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In this paper we define a new labeling called skolem
odd difference mean labeling and investigate skolem odd
difference meanness of some standard graphs. Let G =
(V, E) be a graph with p vertices and ¢ edges. G is said
be skolem odd difference mean if there exists a function
f:V(G) — {0,1,2,3,...,p + 3¢ — 3} satisfying f is
1—1and the induced map f*: E(G) — {1,3,5,...,2q—
1} denoted by f*(e) = {W-‘ is a bijection. A
graph that admits skolem odd difference mean labeling
is called odd difference mean graph. We call skolem
odd difference mean labeling as skolem even vertex odd
difference mean labeling if all the vertex labels are even.
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1 Introduction

Throughout this paper by a graph we mean a finite, simple and undirected one. The
vertex set and the edge set of a graph G are denoted by V(G) and E(G) respectively.
Terms and notations not defined here are used in the sense of Harary [1]. A graph labeling
is an assignment of integers to the vertices or edges or both, subject to certain conditions.
There are several types of labeling. An excellent survey of graph labeling is available
in [2]. The notion of mean labeling was due to S. Somasundaram and R. Ponraj [7].
A graph G = (V, E) with p vertices and ¢ edges is called a mean graph if there is an
injective function f that maps V(G) to {0,1,2,...,q} such that each edge uv is labeled
with L) +f Lif f(u)+ f(v) is even and Lﬁ”(v)ﬂ if f(u)+ f(v) is odd. Then the resulting
edge labels are distinct. The concept of odd mean labeling was introduced by K. Manickam
and M. Marudai in [3]. Let G = (V, E) be a graph with p vertices and ¢ edges. A graph
G is said to be odd mean if there exists a function f : V(G) — {0,1,2,3,...,2¢ — 1}
satisfying f is 1 — 1 and the induced map f*: E(G) — {1,3,5,...,2¢—1} defined by

F(uw) = w if f(u)+ f(v) is even
| LWL £ () 4 f(v) s odd

is a bijection.

K. Murugan and A. Subramanian [4] introduced the concept of skolem difference mean
labeling and some standard results on skolem difference mean labeling were proved in [5]
and [6]. A graph G = (V, E) with p vertices and ¢ edges is said to have skolem difference
mean labeling if it is possible to label the vertices z € V' with distinct elements f(x) from
{1,2,3,...,p+ q} in such a way that for each edge e = uv, f*(e) = [Mﬂ-‘ and the
resulting labels of the edges are distinct and are from 1,2,3,...,¢. A graph that admits
skolem difference mean labeling is called skolem difference mean graph. Motivated by the
concepts of skolem difference mean labeling [4] and odd mean labeling [3], we introduce
a new labeling called skolem odd difference mean labeling. A graph G is said to be
skolem odd difference mean if there exists a function f : V(G) — {1,2,3,...,p+ 3¢ — 3}
satisfying f is 1-1 and the induced map f* : E(G) — {1,3,5,...,2¢q — 1} denoted by
f*le) = [W—‘ is a bijection. A graph that admits skolem odd difference mean
labeling is called skolem odd difference mean graph.

We use the following definitions in the subsequent section.

Definition 1.1. The corona G; ® Gy of the graphs G1 and G5 is obtained by taking one
copy of G (with p vertices) and p copies of Gy and then join the i'" vertex of Gy to every
vertex of the i copy of Gs.
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Definition 1.2. The bistar B,,, is a graph obtained from Ky by joining m pendent edges
to one end of Ky and n pendent edges to the other end of Ks.

Definition 1.3. A caterpillar is a tree with a path P,, : vi,vs,v3,...,0, called spine
with leaves(pendent vertices) known as feet attached to the vertices of the spine by edges
known as legs. If every spine v; is attached with n; number of leaves, then the caterpillar
is denoted by S(ni,ng, ..., Ny).

Definition 1.4. The graph P,,QP, is obtained from P,, and m copies of P, by identifying
one pendent vertex of the it copy of P, with i*" vertex of P, where P,, is a path of length
of m—1.

2 Skolem odd difference mean labeling

Theorem 2.1. Any path P,(n > 1) is a skolem odd difference mean graph.

Proof: Let V(P,) = {u;: 1 <i<n}. Then E(P,) = {uu;41 : 1 <i<n-—1}

Define f: V(P,) — {0,1,2,3,...,p+ 3¢ — 3 = 4n — 6} as follows:

flugi—y) =4(i — 1) for 1 <i < [2],

flug) =4(n—i)—2for 1 <i< [2].

