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ABSTRACT

ARTICLE INFO

Let G be a graph with p  vertices
and ¢ edges and let A = {O, 1,2,

4] } A vertex labeling f : V(G) — A induces an

edge labeling f* defined by f*(uv) = f(u) + f(v) for
all edges wv. For a € A, let vf(a) be the number of
vertices v with f(v) = a. A graph G is vertex equitable
if there exists a vertex labeling f such that for all
a and b in A, |vf(a) — vp(b)] < 1 and the induced
edge labels are 1,2,3,...,¢. In this paper, we prove
that TOPn,TOZPn,TOCn,TOCn are vertex equitable
graphs.
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1 Introduction

All graphs considered here are simple, finite, connected and undirected. For the basic notations
and terminology, we follow [3]. The symbols V(G) and E(G) denote the vertex set and the
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edge set of a graph G respectively. Let G = (p,q) be a graph with p = |V(G)| vertices and
q = |E(G)| edges. A labeling f of a graph G is a mapping that assigns elements of a graph to
the set of numbers (usually to positive or non-negative integers). If the domain of the mapping
is the set of vertices (respectively, the set of edges) then we call the labeling vertex labeling
(respectively, edge labeling). The labels of the vertices induce the labels of the edges. There are
several types of labeling and a detailed survey on graph labeling can be found in [2]. A vertex
labeling f is said to be a difference labeling if it induces the label |f(x) — f(y)| for each edge zy
which is called the weight of an edge xy. A brief summary of the definitions and known results
are given below.

The total graph T'(G) of a graph G is a graph such that the vertex set of T'(G) corresponds to
the vertices and the edges of G and the two vertices are adjacent in T'(G) if and only if their
corresponding elements are either adjacent or incident in GG. For each vertex v of a graph G,
take a new vertex v’ and join v’ to the vertices of G which are adjacent to v. The graph thus
obtained is called the splitting graph of G and is denoted by S’(G).

Let G be a graph with p vertices and ¢ edges. A graph H is said to be a super subdivision
of G if H is obtained from G by replacing every edge e; of G by a complete bipartite graph
Ky, for some m;,1 < ¢ < ¢ in such a way that ends of e; are merged with the two vertices
of the 2-vertices part of Ky ,,,, after removing the edge e, from G. A super subdivision H of
G is said to be an arbitrary super subdivision of G if every edge of G is replaced by Ks,, (m
vary for each edge arbitrarily). Fusion of two cycles C,, and C,, is a graph C(m,n) obtained by
identifying an edge of a cycle C),, with an edge of a cycle C,,.

The concept of equitable labeling of graphs was due to Bloom and Ruiz [1]. A function [ :
V(G) = {0,1,...,k — 1} is called k-equitable labeling if the conditions |vs(i) — vs(j)] < 1 and
le7(1) — e7(j)| < 1fori # j,i,5 =0,1,2,...,k — 1 are satisfied, where f is the induced edge
labeling given by f(uv) = | f(u) — f(v)| and v;(i) and ez(i), € {0,1,...,k—1} are the number
of vertices and edges of GG respectively with label 7.

A. Lourdusamy and M. Seenivasan introduced the concept of vertex equitable labeling in [7].

Let G be a graph with p vertices and ¢ edges and let A = {O, 1,2,..., {%W }. A vertex labeling

f:V(G) — A induces an edge labeling f* defined by f*(uv) = f(u) + f(v) for all edges uv.
For a € A, let v(a) be the number of vertices v with f(v) = a. A graph G is said to be vertex
equitable if there exists a vertex labeling f such that for all @ and b in A, |vs(a) —v(b)| < 1 and
the induced edge labels are 1,2, 3, ..., ¢. They proved that the graphs like path, bistar B(n,n),
comb graph, cycle C,, if n = 0 or 3(mod 4), Ks ,, Cg(t) for t > 2, quadrilateral snake, Ky +mkK,
K1, UK, 4y if and only if 1 < k < 3, ladder, arbitrary super division of any path and cycle C,
with n = 0 or 3(mod 4) are vertex equitable. Also they proved that the graphs K, if n > 4,
any Eulerian graph with n edges where n = 1 or 2(mod 4), the wheel W,,, the complete graph
K, if n > 3 and triangular cactus with ¢ = 0 or 6 or 9(mod 12) are not vertex equitable. In
addition, they proved that if G is a graph with p vertices and ¢ edges, ¢ is even and p <  + 2
then G is not vertex equitable.

