?
&
d

\ J Journal of Algorithms and Computation
VAKOOD> journal homepage: http://jac.ut.ac.ir

Edge pair sum labeling of spider graph

P. Jeyanthi*! and T. Saratha Devi'?

1 Research Centre, Department of Mathematics, Govindammal Aditanar College for Women

Tiruchendur, Tamil Nadu, India.

?Department of Mathematics, G. Venkataswamy Naidu College, Kovilpatti, Tamil Nadu, India.

ABSTRACT

ARTICLE INFO

An injective map f : E(G) — {£1,£2,--- ,+q} is said
to be an edge pair sum labeling of a graph G(p, q) if the
induced vertex function f* : V(G) — Z — {0} defined

by f*(v) = > f(e) is one-one, where E, denotes the
eckEy

set of edges in G that are incident with a vetex v and
f*(V(G)) is either of the form {:I:kl, +ho, - ,ik‘%} or
{ikl, +ky, - - ,ik%q} U {ka-H} according as p is even
or odd. A graph which admits edge pair sum labeling is
called an edge pair sum graph. In this paper we exhibit

some spider graph.
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1 Introduction

All graphs in this paper are finite, simple and undirected. For standard terminology
and notations we follow Gross and Yellen [1]. The symbols V(G) and E(G) denote the
vertex set and edge set of a graph. R. Ponraj et. al. introduced the concept of pair sum
labeling in [8] . An injective map f : V(G) — {£1,£2,...,£p} is said to be a pair sum
labeling of a graph G(p, q) if the induced edge function f. : E(G) — Z — {0} defined by
fe(uv) = f(u)+ f(v) is one-one and f.(E(G)) is either of the form {j:kl, +ko, ..., j:k%}}

or {ikl, b nd 7 ik%} U {Z‘:kg_—;l} according as ¢ is even or odd. A graph with a pair
sum labeling, it is called a pair sum graph. Analogous to pair sum labeling we define a
new labeling called an edge pair sum labeling in [3] and further studied in [4]-[7]. We
proved that the path, cycle, star graph, P,, U K ,,C, ® K, if n is even, triangular snake,
bistar, K, U K ,,, C,UC, and complete bipartite graphs K, are edge pair sum graph.

Definition 1.1. A tree is called a spider if it has a center vertex ¢ of degree R > 1 and
all the other vertex is either a leaf or with degree 2. Thus a spider is an amalgamation
of k paths with various lengths. If it has x1’s path of length ay,xs’s path of length as, . . ..
We shall denote the spider by SP(ai',a5?,...,al™) where a; < as < -+ < a, and
r1+xy+ - +x, =R[9)]

Theorem 1.2. The spider graph SP(1™,2") is an edge pair sum graph.

Proof. Let V(SP(1™,2Y) = {w,v,u; : 1 < i <

E(SP(1™2Y) ={e; =uv; : 1 <i<m,e, =uu; : 1 <i<te
the vertices and edges of the graph SP(1™,2").

Define the edge labeling f : E(SP(1™,2%)) — {£1,£2,...,£(m+2t)} by considering the

following three cases.

Case (i) mis odd and t is odd.

fler) = =1, for 1 < i < m21’ fler) = (26 +1) = —f<€mT+l+Z-> for 1 < i < %,

f(el) = (m+2i) = f<et ) )andf( N=20=—f(e], - ),f(eg):—(m—i—t-kl) and

f(e}) = (m +t+2). The induced vertex labeling are as follows () = =1 =—f*(w),

for 1 <i <™ f*(vy) = (20+1) = —f* <'Um+1 ) for 1 <i < 5L f*(u;) = (m+4i) =

—f (uepe ) (s = 2= = (us., ) and f(uz) = <m+t+2> = —f*(u). From

the above vertex labeling f*(V(SP(1™,2%))) = {£1,+3,£5,...,tm, £2, +4,4+6,..., +(t—

Jj < 2t} and
= wjugy; 1 < i <t} be
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1), £(m+4),£(m+8),...,£(m+ 2t —2),£(m + ¢t + 2)}. Hence f is an edge pair sum
labeling of SP(1™,2").
The example for the edge pair sum graph labeling of SP(1™,2") for m = 3 and ¢t = 3 is

shown in Figure 1.