For each vertex label f the induced edge label f* is defined as follows:

[ (utipr) =2(n—i)—1for 1 <i<n-—1.

It can be verified that f is a skolem odd difference mean labeling of P,. Hence P, is a
skolem odd difference mean graph. ]
For example, the skolem odd difference mean labeling of Fy is shown in Figure 1.

0 18 4 14 8 10

Figure 1
Theorem 2.2. Any cycle C,(n > 4) is a skolem odd difference mean graph.

Proof: Let V(C,) ={u; : 1 <i<n}.

Then E(C),) = {wjtiy1,uquy : 1 <i<n-—1}

Define f: V(C,) — {0,1,2,3,...,p+ 3¢ — 3} as follows:
Case(i): n = 0(mod 4)

Let n = 4k.

f(Ul) =0,
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f(vogasioi) =n—4(i+1) for 1 <i <k —2,

f(vogyaroi) =n+4(i+1)+2for 1 <i<k—2.

For each vertex label, the induced labeling f* is defined as follows:

Let e; = v;0;41(1 < j <n—1) and e, = v,01.

fflej)=2n+1—-2jfor 1 <j<2k+1,

f*(ej) =2(i—2k) — 3 for 2k +2 < j <4k +2.

It can be verified that f is a skolem odd difference mean labeling of C,.
Case(ii): n = 1(mod 4)

Let n =4k + 1.

f(Ul) =0,

f(vgip1) =4i—1for 1 <i <k,

f(vg)) =4(n—i) for 1 <i <k

f(U2k+2) =n,

f(varys) = n +5,

f(U2k;+4) =n—35,

f(vogssioi) =n+5+4difor 1 <i<k—1

f(vogyaroi) =n—5—4difor 1 <i<k-—2.

For each vertex label, the induced labeling f* is defined as follows:

Let e; = v;0;41(1 < j <n—1) and e, = v,01.

f*(ej) =2n+1—2j for 1 <j <2k,

f*(ej) =2(i—2k) —1for 2k +1<j <4k +1.

It can be verified that f is a skolem odd difference mean labeling of C,.
Case(iii): n = 2(mod 4)

Let n =4k + 2.

fv1) =0,

f(voip1) =4i—1for 1 <i <k,

(vyj) =4(n—i)+1for1 <i<k+1,

(va2k+3) = 3n — 3,

(Voya) =30 =8,

(var+5) = 3n — 18,

(Vogtas2i) =3n—8 —4difor 1 <i<k—1,

f(vogssi2i) =3n—18+4ifor 1 <i <k —2.

For each vertex label, the induced labeling f* is defined as follows:

f
f
f
f
f

Let e; = v;0,41(1 < j <n—1) and e, = v,0;.

f*(ej)=2n+1—-2jfor 1 <j<2k+1,

[*(ej) =2(i—2k) —3 for 2k +2 < j <4k =2,

It can be verified that f is a skolem odd difference mean labeling of C,.
Case(iv): n = 3(mod 4)

Let n =4k + 3.
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f(vogisi2i) =n+3+4ifor 1 <i<k-—1.
For each vertex label, the induced labeling f* is defined as follows:
Let e; = v;0;41(1 < j <n—1) and e, = v,1.
f*(ej) =2n+1—2j for 1 <j <2k,
Frle)) =2(j — 2k —2) — 1 for 2k +3 < j < 4k + 3.
It can be verified that f is a skolem odd difference mean labeling of C,. |
The skolem odd difference mean labeling of C; is shown in Figure 2.
0

10 25

21

Figure 2

Theorem 2.3. The star graph Ki ,(n > 1) admits skolem odd difference mean labeling.

Proof: Let vy be the central vertex and v;(1 < i < n) be the pendent vertices of the
star K .

Then E(K;,) = {vov; : 1 <i <n}

Define f: V(Ky,) — {0,1,2,3,4,...,p+ 3¢ — 3 = 4n — 2} as follows:

f(UO) =0,

f(v;) =4i—2for 1 <i<n.

For each vertex label f the induced edge label f* is defined as follows:

ff(vovy) =2i — 1 for 1 <i < n.