P. Jeyanthi and A. Maheswari [5, 6] proved that T,-trees, T'® K,, where T is a T)-tree with an
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even number of vertices, the bistar B(n,n + 1), the caterpillar S(x1, 29, ...,,), C, ® Ky, P2,
tadpoles, C,, ® C,,, armed crowns, [Pm; C?], (P,,0K1,) , the graphs obtained by duplicating an
arbitrary vertex and an arbitrary edge of a cycle C,,, total graph of P,, splitting graph of P,
and C(m,n) are vertex equitable graphs.

In this paper, we prove that TOP,, TO2P,, TOC,,, TOC,, are vertex equitable graphs. We use
the following definitions.

Definition 1.1. [4] Let T be a tree and uy and vy be two adjacent vertices in T. Let u and v
be two pendant vertices of T such that the length of the path ug-u is equal to the length of the
path vo-v. If the edge ugvg is deleted from T and uw and v are joined by an edge uv, then such a
transformation of T is called an elementary parallel transformation (ept) and the edge ugvy is
called transformable edge.

If by the sequence of ept’s, T' can be reduced to a path, then T is called a T}-tree (transformed
tree) and such a sequence regarded as a composition of mappings (ept’s) denoted by P, is called
a parallel transformation of 7. The path, the image of 7" under P is denoted as P(T"). A Tp-tree
and a sequence of two ept’s reducing it to a path are illustrated in Figure-1.

a) ATp—tree T b) Anept PiT) c)Second ept PofT)

y .
® 3 4

b X

Uz o —

Figure 1: A Tp-tree and a sequence of two ept’s reducing it to a path

Definition 1.2. Let Gy be a graph with p vertices and G be any graph. A graph G10Gs is
obtained from G, and p copies of Gy by identifying one vertex of it" copy of Gy with it vertex
Of Gl.

Definition 1.3. Let Gy be a graph with p vertices and Gy be any graph. A graph G10Gs is
obtained from G and p copies of Gy by joining one vertex of it" copy of Gy with i*" vertex of
G by an edge.

2 Main Result

In this paper, we prove that TOPn, TOQPn, TOCn, TOC,, are vertex equitable graphs.

Theorem 2.1. Let T' be a T),-tree on m vertices. Then the graph T'OP, is a vertex equitable
graph.
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Proof. Let T' be a T)-tree with m vertices. By the definition of a transformed tree there exists
a parallel transformation P of T such that for the path P(T") we have (i) V(P(T)) = V(T)
(ii) E(P(T)) = (E(T)E;)OE, where Ey is the set of edges deleted from 7" and E), is the set of
edges newly added through the sequence P = (Py, Ps, ..., Py) of the epts P used to arrive at
the path P(T). Clearly, E; and E, have the same number of edges.
Now denote the vertices of P(T') successively by vy, vs, .. ., v, starting from one pendant vertex
of P(T) right up to the other one. Let w),u), ..., ul(1 < j < m) be the vertices of j* copy
of P,. Then V(T6P,) = {u} : 1 <i < n,1<j < m with u) = v;}. The graph T6P, has mn
vertices and mn — 1 edges. Let A = {O, 1,2,..., (ng—lw } .
We define a vertex labeling f : V(T'0F,) — A as follows:

{%j'— L%J if jiseven, 1 <j57<m

MUl ifjisodd, 1< 5 < m.

Let v;v; be a transformed edge in T" for some indices ¢, 5,1 < ¢ < 7 < m and let P, be the ept
that deletes the edge v;v; and adds the edge v;,v;—; where t is the distance of v; from v;;; as
also the distance of v; from v;_;. Let P be a parallel transformation of 7" that contains P; as
one of the constituent epts.
Since v;14v;_; is an edge in the path P(T), it follows that i +¢ + 1 = j — ¢ which implies
j = 1+ 2t + 1. Therefore, i and j are of opposite parity, that is, ¢ is odd and j is even or
vice-versa.
The induced label of the edge v;v; is given by

f*(vivj) = f*(vz‘vi+2t+1)

= f(vi) + f(Vig2r41)
n(i—1 n n(t+2t+1

= { % M bjn?;niﬂﬂ)) Ny L
3 |g) T el ) g

=n(i+t) and

fr(Wirevj—e) = fF(VigsViger1)
= f(vige) + f(0vi4141)
=n(i+1).