Figure 1.
Case (ii) m is even and ¢ is odd.
For 1 <i <%, fe) =(2i4+1)=—f (emﬂ-),f(e’l): )=—-2,for1 <i< &L
flely) =(m+2i4+1)=—f <e’t#+i) and f(ef,;) = ( {_+) The mduced
vertex labeling are as follows, for 1 <i < 2 f*( ) (22 +1 /(v Vm ) ff(uy) =
= ), fr () = =2, for 1 < i < t L (ungs) = (m—|—4z +3) = (ut+l+
and f*(ug144) = 2(1 +14) = —f* <UBt+1 ) From the above vertex labeling we get

fA(V(SP(1™,2Y)) = {£3,45,...,£(m +1),+1,+4,+6, ..., £t + 1), £(m + 7), =(m +
11),...,£(m +2t+ 1)} U{—2}. Hence f is an edge pair sum labeling of SP(1™,2").
Figure 2 illustrates the edge sum graph scheme for SP(1™,2") where m =2 and ¢t = 1.

Figure 2.

Case (iii) m is even and ¢ is even.

fler) = =1, f(e2) =2, for 1 <i < B —1, f(eaqs) = (2i+1) = —f (€%+1+z’) Jfor1 <i <4,
fleh)y=m+2i—-1)=—f <e’%+i) and f(e!)=2(141i)=—f <e’%’+i) . The induced vertex
labeling are f*(vy) = —1 = —f*(u), f*(v2) =2,for 1 <i < — 1, f*(voys) = (20 +1) =
—f* (vm+1+i), for 1 <i <% f*u) =(m+4i+1)=—f* <u%+l> = and f*(ugy) =
21 +14) = —f* (U3t ) From the above vertex labeling we get f*(V(SP(1™,2Y))) =
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{£1, 43,45, ..., £(m — 1), 44,46, ..., £(t + 2),£(m + 5), £(m + 9),..., £(m + 2t +
1} u{2}.

Hence f is an edge pair sum labeling of SP(1™,2"). O

The example for the edge pair sum graph labeling of SP(1™,2") for m = 2 and t = 2 is

shown in Figure 3.

Figure 3.

Theorem 1.3. The spider graph SP(1™,2!,3) is an edge pair sum graph.

Proof. Let V(SP(1™ 2", 3)) = {u,v;,uj,v:1<i<m,1<j<2t+2}and E(SP(1™,2"3)) =
{e; =wv; : 1 <i<m, forl <i<t+1, €, =uu;ande] = ujtgy14i, €] = ugov} be the ver-
tices and edges of the graph SP(1™, 2 3). Define the edge labeling f : E(SP(1™,2,3)) —
{£1,+£,2,...,+(m + 2t + 3)} by considering four cases.

Case (i) m is even and ¢ is even.

for 1 <i <%, fle;) =(2i—1) = —f(emy), for 1 <i <L flef) = (m+2i—1) =
—f (¢y) and f(el) = 2i+6) = = (€.} Flehr) =2, flefy) =4 and f(el) = —6.
The induced vertex labelings are for 1 < i < %, f*(v;) = (2i — 1) = —f* (U%_H'), for
1< <8, f () = (i 5) = =7 (ugy ) and () = 2i46) = —f* (usgay,)
fr(uepr) = 6= =f*(v), f*(uars) = =2 = —f*(u)

Figure 4.
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From the above arguments we get f*(V(SP(1™,2%,3))) = {£1,£3,£5,...,£(m—1),+6,+8,+10,. ..

6),£2,+(m+9),£(m+13), £(m+17),...,£(m+2t+5)}. Hence f is an edge pair sum

labeling of SP(1™, 2%, 3).

Figure 4 shows that SP(1™, 2" 3) is an edge pair sum graph for m =4 and ¢ = 2.

Case (ii) m is even and ¢ is odd.