It can be verified that f is a skolem odd difference mean labeling of K ,. Hence K,
admits skolem odd difference mean labeling. |
The skolem odd difference mean labeling of K ¢ is shown in Figure 3.
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10 14

Figure 3
Theorem 2.4. The graph P, ® Ki,n(n > 1) is a skolem odd difference mean graph.

Proof: Let u;(1 <i <n) be the vertices of P,.

Let v;(1 < i <n) be the pendent vertices joined with u;(1 <7 < n) by an edge.
Define f: V(P, ® Ky) — {0,1,2,3,4,...,p+3q — 3 = 8n — 6} as follows:
flugi—1) =8(n—i)+2for 1 <i<[2],

flug) =4+48(i—1)for 1 <i<[2],

flvyio1) =8(i—1) for 1 <i < [2],

flvy) =8(n—i)—2for 1 <i<|Z].

For each vertex label f the induced edge label f* is defined as follows:

[ (utipr) =4(n—i)—1for 1 <i<n-—1,

[(uv;)) =4(n—i)+1for 1 <i<n.

It can be verified that f is a skolem odd difference mean labeling of P, ® Kj;.

Hence P, ® K is a skolem odd difference mean graph. ]
For example, the skolem odd difference mean labeling of P; ® K7 is shown in Figure 4.
34 4 26 12 18
§ 30 8 22 16
Figure 4

Theorem 2.5. The coconut tree T'(n,m), obtained by identifying the central vertezx of the
star K, with a pendent vertex of a path P, is a skloem odd difference mean graph.

Proof: Let vy, vy, ve,...,v, be the vertices of a path, having path length n(n > 1) and
uy, Us, . . ., Uy, be the pendent vertices being adjacent with vy.

E(T(n,m)) = {vou;, vov1,vvj41 : 1 <i<m, 1 <j<n-—1}

Define f: V(T(n,m)) — {0,1,2,3,4,...,p+ 3¢ — 3 =4(m +n) — 2} as follows:

f(vo) =0,

flu;)) =4(m+n—i)+2for 1 <i<m,

f(v;) =4n —2j for 1 < j <n and j is odd,

f(v;) =2j for 1 <j <nand jis even.

For each vertex label f the induced edge label f* is defined as follows:
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ffvouy)) =2(m+n—i)+1for 1 <i<m,

f*(vov1) =2n — 1,

ff(vjvjp) =2(n—j)—1for1<j<n-—1

It can be verified that f is a skolem odd difference mean labeling of T'(n,m). Hence
T'(n,m) is a skolem odd difference mean graph. |
For example,the skolem odd difference mean labeling of 7'(4,6) is shown in

Figure 5.

30

26
34 2
38& 18

14
P4

10

8
Figure 5

Theorem 2.6. The graph B, ,,(m,n > 1) is a skolem odd difference mean graph.

Proof: Let V(B,,) = {u,v,u;,v;: 1 <i<m, 1 <j<n}

Then E(B,,,) = {uwv,uu;,vv; : 1 <i<m, 1 <j<n}.

Define f : V(Bpn) — {0,1,2,3,4,...,p+ 3¢ — 3 = 4(m + n) + 2} as follows:

f() =0,

() =2,

fu;)) =4(m+n—1i)+6for 1 <i<m,

f(vj)) =4(n—j)+8for1 <j<n,

For each vertex label f the induced edge label f* is defined as follows:

F(uv) =1,

fHuu;)) =2(m+n—i)+3for 1 <i<m,

ff(vvj) =2(n—j)+3for 1 <j<n.

It can be verified that f is a skolem odd difference mean labeling of B,, ,,. Hence B,, ,, is
a skolem odd difference mean graph. [
The skolem odd difference mean labeling of Bs 7 is shown in Figure 6.
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50 12
46 16
42 ) 2 \.20
38‘7 24
34
.
Figure 6 32
Theorem 2.7. The caterpillar S(ny,ng,...,ny) is a skloem odd difference mean graph.

Proof: Let V(S(ny,ng,...,nm)) = {vj,u} : 1 <i<nj 1 < j < m}.

Let E(S(ny,n2,...,np)) ={vjujp1: 1 <j<m—1and vju] : 1 <i<n;,,

1<j<m}.