For 1 <i<mn,let f(ul) =

| ifiisodd

n
2
J if 7 1s even.

Therefore, f*(vv;) = f*(vistvj_s).
It can be verified that the induced edge labels of T0P, are 1,2,3,...,mn — 1 and for |vs(a) —
vp(b)| <1 for all a,b € A. Hence, T6P, is a vertex equitable graph. O

The vertex equitable labeling of T'0Ps where T' is a T),-tree with 13 vertices is given in Figure 2.
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Figure 2

Theorem 2.2. Let T' be a T)-tree on m vertices. Then the graph To02P, is a vertex equitable
graph.

Proof. Let T' be a T)-tree with m vertices. By the definition of a transformed tree there exists
a parallel transformation P of 7" such that for the path P(T") we have (i) V(P(T)) = V(T) (i)
E(P(T)) = (E(T) — Eq)UE, where E, is the set of edges deleted from T" and E, is the set of
edges newly added through the sequence P = (Py, Ps, ..., Pg) of the epts P used to arrive at
the path P(T). Clearly, E; and E, have the same number of edges.

Now denote the vertices of P(T') successively by vy, vs, . . ., v, starting from one pendant vertex
of P(T) right up to the other one. Let Uji,p u{yQ, e ujln and ug’l, ugz, e ,ug’n (1<j<m)be
the vertices of the two vertex disjoint paths joined by the j vertex of T such that v; = u{n =
ujzn Then V(T62P,) = {v,, u]“,uj2Z :1<i<n,1<j<mwith ujln = uén = v;}.

Let A = {0,1,2,..., [%]}

Define a vertex labeling f : V(T02P,) — A as follows:

, @n-1)j _ 4 [ if 7 i 1< <
. 7iseven, 1 <7< m
For 1 <i<mn, let f(uf,) I{ n’1G-1) | L[QJ if jis odd, 1 < j <
e 4| Jisodd, 1 <j<m,
gy {3 e i<i<m
20 @MUl 4y 5] if jis odd, 1 < j < m.

Let v;v; be the transformed edge in T" for some indices 7, j,1 < i < j7 < m and let P, be the ept
that deletes the edge v;v; and adds the edge v;4v;—; where t is the distance of v; from v;;; as
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also the distance of v; from v;_;. Let P be a parallel transformation of 7" that contains P; as
one of the constituent epts.

Since v;44v;_¢ is an edge in the path P(T), it follows that ¢ + ¢+ 1 = j — ¢t which implies
j = i+ 2t + 1. Therefore ¢ and j are of opposite parity, that is, ¢ is odd and j is even or
vice-versa.

The induced label of the edge v;v; is given by

[ (vivg) = [*(vivitarsr)
= f(vi) + f(vitar1)
=(2n—1)(i+t) and
[ (Wirvj—t) = [ (VigeViges1)
= f(Vise) + f(00i1441)
=2n—-1(i+1).

Therefore, f*(vivj) = f*(Vigevj—t)-

It can be verified that the induced edge labels of T62P, are 1,2,3,..., m(2n — 1) — 1 and
lvs(a) —vp(b)] <1 for all a,b € A. Hence, T62P, is a vertex equitable graph. O

The vertex equitable labeling of T'02P, where T is a T,-tree with 10 vertices is given in Figure
3.

14

iy

16 15
12 12

Figure 3

Theorem 2.3. Let T be a T),-tree on m wvertices. Then the graph ToC,, is a vertex equitable
graph if n = 0,3(mod 4).
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Proof. Let T' be a T)-tree with m vertices. By the definition of a transformed tree there exists
a parallel transformation P of T such that for the path P(7) we have (i) V(P(T)) = V(T) (ii)
E(P(T)) = (E(T) — Eq)UE, where E; is the set of edges deleted from T" and E,, is the set of
edges newly added through the sequence P = (P, P, ..., P;) of the EPTs P used to arrive at
the path P(T). Clearly, E; and E, have the same number of edges.
Now denote the vertices of P(T') successively by vy, vs, .. ., v, starting from one pendant vertex
of P(T') right up to the other one. Let u!,u}, ..., u/ (1 < j < m) be the vertices of j* copy of P,.
Then V(T6C,) = {u! : 1 <i<n,1<j<mwithu] =v;}. Let A= {0,1,2,..., {%-‘ }
Define a vertex labeling f : V(T0C,) — A as follows:
Case (i) n = 3(mod 4).
For 1 < j <m and j is odd,

n

let f(ul) = |54

if iisodd, 2 <i<mn,
|51 ifiis odd, 2 < i < [2]
% if 7 is even, (%W-I—lﬁiﬁn-

For 1 < j5 <m and j is even.