For 1 <i <% f(e;) = (5+2i) = —f (emys), for 1 < i < 54 fef) = (m+ 2i +

5) = ~f i) and f(ef) = (2+20) = =f (ela,,) . Sle)) = =2, flefn) = -1,

f (e;’ﬂ) = 3 and f(e]) =5 = —f(€}"). The induced vertex labelings are as follows, for

1< <2 f(v) = (2i+5) = —f (vay), for 1 < i <5 f(w) = (m+7+

wey,) and S = 2420) = —f* (wap, ), flw) = 3 = —f*(w)

f (Ut+1) = —f*(ugso) and f*(ugi1) =5 = —f*(v). From the above vertex labeling

we get f*(V(SP(1™,2%,3))) = {£2, 43,45, £7, 49, ..., £(m + 5), £(m + 11), £(m +
15),...,=(m + 2t + 5),4+4,4+6,...,+(t + 1)}. Hence f is an edge pair sum labeling of

SP(12k,2t,3).

Figure 5 shows that the spiders SP(1™, 2" 3) is an edge pair sum graph labeling for m = 4

and t = 3.

VR
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Figure 5.

fler) =1, fley) =2, f(ef) = (m+2) = —f(e]'), for 1 <i < 2, flers) = (20 +1) =
—f<€mT+1+Z~ Jfor 1 <@ <54 flely) = (m+2i+2) = —f <et+1 )and flely) =

(m+3+2i) = —f <e’t’71+l.> , flery1) = —4, and f(e, ;) = —2. The induced vertex labelings
are f*(vl) = —f*(u), f*(uy) = (m+4) = —f*(ugeya), for 1 < i < 2L f*(yy ) =
(20 + 1) < ) for 1 gig%, f*(u1+i):(2m+5+4z):—f (u%ﬁ

and f*(ugra+i) = (m +3 +21) = —f (U%H)a frue) = (m+2) = —f*(v) =
f(e]") and f*(usy1) = —6. From the above vertex labeling we get f*(V(SP(1™,2%3))) =
{£1,4£3,£5,...,+m, £(m+2), £(m+4), =(m+5),=(m+7),...,£(m+t+2), =(2m+
9),£(2m + 13),£(2m + 17),...,£(2m + 2t + 3)} U {—6}. Hence f is an edge pair sum

labeling of SP(1™,21,3).
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Case (iv) mis odd and t is even.

fler) = =1, f(ehy) = 2, for 1 < i < 2L flery) = (2i+1) = —f <em+l+z) for 1 <
i<t f(el) = (m+2)=—f <et ) and f( "y = (2i+6) ( v ) f(ely)) =4 and
f(e") = —6. The induced vertex labelings are f*(vy) = ff(u), for 1 < i < 2=

[H(or) = (2i+1) = —f* <’Um_+1+i> for 1 <i <, f*(ul) = (m+42+6) =—f* <u%+l> :
and f*(ug144) = (20 +6) = —f* <U3t+2 ) , ff(v) = =6 = —f*(upy1), and f*(ugeyo) =
—2. From the above arguments we get f*(V(SP(1™,2",3))) = {£1,+3,£5,...,£(m —
2), £6,£8, £10, ..., £(t+6), £(m+10), £(m+14), £(m+18),..., £(m+2t +6) U{—2}.
Hence f is an edge pair sum labeling of SP(1™,2¢,3). O

Figure 6 shows that the spiders SP(1™, 2 3) is an edge pair sum graph labeling for m = 3
and t = 4.

Figure 6.

Theorem 1.4. The spider graph SP(1™, 2" 4) is an edge pair sum graph.

Proof. Let V(SP(1™,2",4)) = {u,v;,u;,vj,vy : 1 < i < m,1 < j < 2t+ 2} and
E(SP(1m,254)) = {e; = uv; : 1 < i < m, forl < i < t+ 1€ = uwande,, ,; =
Uillgy 144, €] = Ugpyov], €] = vivh} be the vertices and edges of the graph SP(1™,2¢ 4).
Define the edge labeling f : E(SP(1™,2%,4)) — {£1,+2,...,+(m + 2t + 4)} as follows
by four cases.

Case (i) mis odd and t is odd.

