adjacent to v in GG, then this edge is denoted by uv. The degree of a vertex v,
denoted by d(v), is the number of edges incident to a vertex v. If G has n vertices, then
the degree sequence of G is (dy,ds,...,d,), where d; is the degree of vertex i for every
ie[l,n]and dy > dy > ... > d,.

Let G be a graph with n vertices and m edges. For v € V(G), define G — v as a subgraph
of G obtained by removing the vertex v and all edges incident with v. Similarly, for
e € E(G), define G — e as a subgraph of G obtained by deleting the edge e but leaving
two vertices incident to e. A complete graph and cycle with n vertices is denoted by K,
and C,,, respectively. mK, is a graph consisting of m disjoint copies of K. In this paper,
we use the notation (uvwz) to describe a cycle Cy with the vertex set {u, v, w, x} and the
edge set {uv, vw, wz,uzx}. So, (vvwz) and (uwzv) denote two different cycles. Similarly,
the notation (uvw) describes a triangle K3 with the edge set {uv, vw,uw}.

We will determine explicitly all graphs in R(2K5, Cy) by using Theorem 1.1. In general,
the case (ii) of Theorem 1.1 can be replaced by (ii’) for every induced subgraph S of order
3in F, F— E(S) D H.

The following result gives some properties of graphs in R(2K,, C},), for any n > 3.

Lemma 2.1. Let F € R(2K,,C,,). Then,

@) V(E)=n+1,
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(i) d(v) > 2 for everyv € V(F),

(iii) every vertex v is contained in C,, and
(iv) every edge e is contained in C,,.
Proof.

(i) If |[V(F)| = n, then F — v has n — 1 vertices. So, F' does not contain a cycle C,, a
contradiction to Theorem 1.1(i).

(ii) Suppose that there exists a vertex v € V(F') having d(v) = 1. Then v is incident to
exactly an edge e. Thus, there exists a (2K, C,,)—coloring ¢ on the edges of F' —e.
Next, we define a red-blue coloring ¢ on the edges of F' such that ¢(x) = ¢'(x) for
x € E(F —e) and ¢(e) = blue. It is easy to verify that ¢ is a (2K;, C,,)—coloring
of F, a contradiction.

(iii) Suppose that there exists a vertex v € V(F) not contained in any C,. By the
minimality of F, we have a (2K3, C,,)—coloring ¢' of F' — v. Next, we define a red-
blue coloring ¢ on the edges of F' such that ¢(x) = ¢/(x) for x € E(F — v) and
¢(x) = blue, for all edges z incident to v. Then, ¢ is a (2K,, C),)—coloring of F, a
contradiction.

(iv) Suppose that there exists an edge e € E(F') not contained in any C,,. By the min-
imality of F, we have a (2K,, C,)—coloring ¢’ of F' — e. Next, we define a red-blue
coloring ¢ on the edges of F' such that ¢(z) = ¢'(x) for all x € E(F —e) and ¢(e) =
blue. Then, we obtain ¢ as a (2K5, C,,)—coloring of F, a contradiction. O

The next result gives all disconnected graphs which belong to R(2K5, C),).
Theorem 2.2. Let n > 3. The only disconnected graph in R(2K,, C),) is 2C,.

Proof. It is easy to see that 2C,, € R(2K,, C,,). Let F' € R(2K5,, C,,) be a disconnected
graph. So, F' contains more than one component. By Theorem 1.1(i), each component
contains a cycle C),. Then, the minimality of F' implies that F' = 2C,,. O
By Theorem 2.2 and the minimality of graphs in R(2K,, C,,), we can conclude that any
connected graph in JR(2K5, C),) must satisfy the following lemma.

Lemma 2.3. Let F' be a connected graph in R(2Ks, C,,) for n > 3. Then,
(i) every two cycles of length n in F intersects in at least one vertex,
(ii) F contains at least three cycles of length n.