Define f: V(S(ny,ne,...,nm)) —
{0,1,2,3,4,...,p+3¢—3=4(m+n; +na + ...+ n,) — 6} as follows:

fvj)) =4m+ni+ne+...4+ny) —4(ne+ns+...+n;_1) —2(j+2) for 1 < j <m and
J is odd,

fv)) =4(ni +ns+...+n;_1) +2(j —2) for 1 < j <m and j is even,

flul) =4(ny +ng+...+nj_9) +2(2i+j)—6for 1 <i<ny, 1<j<mandjis odd,
ful) =4m4n +no+ ...+ nm) —4ng +na+ ... +n59) —2(j +3) —4(i — 1) for
1<i<mn;, 1<j7<mandjis even,

Let e; = vjv;41 forlgjgm—landeg:vjug for1<i<n;, 1<j5<m.

For each vertex label f the induced edge label f* is defined as follows:
fej)=2m+njpm+...+ny,) —2j—1for1 <j<m-—1,
fre)y=2m+n;+nj1+...Fny) —2060+j)+1for 1<i<n; 1<j<m.

It can be verified that f is a skolem odd difference mean labeling of S(ny,ng, ..., ny).
Hence S(ny,ng,...,ny,) is a skolem odd difference mean graph. |
An example for skolem odd difference mean labeling of S(4, 2, 3,2) is shown in Figure 7.

TATAVAYA

Figure 7

Theorem 2.8. The graph P,,QP, is a skolem odd difference mean graph.

Proof: Let V(Pm@P)—{’UJ, w1 <i<n, 1<j<m}.
Let E(P,QP,) = {vvi, u 1<t<m-1,1<i<n-1,1<j < m} with
vi=ul 1<j<m.

z z+1
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Define f: V(P,@QP,) ={0,1,2,3,...,p+ 3¢ — 3 =4mn — 6}
If n is odd, define

Fuy) = {2“” 1

4imn —1) —2n(j —1) for 1 <j <m and j is even

for 1 < j <m and j is odd and

If n is even, define

2n(2m —j)—2 for 1 <j <mand jis odd
f(v;) =

B 2n(j — 1) for 1 <7 <m and j is even

fu)=2n(G —1)+i—1)for 1 <i<n, 1<j<mandiisodd, jisodd,
fw)=2n2m—j+1)—=2(G+1)for 1 <i<n, 1<j<mandiis even,
7 is odd,

ful) =4(mn—1)+2(—nj) for 1 <i<mn, 1 <j<mandiisodd, jis even,
fu))=2(nj—i)for 1<i<n, 1<j<mandiiseven, jis even.
Letej:vjvj+1for1gjgm—landeg:ugugﬂforlgign—l, 1 <j5 < m. For
each vertex label f the induced edge label f* is defined as follows:

f*(ej) =2n(m—j)—1for 1 <j<m-—1,
ffehy=2nm—j+1)—2i—1for1<i<n-—1, 1<j<mandjis odd,
fre)=2n(m—j)+2i—1for1<i<n—1,1<j<mandjis even.

It can be verified that f is a skolem odd difference mean labeling of P,,QP,. Hence P,,QP,
is a skolem odd difference mean graph. |

The skolem odd difference mean labeling of P,@P, is shown in Figure 8.

54 8 38 24
4p 50 ® 20 p 34
58% 199 492 ¢ 28

0 46° 16 ¢ 30

Figure 8

Theorem 2.9. The graph P,,Q2P, is a skolem odd difference mean graph.

Proof: Let V(P,Q2P,) = {Uj,uil-,u;i 1 <j7<m, 1<i<n} with ujln = uén = v;
for1 <j<m.

Then E(P,,Q2P,) = {vjvj i1, u] U] i1, U Uy, 0 1 <j<m—1,1<i<n—1}

Define f: V(P,Q2P,) ={0,1,2,3,...,p+3¢—3 =4m(2n — 1) — 6} as follows:
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If n is odd, define

(o)) 2j(2n—1) — 2n for 1 <j < m and j is odd
vj) =
’ n2m—j+1)—22m—j+7) for 1 <j<mand j is even

and if n is even, then

(v) 22n—1)(2m —j)+2(n—2) for1 <j<mand jisodd
vj) =

’ 27(2n—1) —2n for 1 <7 < m and j is even
f(u]“) =4dn(j—1)—2(—19) for1 <i<n, 1<j<mandiisodd,jisodd,

ful,) =4m@2n—1) —dn(j— 1) +2(j—i—2)for 1 <i<mn, 1 <j<mand
1 is even, 7 is odd,

f(ujl"i):4m(2n—1)—2(2n—1)(j—2)—4n—22’ for1<i<n, 1<j<m,iisodd, jis

even,
f(u]“) =4n(j—1)+2(i—j) for 1 <i<n, 1 <j<mandiis even, jis even,
fug;) =2j(2n—1) —2ifor 1 <i<n, 1 <j<mandiisodd, jis odd,
fluy,) = (@2n—1)(4m —2j) +2(n+i—-T7)for 1 <i<n, 1 <j<mand

1 is even, j is odd,

fud,)=(2n—1)(dm —2j) +2(i —2) for 1<i<n, 1<j<m

and ¢ is odd, j is even,

f(u%z) =2j2n—1)—2ifor 1 <i<n, 1 <j<mandiiseven, jis even.