Fler) = 1, (6D = =2, ) = =5, £ = 2 or 1 <1< 251, fleas) = (2 47) =
—f (emT-H+Z-> for 1 <i <55 fleiy) = (m+2i46) = Z) and f(ej, o) =

i S
(6 +2i) = —f <63t+3 ) fler) = =3, f(eho) = 4 and f(ej,,) = 5. The induced
< mol
1

l

vertex labelings are f*(v;) = —1 = —f*(ugq1), for 1 < 4 = (i) = (20 +
D) = £ (vmpr) = F) = T = —f) = T, for 1< 0 < 5 [ () =
(m+12+40) = —f* (wesry,) and f*(weas) = (6+20) = —f* (usga,)  f*(uira) =
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5 = —f*(vh) = =5, f*(ua2) = 2 = —f*(u) = —2. From the above vertex labeling we
get FH(V(SP(1™,2t,4))) = {£1,£2, £5,£7,£9, £11,...,£(m + 6), £(m + 16), £(m +
21),+(m+24),...,£(m + 2t + 10), £8,£10,...,+(t + 5)}.

Hence f is an edge pair sum labeling of SP(1™, 2 4).

Figure 7 shows that SP(1™,2" 4) is an edge pair sum graph for m = 3 and ¢ = 1.

Case (ii) m is odd and t is even.

Fler) =5, F(e) = 3, F(e}) = =5, for 1 < < 252, flerys) = (264 5) = (emss,)
—(2i+5), for 1 <i < L, f(e]) = (m+22’+4) =~/ (¢r) s Sy = (i +2)
—f (e’gt_JrgH) , f(€i1) = =2, f(€hy9) = —1. The induced vertex labelings are f*(v)
5=—f*(vh) = =5, for 1 <i <24 f*(vy) = (204 5) = —f* <Um_+l+i> for 1 <i<
) = (mt4i+6) = —f (ugss) s and f ) = 2i+2) = = (usgz, ) ,
[*(upr1) = =3 = —f*(u) = 3 and f*(ugry2) = 2 = —f*(v1). From the above vertex label-
ing we get f*(V(SP(1™,2%,4))) = {£2, £3,£5,£7, 49, ..., £(m +4), £4, +6,. .., £(t +
2),£(m +10), £(m + 14), £(m + 18),...,£(m + 2t + 6)}.

wlﬁ

Figure 8.
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Hence f is an edge pair sum labeling of SP(1™, 2 4).

The example for the edge pair sum graph labeling of SP(1™,2¢ 4) for m = 3 and ¢t = 2 is
shown in Figure 8.

Case (iii) m is even and ¢ is odd.

For 1 <4 < %, fle;) = 20+ 1) = —f(emyi), fler) = =1, flef) = —(m + 3),
Jel) = =(m+2), for 1< i < 5Y f(ehy) = (m+2i+3) = —f (¢iy,) and
F(€hars) = (m42+420) = —f (€ ), F(€hyn) = (m43), F(€lys) = 2, f(ehyya) = (m+2)
The induced vertex labeling are for 1 <7 < %, f*(v;) = (20 +1) = —f* (’U%H) , [ (uy) =
1= —f*(ugs2),for1 <i < %, “(u144) = (2m~45+4i) = — f* (qu ) and f*(ugro1;) =
(m+2+2i) = —f~ (U%H) s [ (ueer) = (2m+5) = —f*(v)), f*(ug2) = 2 and f*(v3) =
—(m +2) = —f*(u). From the above vertex labeling we get f*(V(SP(1™, 2" 4))) =
{£1, 43,45, £7, ..., £(m + 1), £(2m + 9), £(2m + 13),..., £(2m + 2t + 3), £(2m +
5), £(m + 2),i(m + 4),j:(m +6),...,£(m +t+ 1)} U {2}. Hence f is an edge pair
sum labeling of SP(1™,2" 4).

The example for the edge pair sum graph labeling of SP(1™, 2" 4) for m = 2 and ¢ = 3is

shown in Figure 9.