Proof. Let F be a connected graph in R(2K5, C),).
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(i) Assume that we have two disjoint cycles of length n in F. Then, F O 2C,. This
contradicts to the minimality of F.

(ii) Let v be an intersection vertex of two cycles C), in F. By Theorem 1.1(i), we have
F —v D C),. Of course, the last cycle will be different from the previous two cycles.
Therefore, F' must contain at least 3 cycles of length n. O

From now on, we will determine all graphs in RR(2K5, Cy). By Theorem 2.2, a graph 2C} is
the only disconnected graph in R(2K5, Cy). So, to complete our task, we must determine
all connected graphs F in R(2K5, Cy). The minimality of F' implies that F' 2 2C,. To
determine all connected graphs F' € (2K, Cy), we will find such graphs of certain order
n. Trivially, n > 5. We will show that these graphs exist if n < 10. The following theorem
shows that K5 — e is the only connected graph of order 5 in R(2K5, Cy).

Theorem 2.4. The only connected graph of order 5 in R(2K,, Cy) is K5 — e.

Proof. First, we show that K5 —e € R(2K,, Cy). For every v € V(K5 —e), (K5—e)—v
can be either K4 or K, —e. Obviously, (K5 —e) —v 2 Cy. Moreover, for every triangle K3
in K5—e, we obtain a graph of order 5, K5 —e— E(K3) with a degree sequence (4, 3,2,2,1)
or (3,3,2,2,2). Certainly, K5 — e — E(K3) contains a Cy. So, K5 — e — (2K3, Cy). Next,
if an edge of K5 — e is deleted, then we obtain two non-isomorphic graphs K5 — 2e, say
F, with a degree sequence (4,4,3,3,2) or F, with a degree sequence (4,3,3,3,3). For
v € V(F,) with d(v) = 4, we obtain F, — v which does not contain a Cy. For the graph
Fy,, we choose a triangle K3 where two edges of K3 incident to a vertex of degree 4 in Fj,.
We obtain F, — E(K3) which does not contain a Cy. So, K5 — 2e - (2K,,Cy). Hence,
K5 — e € R(2K,, Cy).

Since K5 2 K5 — e, K5 ¢ R(2K5, Cy). Beside that, other non complete graphs of order 5
are subgraphs of K5 — e. So, K5 — e is the only graph of order 5 in R(2K,, Cy). O
We need the following lemma to find all connected Ramsey (2K, Cy)—minimal graphs of
order greater than 5.

Lemma 2.5. Let Ay and Ay be graphs of orders 7 and 6 containing two cycles of length
4, respectively, with E(A;) = E(Cy) U E(C2) and E(Ay) = E(Cy) U E(Cs), where C; =
(v1vgugvy), Co = (vgusvgvr) and C3 = (vsvgvsvg). Let F' be a connected graph and F €
MR(2K,,Cy). If F has order at least 6, then F' must contain Ay or Ay. Precisely, we have

(1) If F has order 6, then F contains A,,

(ii) If F has order 7, then F contains Ay or As, where Ay is a graph having the vertex
set V(As) = V(Ag) U{v7} and the edge set E(As) = E(As) U {vavy, vav7, v406},

(iii) If F has order at least 8, then F' contains Aj.
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Proof. Let F € R(2K,,C4). Then, F must contain a cycle of length 4, say C; =
(vivav3vy). Since there is no triangle in C;, we take an induced subgraph S of order 3
to apply Theorem 1.1(ii’). So, by Theorem 1.1(ii’), for S = {vy, va,v4}, there must be a
Cyin F — E(S). This C, is formed by involving a vertex of C; and three other vertices
vs, Vg, U7 in F, say Cy = (vqusvgv7) (the graph A;); or involving two vertices of C; and
two other vertices vs, vg in F, say Cy = (v3v4v506) (the graph As) or Cy = (v3vsv4v6) (the
graph Aj3); or involving three vertices of C; and a vertex vs in F, say Cy = (vou3v4vs5) (the
graph Ay), as depicted in Figure 2. Let F' be of order at least 6. We now consider that

Y, Y4 Yy Y
V.
v, 7 v, v, v,
v v, v, v, v,
3 Ve 3 6 3 Ve 3
v, Y,
5 5
Vo Vs Voo Vs Va Vs
A A A A

1 2 3 4

Figure 2: The possibilities of forming Cy in F' — E(S)
for some V(S) = {vy, vy, v4} when F D Cj.