Let ej = vjv;4q for 1 <5 <m —1,

e{zu{yiu{’iﬂ for1<i<n—-1,1<j57<m,

egzuéviugiﬂ forl<i<n—-1land1l<j<m.

For each vertex label f the induced edge label f* is defined as follows:

fflej) =22n—1)(m—j)—1for 1 <j<m-—1,
ffe)=22n—1)(m—-j5)+22n—i)—3for1<i<n-—-1,1<j<m
f*e)=22n—-1)(m—-j)+2i—1for1<i<n-—-1,1<j<m.

It can be verified that f is a skolem odd difference mean labeling ofP,,@2F,. Hence

P,,@Q2P, is a skolem odd difference mean graph.
The skolem odd difference mean labeling of P;@2P, is shown in Figure 9.

74 20 46

Figure 9

Theorem 2.10. The complete graph K,,,n > 3 is not a skolem odd difference mean graph.
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Proof: In a complete graph K,,, the number of edges ¢ = @ Therefore p+ 3¢ — 3 =

3n%2—n—6
- -

To get 2g — 1 = n? —n — 1 as edge label, the minimum vertex label is 2n* — 2n — 3.
But #220=6 < 952 — 2p — 3 for all n > 4.
Therefore 2¢ — 1 cannot occur as an edge label of K, for n > 4.

Hence, K, is not a skolem odd difference mean graph. ]
Theorem 2.11. The graph K, ,, is a skolem odd difference mean graph if n < 2.

Proof: Ky, = P; and K;5 = Cy. Hence K, is a skolem odd difference mean graph for
n < 2. [ ]

Theorem 2.12. The graph Ky, (n > 3) is not a skolem odd difference mean graph.

Proof: The graph Ks, has n 4 2 vertices and 2n edges.

Forn>3, p+3¢—3=Tn—-1.

That is the maximum possible vertex label of K5, is Tn — 1.

Therefore it is not possible to get an edge with label 2¢ — 1 = 4n — 1. |
Hence Kj,(n > 3) is not a skolem odd difference mean labeling.

3 Skolem Even Vertex Odd Difference
Mean Labeling

A graph G is said to be skolem even vertex odd difference mean if there exists a function
f:V(G) = {0,2,4,...,p+ 3q — 3} satisfying f is 1-1 and the induced map f*: E(G) —
{1,3,5,...,2¢ — 1} defined by f*(e) = [W-‘ is a bijection. A graph that admits
skolem even vertex odd difference mean labeling is called skolem even vertex odd difference
mean graph. That is, we call a skolem odd difference mean labeling f of a graph G as

skolem even vertex odd difference mean labeling if all the vertex labels f(v) of G are even.
|

Theorem 3.1. The following graphs are even vertex odd difference mean.

() Puin > 1)

(ii) Ki,(n>1)

(i) P, ® Ki(n>1)

(iv) The coconut tree T'(n, m), obtained by identifying the central vertex of the
star K, with a pendent vertex of a path P,

(v) B(m,n)(m,n>1)

(vi) Caterpillar S(n1,ng,...,7m)

(vii) P,QP,(m,n >1)
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(viii) P,,@2P,(m,n > 1)

Proof: The proof follows from Theorems 2.1, 2.3, 2.4, 2.5, 2.6, 2.7, 2.8 and 2.9. |

Theorem 3.2. The cycle C,, (n > 3) is not a skolem even vertex odd difference mean

graph.

Proof: Let f be a skolem even vertex odd difference mean labeling of C,.

Herep + 3¢ — 3 = 4n — 3 is an odd number. Therefore the maximum possible vertex label

in C), is 4n — 4. Hence, the edge label 2n — 1 cannot occur. Thus C,, (n > 3) is not a

skolem even vertex odd difference mean graph.
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