Figure 9.
Case (iv) m is even and t is even.
For 1 <@ < %, f(e;) = (20 +3) = —f(e%Jri), for 1 <@ < L f(e)) = (m+2i+
3) = —f <€/t+> fletiy) = (m+20+4) = —f (6/3t+2+>> flet) = 2, fleqps) =
4, f(ef) = =1, f(e]") = —2. The induced vertex labeling are for 1 < i < %, f*(v;) =
(20 4+3) = =f*(vpyi), for 1 <0 < & f*(w) = @m+4i+7) = —f uty;) and
[ruag) = (m+2i+4) = —f* <u¥+i>a [r(uae2) = 3 = —f(v)), [(vy) = =2 =

—f*(u) and f*(uz11) = 6. From the above vertex labeling we get f*(V(SP(1™, 2%, 4))) =
(£2, 43,45, ..., £(m+3), £2m+11), £(2m+15), ..., £(2m+2t+7), £(m—+6), £(m+
8),+£(m+10),...,£(m+t+4)} U {6}.

Hence f is an edge pair sum labeling of SP(1™, 2 4). O
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The example for the edge pair sum graph labeling of SP(1™,2" 4) for m =2 and ¢t = 4 is

shown in Figure 10.

Figure 10.

Theorem 1.5. The spider graph SP(1™,3" 4) is an edge pair sum graph if t is even.

Proof. Let V(SP(1™ 3", 4)) = {u,v;,u;,v; : 1 <i<m,1<j<3t+3}and E(SP(1™, 3" 4)) =
{ei =w; 01 <i<m,forl <i<t+1€ =uu,e 1, = Uiy and € o, =

Uy 144Ut s24i, €7 = uzey3v] } be the vertices and edges of the graph SP(1™, 3" 4).

Define the edge labeling f : E(SP(1™,3"4)) = {£1,+2,...,+(m+ 3t + 4)} as follows.
Case (i) m is odd.

fler) =5, for 1 < i < =L fley,,) = (20 +5) = —f<em+1 ) for 1 < i<t f(e)

(m+2i+4)=—f (€t ) (€ir1y) = (m+t+4+20) =—f <€M+-> WICHPE
(6+20) = —f (¢ua,,) Slehye) = =1 F(hus) = 3, J(e) = =5, f(ely)) = =2
The induced vertex labelings are f*(vi) = 5 = —f*(v}), for 1 < i < 2L f*(pyy,) =

(20 +5) = —f* (Um+1 ) for 1 <i <% f"(w)=0Cm+t+8+4)=—f <u%+i>,
S (upir4i) = (mA+1+10444) = — f~ (USH? ) and f*(usp424:) = (642i) = —f~ (U5iT+4+z> ;
[ (useys) = =2 = —f*(ugre), f*(u) =3 = —f*(ugy1). From the above arguments we get
FAV(SP(1™,3t,4))) = {2, £3, £5, £7, £0, £11, ..., £(m+4), £(2m+t+12), £(2m-+t+
16), ..., £(2m+3t+8), £(m+1+14), £(m+1+18), .. ., (m+3t+10), £8, £10, . . ., £(t+6)}.
Hence f is an edge pair sum labeling of SP(1™, 3¢, 4).

Case (ii) m is even.

For 1 <i <%, f(e;) = (20 +5) = —f(e%ﬂ-), for 1 <i <L fle)=(m+2i+5)=
—f (e%J”) , fleay) = (m+t+5+2i) = —f <e/3tT+2+l-> and f(€y 9y;) = (64 2i) =
—f@gﬁﬂaﬂ%w)Z—Lf@ﬁz—lf@H)Zdeﬂ%w)=4TMHﬁmM
vertex labeling are for 1 < i < 2 f*(v1y;) = (20 +5) = —f* (vmyy), for 1 < i < L

29

Fr(w) = 2m+t+10+4i) = —f* <u+) F(Uesags) = (mAt+1144i) = —f* (u7++)
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and f*(upy21:) = (6 +2i) = —f* <U%+i>a [(usies) = =3 = —["(uas2), f*(v]) =
2 = —f*(u), f*(uy1) = 6. From the above arguments we get f*(V(SP(1™,3"4))) =
(2,43, 4£7,49, £11,. .., £(m + 5), £(2m + t + 14), £(2m + t + 18),...,£(2m + 3t +
10), £(m +t + 15), £(m + t + 19), ..., £(m + 3t + 11), £8, £10,..., £(t + 6)} U {6}.

Hence f is an edge pair sum labeling of SP(1™, 3", 4). O
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