F contains either A3 or Ay. If F O Aj, then by Theorem 1.1(i), F' — v3 must contain a
Cy. As a consequence, I’ will contain either Ay or As. If 7 O Ay, then by Theorem 1.1(i),
F — vy must contain a Cy. Since |V (F')| > 6, there exists at least a vertex in F other than
V(Cy) U{vs}. But every Cy in F — vy will yield that F' contains either A; or Ay or As.
Thus, the claim follows immediately.

(i) Let F be of order 6. Clearly F' does not contain A;.

(ii) Let F' be of order 7. Then, F' contains either A; or Ay. Suppose that F' contains
Ajy. Then, there must be a Cy in F' — vs, by Theorem 1.1(i). This cycle is formed
by involving three vertices in Ay and a vertex v; in F. There are five possibilities
(up to isomorphism), say Cy = (vav4v6v7), Cy = (viv4v507), Cy = (viv7v4v5), Cy =
(v1v4v6v7) or Cy = (vaugu4v7), (see the graph As, Ag, Az, Ag or Ag, respectively, as
depicted in Figure 3). From these possibilities, it is enough to consider F' O As,
since F' — v4 contains a C}.

(iii) Let F' be of order at least 8. Then, F' contains either A; or A,. If F' contains A,
then there must be a Cy in F' — vz, by Theorem 1.1(i). This cycle can be formed
by involving two vertices in Ay and two vertices v; and vg in F'; or involving three
vertices in Ay and a vertex vy in F. But, if this C; contains v; and vg, then F will
contain either A; or 2Cy. So, this Cy is formed by involving v; in F. By case (ii),



15 K. Wijaya / Journal of Algorithms and Computation 46 (2015) PP. 9 - 25

Figure 3: The possibilities of forming Cy in F' — v3 when F O Aj.

F contains As. Next, by Theorem 1.1(ii), F' — E(K3) must contain a Cy for some
K3 = (v3v4vg). This cycle is formed by involving three vertices of A5 and a vertex
vg in F. So, the edge v;vg must be in F' for some i € [1,7]. But, this cycle cannot
involve the edge v;vg for every i € [1, 7], since it causes F' containing A;. O

In the next result, we consider all graphs in Figure 4. First, we consider the graph F}
which has the vertex set V(F) = {v1,v9,...,0s} and the edge set E(F}) = {vv;41 | 1 =
1,2,...,5} U{vvy, v106, 0306 }. We prove that the graph Fj is the only graph of order 6
in R(2K,, Cy) by the following theorem.

Theorem 2.6. The only connected graph of order 6 in R(2K,, Cy) is F.

Proof. First, we prove that F} € (2K, Cy). We can verify easily that for every i € [1, 6],
Fy — v; contains a Cy. Next, consider two cycles of length 4, namely C; = (viv9v30y),
Cs = (v3v4vsv6) and an edge vivg in Fy. If an edge e of the cycle C; is deleted from F,
then we obtain (Fy —e) —vg 2 Cy. Moreover, (F} —e) — vy 2 Cy if an edge e on the cycle
Cs is deleted from F. Finally, (F; — vjvg) — v3 2 Cy. So, Fi € R(2K,, Cy).