let f(ul) = | 5| (G- 1),
flul) = [g—‘ (j—1)+ {%J if 7 is even, 2 <i < mn,

f(ui):{ (2] G —1)+ 4] ifiisodd, 2<i<[2]
Z (3]G —1)+ [1] ifiisodd, [2]+1<i

Let v;v; be a transformed edge in T" for some indices 7, j,1 < ¢ < 7 < m and let P; be the ept
that deletes the edge v;v; and adds the edge v;4v;— where ¢ is the distance of v; from v;;+ as
also the distance of v; from v;_;. Let P be a parallel transformation of 7" that contains P; as
one of the constituent epts.

Since v;14v;_; is an edge in the path P(T), it follows that ¢ + ¢ + 1 = j — ¢ which implies
7 = 1+ 2t + 1. Therefore, ¢ and j are of opposite parity, that is , ¢ is odd and j is even or
vice-versa.

The induced label of the edge v;v; is given by

[ (viv;) = [F(vivigari1) = f(vi) + f(vigari1)
=(n+1)(i+1t) and
f*(Uith'Ujft) = f (’Ui+tUz'+t+1) = f(Uith) =+ f(UiUithJrl)
= (n+1)(i+1).
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Therefore, f*(vivj) = f*(Vigevj—t)-
Case(ii) n =0(mod 4).
For 1 < j <m and j is odd.

et paf) = |5 |

| il .
ﬂ%)zgﬁlgi—l+ ﬂ if iis odd, 2 < i <n,
(U)o JL ] f i even, 2 < i < [ 2]

iy — 2 13
f(ui) { wﬁ—(ﬂ if 7 is even, (%W-i—lﬁiﬁn-

For 1 < j5 <m and j is even.

1)(j—1 '
fwb-{m+ f W%-%WEiBM¢2§i§m
fu) (DG | i ] if s even, 2 < i < [2]
i) = ; ,
%2(]71) + 4] ifiiseven, [2]+1<i<n.

Let v;v; be a transformed edge in T" for some indices 7, j,1 < ¢ < 7 < m and let P; be the ept
that deletes the edge v;v; and adds the edge v;,v;_; where t is the distance of v; from v;;; as
also the distance of v; from v;_;. Let P be a parallel transformation of 7" that contains P; as
one of the constituent epts.

Since v;44v;_¢ is an edge in the path P(T), it follows that ¢ + ¢+ 1 = j — ¢t which implies
7 = i+ 2t + 1. Therefore, © and j are of opposite parity, that is, ¢ is odd and j is even or
vice-versa.

The induced label of the edge v;v; is given by

[ (wivg) = f
(n+1)(i+t) and

 Wireviper1) = f(Vige) + f(0ivige)
=(n+1)i+t).

(Vivigorr1) = f(vi) + f(Vigoes1)

f*(Uith'Ujft)

Therefore, f*(vv;) = f*(vistvj_s).
It can be verified that the induced edge labels of T6C,, are 1,2,3,...,m(n+1)—1 and |vs(a) —
v(b)| <1 for all a,b € A. Hence T6C,, is a vertex equitable graph. O

The vertex equitable labeling pattern of T'0C7, where T is a T),-tree with 8 vertices, is given in
Figure 4.
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R

Figure 4

Theorem 2.4. Let T be a T),-tree on m wvertices. Then the graph ToC,, is a vertex equitable
graph if n = 0,3(mod 4).

Proof. Let T' be a T)-tree with m vertices. By the definition of a transformed tree there exists
a parallel transformation P of 7" such that for the path P(T") we have (i) V(P(T)) = V(T) (ii)
E(P(T)) = (E(T) — Eq)UE, where E; is the set of edges deleted from T" and E, is the set of
edges newly added through the sequence P = (P, P, ..., P;) of the ept’s P used to arrive at
the path P(T). Clearly, E; and E, have the same number of edges.