Now, we prove that the connected graph of order 6 in R(2K,,Cy) is Fy. Let F' be a con-
nected graph having the vertex set V(F') = {vy, v, ..., vs}. Suppose that F' € R(2K5, Cy)
but F' # Fj. By Lemma 2.5(i), F contains Ay. By the minimality of F, F' 2 2Cy and
F 2 Ks — e. By Theorem 1.1(i), F' — v3 must contain a Cy. Since F # Fy, the edges
V16, 1ovs & E(F'). So, there must be the edges vovy and vvs in F' (the graph Ag) or
edges vyug and vyvg in F (the graph Ass) (see Figure 5). Next, if F' contains either Ag; or
Asgg, then F' — vy must contain a Cy, by Theorem 1.1(i). This cycle is formed by involving
an edge v3vs in F' when F' O Agp (see the graph As,) and an edge v1v3 in F when F' O Ag,
(see the graph Ag,). Otherwise F' contains Fj.

Furthermore, by Theorem 1.1(ii), we must form a Cy in F'— E(K3) for some K3 = (vjv4v5)
when F' contains Ay, or K3 = (v3v4vs) when F' contains Ag,. As a consequence, F' will
contain F}, a contradiction. U
Next, we will find all Ramsey (2K, C4)—minimal graphs of order 7. We consider the
graphs Fy, F3, Fy and Fj as depicted in Figure 4. We will prove that Fy, F3, Fy and Fj
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QPP Y

Figure 5: The process of forming a Cy when F' contains A,.
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are the only Ramsey (2K, Cy)—minimal graphs of order 7 as follows.

Theorem 2.7. The only connected graphs of order 7 in R(2K5,Cy) are Fy, F3, Fy and
F5.

Proof. We can show easily that Fy, F3, Fy, Fy satisfy Theorem 1.1 (i) and (ii). To show
the minimality of F5, consider the first line of Figure 6. Let e be any edge in F5. Then,
e must be in a (bold) C4. Now, consider F' — e. Then, color all dash-line edges by red
and the remaining edges by blue. Thus, this coloring is a (2K,, Cy)—coloring of F, — e.
Therefore, F» is a Ramsey (2K5, Cy)—minimal graph. Similarly, by considering Figure 6,
we can show the minimality of F3, Fy and F5.

red edge blue edge one of blue edges deleted
O------ 0 Oo——>° O

Figure 6: Some red-blue coloring of F5, F3, Fy and F; contain a red K, and a blue Cjy.

Now, we prove that the connected graphs of order 7 in R(2K5, Cy) are Fy, F3, Fy and F5.
Let F' € R(2K,, Cy) be a connected graph having the vertex set V(F) = {v1, v, ..., v7}.
By the minimality, ' does not contain K5 — e or Fj. By Lemma 2.5(ii), F' contains A; or
As.

First, we observe that F' contains A;.There must be a Cy in F' — vy by Theorem 1.1(3i).
Up to isomorphism, there are five possibilities to form this Cy by involving some edges
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other than e € F(A;), that is Cy = (v1v3v9vg) (the graph By), Cy = (vivov3v7) (the graph
By), Cy = (vivzvavy) (the graph Bs), Cy = (v1v9v6v7) (the graph By) or Cy = (vivzvsv7)
(the graph Bs), as depicted in Figure 7.

Figure 7: The possibilities of forming C4 in F' — vg when F O A;.

Now, consider that F' contains B; for every ¢ € [1,5]. If FF O By, then F = By since By is
isomorphic to Fy. Consider a triangle K3 = (vivqv7). If F D B; for ¢ € [2,5], then there
must be a Cy in F'— E(K3), by Theorem 1.1(ii). But this Cy makes F' not minimal, when
F D B; for i = 2,3,5. Next, if F' O By, this cycle is formed by involving an edge in F|
namely v9v5 or v3v5. We obtain the graph F' with either the edge set E(F') = E(By)U{vyvs}
or E(F) = E(By4) U {v3vs} which is isomorphic to either Fy or Fj, respectively. So, Fj,
F; and Fy are all Ramsey (2K5, Cy)—minimal graphs of order 7 containing A;.

Now, we will find all Ramsey (2K5,Cy)—minimal graphs of order 7 containing As. By
Theorem 1.1(ii), F'— E(K3) must contain a Cy for some K3 = (v3v406). Since F' does not
contain Ay, one of the edges vivs, v1vg, V1V7, VoUs, V4VU7, Usv7 does not involve in F. By the
minimality, this cycle is only formed by involving an edge vyvg in F. We obtain the graph
F with E(F) = E(As) U {vyvs} which is isomorphic to Fj. O
Next, we will determine all graphs of order 8 in (2K, Cy). We consider the graphs Fg,
Fr Fy, Fy, Fio, F11 and Fi9 as depicted in Figure 4. The following theorem prove that
Fs, F;, Fy, Fy, Fio, F11 and Fyy are the only Ramsey (2K, Cy)—minimal graphs of order
8.

Theorem 2.8. The only connected graphs of order 8 in R(2Ks, Cy) are Fg, Fr, Fg, Fy,
Fio, F11 and Fys.

Proof. We can easily notice that for i € [6,12], the graph F; satisfy Theorem 1.1 (i) and
(ii). The proof of the minimality of F' € {Fg, Iy, ..., Fio} is done in the same fashion as
in Theorem 2.7. In Figure 8, for any edge e € E(F'), we construct a red-blue coloring
such that there exist a red Ky and exactly a blue Cy. Thus for every edge e € E(F'), we
obtain a (2K3, Cy)—coloring of F' — e.

Now, we prove that the connected graphs of order 8 in R(2K,,Cy) are Fg, Fr, Fg, Fy,
Fio, F11 and Fio. Let F' € R(2K,, Cy) be a connected graph with the vertex set V(F) =
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Figure 8: Some red-blue coloring of F' of order 8 contain a red K5 and a blue Cj.

{v1,v9,...,vs}. By the minimality, F' does not contain 2Cy, K5 — e, Fy, Fy, F3, Fy or F5.
By Lemma 2.5(iii), F' contains A;. There must be a Cy in F' — vy by Theorem 1.1(i). This
cycle is formed by involving three vertices in A; and a vertex, say vg. Up to isomorphism,
there are six possibilities, say Cy = (v1vausv6) (the graph Dy), Cy = (v1vov6vg) (the graph
D,), Cy = (v1v3vsv6) (the graph D3), Cy = (vivausvr) (the graph Dy), Cy = (viv7v9vg)
(the graph Ds) or Cy = (viv3v7vg) (the graph Dg), as illustrated in Figure 2.

Now, we consider that F' contains D; for every i € [1,6]. The graphs D;, Dy and Dj
are isomorphic to Fg, 7 and Fg, respectively. Furthermore, if F' contains either D4 or
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Figure 9: The possibilities of forming Cy in F — vy
when F' O A; by involving vg in F.

Ds, then there exists a triangle K3 = (vyv4v7) which yields that F' — E(K3) does not
contain a Cy. If ¥ O Dy, then this cycle is formed by involving three edges in F say
either Cy = (vjvsv7vg) or Cy = (vzvsvgug). We obtain the graph F' with either the edge
set E(F) = E(D4) U {vjvs,v108, 0507} or E(F) = E(Dy) U {vsvs, v3vs, vgvg} which is
isomorphic to either Fy or Fig, respectively. Next, if /7 D Ds, then this cycle is formed
by involving two edges in F, say either vovy,vsvs € E(F) or vzvs,vzv; € E(F). We
obtain the graph F with either the edge set E(F) = E(Ds) U {vovy, v305} or E(F) =
E(Ds) U {vsvs, v3v7} which is isomorphic to either Fy or Fa, respectively. Moreover, we
consider F' containing Dg. There exists a triangle K3 = (vsv4v7) such that F'— E(K3) does
not contain a 4. By the minimality, this C; is formed by involving two edges in F) say
v107, vgvs € E(F'). We obtain the graph F' with the edge set E(F) = E(Dg) U{viv7, v6vs}
which is isomorphic to Fi;. ]
In the next result, we will find all graphs of order 9 which belong to R(2K5,Cy). We
consider the graph of order 9 in Figure 4, namely Fis, Fly, ..., Fb.