Now denote the vertices of P(T') successively by vy, '02, ..., Uy starting from one pendant vertex
of P(T) right up to the other one. Let wl,ul, . u? (1 < j < m) be the vertices of ' copy of
P, then V(T6C,) = {vj,u] : 1 <i<n,1<j < m} and E(T4C,) = E(T)U E(C,,) U {v;ul :
1<j<m} Let A= {0, 1,2,..., [%—‘ } Define a vertex labeling f : V(T6C,) — A as
follows:

Case(i) n = 3(mod4).

+ |5 if 2 is odd
+ (%W if 7 is even

(i—=1)(n+2) (n+2 [ )
1 and f(u]) = f(v;).

For 1 <j<m,let f(vi) =9 (-2ti2) 2)(n+2

For 1 < j <m and j is odd,

i ij[QlJ if i is even, 2 < i < [2]
let f(u;) = (”+2)(] D 4 (4] ifiiseven, [2]+1<i<n
P 12 =t=n
- 2
flul) = (”JF)Q# bJ if 4 is odd, 2 <4 < n.
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For 1 < j < m and j is even,
SLoifiis odd, 2 <@ < [%]

(n+2)(i—2) n

miii %% i (24 if 7 is odd (ﬂ —i—1<2z'<n
2 2 2 12 =t=n,

flufy = BFDUZ2) 0

Let v;v; be a transformed edge in 7" for some indices ¢ and j,1 <7 < j < m and let P, be the

ept that deletes this edge v;v; and adds the edge v;,v;_ where t is the distance of v; from v; 4

as also the distance of v; from v;_;. Let P be a parallel transformation of 7" that contains P,

as one of the constituent epts.

Since v;44v;_¢ is an edge in the path P(T), it follows that i + ¢+ 1 = j — ¢t which implies

j =1+ 2t + 1. Therefore, i and j are of opposite parity, that is, ¢ is odd and j is even or

vice-versa.

The induced label of the edge v;v; is given by

[ (vivg) = [F(vivigorr1) = F(0i) + f(Vigors1)
=(n+2)(i+t) and
J (ivi—) = [ (VigaVige1) = [(Vige) + f(00Vige41)
=(n+2)(i+1).

Therefore, f*(vivj) = f*(Vigevj—t)-
Case (ii) n =0(mod 4).

let f(ul) = {

—I—l—i—{ —‘—I—%ifiiseven,QSign.

i(n+2) roe
For 1 <i<m,let f(v;) = —(’i—21)(n+2) if 7 is odd

5 if 7 is even.

For 1 < j <m and j is odd,

tet f(uf) = 20202)

[\

G0 L] if s even, 2 <4 < [2]
—|—(ﬂ if 7 is even, (%WleSiﬁna

[\

- 26 4 TH]if dis even, 2 < i < [2]
2 ) + [ if i is even, [2] +1<i<n,

-‘ if 71is odd, 2 <i < n.
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Let v;v; be a transformed edge in T" for some indices 7, j,1 < ¢ < 7 < m and let P; be the ept
that deletes the edge v;v; and adds the edge v;4v;—+ where ¢ is the distance of v; from v;;+ as
also the distance of v; from v;_;. Let P be a parallel transformation of 7" that contains P; as
one of the constituent epts.

Since v;14v;_; is an edge in the path P(T), it follows that ¢ +¢ + 1 = j — ¢ which implies
7 = 1+ 2t 4+ 1. Therefore 7 and j are of opposite parity, that is, ¢ is odd and j is even or
vice-versa.

The induced label of the edge v;v; is given by

[H(owg) = fF(vivigar) = f(vi) + [ (visars)
=(n+2)(i+t) and
J (ivi—) = [ (VigaViger1) = [(ige) + f(00Vige41)
=(n+2)(i+1).
Therefore, f*(vivj) = f*(Vigevj—t)-
It can be verified that the induced edge labels of T'6C,, are 1,2,3,...,m(n+ 1) — 1 and for all
a,b € A. Hence ToC),, is a vertex equitable graph. O

The vertex equitable labeling pattern of T0C),, where T' is a T)-tree with 8 vertices, is given in
Figure 5.

p 12

=

-

12

Figure 5
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