Theorem 2.9. The only connected graphs of order 9 in R(2K5, Cy) are Fi3, Fiy, ..., Fa.

Proof. We can easily notice that Fis, Fla, ..., Fy satisfy Theorem 1.1 (i) and (ii). The
proof of the minimality is done in the same fashion as in Theorem 2.7. In Figure 10 and
11, for every edge e in F' € {Fi3, Fla, ..., F5}, we construct a red-blue coloring of F' such
that there exists a red K, and exactly a blue Cy. Thus, for every e € E(F') we obtain a
(2K,, Cy)—coloring of F' — e.

Now, we prove that the connected graphs of order 9 in R(2K,, Cy) are Fi3, Fly, ..., Foo.
Let F' € R(2K,,Cy) be a connected graph having the vertex set V(F) = {v1,va,...,v9}.
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Figure 10: Some red-blue coloring of Fi3, Fi4, Fi5, Fig and Fi7
contain a red Ky and a blue C}.

By Lemma 2.5(iii), F' contains A;. By Theorem 1.1(i), there must be a Cy in F — v,.
Then, this Cy must contain at least one vertex of vg and wvg. So, (up to isomorphism)
there are seven possibilities to form this cycle, that is Cy = (v1vsv7v9) (the graph Ej),
Cy = (vvgvgvg) (the graph Ey), Cy = (vaugvgug) (the graph Ej), Cy = (vivrvgvg) (the
graph Ey), Cy = (vjvzvrug) (the graph Es), Cy = (vivaugvy) (the graph Eg) or Cy =
(viv7vvs) (the graph Ey), as illustrated in Figure 12.

Now, consider that F' contains F; for every i € [1,7]. The graphs E;, Fy and E3 are
isomorphic to Fi3, Fi4 and Fys, respectively. If F' O Ej, then by Theorem 1.1(ii), F —
E(K3) must contain a Cy for some K3 = (vjv4v7). By the minimality property and up to
isomorphism, there are three possibilities to form this cycle, that is Cy = (vyvav4vg), Cy =
(v1v3v4vg) or Cy = (v1v3v705). We obtain the graph F having the edge set E(F) = E(E,)U
{v1vg, vavg, v4vg}, E(F) = E(Ey) U{vivs, v1vs, v4vs} or E(F) = E(Ey) U {v1vs, v10s, v307 }
which is isomorphic to Fig, Fi7 or Fig, respectively. If F' O Ej5, then by Theorem 1.1(ii),
F — E(K3) must contain a Cy for some K3 = (v3v4v7). By the minimality property, there
are five possibilities to form this Cy, that is Cy = (vivgvgvy), Cy = (viv7v8v9), Cy =
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Figure 11: Some red-blue coloring of Fig, Fig, Fog, Fo1 and Fyo
contain a red Ky and a blue Cj.

(v1v7vgvs), Cy = (v4vgvgus) or Cy = (vV1V7v6v9). We obtain the graph F' having the edge
set E(F) = E(Es5)U{vivg, v4vs, 0809}, E(F) = E(E5)U{v1v7, 0109, V809 }, E(F) = E(E5)U
{v1v7, V709, 309 }, E(F) = E(Es5)U{v4vs, vsvg, V809 } or E(F) = E(FE5) U {viv7, 0109, UgUg }
which is isomorphic to Fig, Fig, Foa, Fby or Fyy, respectively. Next, if F' contains either
Eg or Ey7, then by Theorem 1.1(ii), F' — E(K3) must contain a Cy for some K3 = (v10407).
If F O Eg, then this C); can be formed by involving four edges in F| that is either
Cy = (vn1vs5v9v6) or Cy = (vV105V7V9). We obtain the graph F' having either the edge set
E(F) = E(Eg) U {vvs, 0106, Usvg, 609 } or E(F) = E(Eg) U {vvs5, 0109, U507, V709 } which
is isomorphic to either Fyy or Fyy, respectively. If F' O FE;, then this Cy is formed by
involving three edges in F| that is Cy = (v3v7v6v9). We obtain the graph F' with the edge
set E(F) = E(E;) U {vsvr,v309, 609} which is isomorphic to Fyy. Hence, the connected
graphs of order 9 in R(2K5,, Cy) are Fig, Fiy, ..., Fbo. O
Finally, we will find all graphs of order 10 belonging to R(2K,, Cy). We consider the
graphs Fy3 and Fyy in Figure 4.

Theorem 2.10. The only connected graphs of order 10 in R(2K,, Cy) are Fas and Fyy.
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Figure 12: The possibilities of forming a Cy in F' — vy when F' D Ay
by involving two vertices vg and vy in F.

Proof. We can notice easily that Fo3 and Fyy satisfy Theorem 1.1 (i) and (ii). The proof
of the minimality of Fy3 and Fyy is done in the same fashion as in Theorem 2.7. In Figure
13, for every edge e in F € {Fy3, F54} we construct a red-blue coloring of F' such that
there exists a red K, and exactly a blue Cy. Thus, we obtain a (2K,, C;)—coloring of
F—e.

Figure 13: The red-blue coloring of F' of order 10 contains a red K, and a blue Cj.

Now, we prove that the connected graphs of order 10 in R(2K5,Cy) are Fyy and Foy.
Let F' be a connected graph in R(2K,, Cy) where V(F) = {vy,va,...,v10}. By Lemma
2.5(iii), F' contain A;. By Theorem 1.1(i), F' must contain a Cy in F'—v,. Since F' does not
contain 2C}, this C'y must contain a vertex in cycle C; = (vjvav3v4) and a vertex in cycle
Co =(v4v5v6v7). So, this cycle is formed by involving two vertices, say v; and vg in F that
is Cy = (v1v7vsv9) (the graph Ej in Figure 12). Next, if F' contains £y, then by Theorem
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1.1(ii), F — E(K3) must contain a Cy for some K3 = (v1v4v7). By the minimality and up
to isomorphism, this Cj is formed by involving three edges in 4 and a vertex vy in F| say
either Cy = (v1v3v7v10) or Cy = (v1U5v19v6). We obtain the graph F' having either the edge
set E(F) = E(FEy) U {vvs, v1010, v307, 07010} or E(F) = E(E4) U {vivs, v106, V5010, UsU10 }
which is isomorphic to either Fb3 and Fyy, respectively. O

Lemma 2.11. The order of a connected graph F' in R(2K5, Cy) is at most 10.

Proof. Let F be a connected graph in R(2K,,C,) and |V(F)| = 11 where V(F) =
{v1,v9,...,v11}. By Lemma 2.5(iii), F' contains A;. By Theorem 1.1 and the minimality
of F, there is only one possibility to form this Cy, say (viv7vsv9) (the graph E, in Figure
12). Next, by Theorem 1.1(iii), there must be a Cy in F' — E(K3) for some K3 = (v1v407).
This 'y must contain both vertices v and vy;. Since F' does not contain 2CY, at least
another vertex must be contained in two different cycles of length 4 in F that is vy, v or
v7. Without loss of generality, we may assume v; is contained in Cy C F' — E(vjv4v7). So,
up to isomorphism, the other vertex is either v, or vs. But the resulted graph contains
either Fi3 or Fiy. It implies that F' is not minimal. OJ
By Theorems 2.2, 2.4, 2.6, 2.7, 2.8, 2.9, 2.10 and Lemma 2.11, we have the following
theorem.

Theorem 2.12. R(2K,,Cy) = {2Cy, K5 — e} U{F; | i € [1,24]}. O
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