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1 Introduction

Graphs in this paper are finite, simple and undirected. M.Sundaram, R.Ponraj and
S.Somasundaram was introduced the concept of Prime Cordial Labeling of graphs, Gee-
Choon Lau, Hong- Heng Chu, Nurulzulaiha Suhadak, Fong-Yeng Foo, Ho-kuen Ng[4]
was introduced the SD-prime cordial graph and studied certain graphs for this labeling.
Motivated by this, we introduced PD-prime cordial labeling of graphs. In the paper we
investigate the PD-prime cordial labeling behaviour of path, bistar, subdivision of star,
wheel, subdivision of bistar, fan and double fan.

2 Introduction

Graphs in this paper are finite, simple and undirected. M.Sundaram, R.Ponraj and
S.Somasundaram was introduced the concept of Prime Cordial Labeling of graphs, Gee-
Choon Lau, Hong- Heng Chu, Nurulzulaiha Suhadak, Fong-Yeng Foo, Ho-kuen Ng[4]
was introduced the SD-prime cordial graph and studied certain graphs for this labeling.
Motivated by this, we introduced PD-prime cordial labeling of graphs. In the paper we
investigate the PD-prime cordial labeling behaviour of path, bistar, subdivision of star,
wheel, subdivision of bistar, fan and double fan.

3 PD-prime cordial graph

Definition 3.1. Let G be a graph and f : V(G) — {1,2,3,.....|[V(G)|} be a bijection.
Let pyy = f(u)f(v) and
2] i fw) = )

duv =

4] if fo) = @)
for all edge uv € E(G). For each edge uv assign the label 1 if ged(pyy,duy) = 1 or 0
otherwise. f is called PD-prime cordial labeling if |ef (0) — es (1)| < 1 where e (0) and
ey (1) respectively denote the number of edges labelled with 0 and 1. A graph with admit
PD-prime cordial labeling is called PD-prime cordial graph.

Remark 3.2. K¢ is SD-prime cordial to refer[4], but it is not PD-prime cordial.

Remark 3.3. Ky is PD-prime cordial, but it is not SD-prime cordial.
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4 Preliminaries

Definition 4.1. The union of two graphs G; and Gj is the graph G; U Gy with V(G U
Gg) = V(Gl) U V(Gg) and E(Gl U Gg) = E(Gl) U E(GQ)

Definition 4.2. Let G; and G5 be two graphs with vertex sets V; and V5 and edge sets
E, and Es respectively. Then their join G 4 G5 is the graph whose vertex set is V3 UV,
and edge set is E1 U Ey U{uv :u € Vj and v € V4}.

Definition 4.3. If ¢ = wv is an edge of G and w is a vertex not in G then e is said
to be subdivided when it is replaced by the edges uw and wv. The graph obtained by
subdividing each edge of a graph G is called the subdivision graph of G and is denoted
by S(G).

Definition 4.4. K, is called a Star.

Definition 4.5. The Bistar B, , is the graph obtained by joining the two central vertices
of Ky, and Ki,.

Definition 4.6. The graph W,, = C,, + K is called a wheel. In a Wheel, a vertex of
degree 3 on the cycle is called a rim vertexr. A vertex which is adjacent to all the rim
vertices is called the central vertex. The edges with one end incident with a rim vertex
and the other incident with the central vertex are called spokes.

Definition 4.7. The graph F, = P, + K is called a Fan graph where P, : ujus . .. u, is
a Path and V(K;) = u.

Definition 4.8. The double Fan DF,, is defined as P, + 2K;.

Theorem 4.9. There are infinitely many primes|1].

Notation:
[z] denote the greatest integer < z.
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5 Main results

Theorem 5.1. Every graph is a subgraph of a PD-prime cordial graph.

Proof. Let G be a (p, ¢) graph, consider the complete graph K, with V(K,) = {u; : 1 <1i < p}.
Assign the labels py, po, .......... , pp to the vertices uy, ug, .......... , up where p;, 1 <7 < p are
primes and gcd(pyy,dy,) = 1 for any two edges wv. Such primes are exist by Theo-
rem 3.1. Let m = (3). Consider star Ki,, with V(K1) = {v,v; : 1 < i < m} and
E(Kim) = {vv; : 1 <i < m}. Assign the label 1 to the central vertex, next assign the
label 2 to the vertex v;. Consider the smallest integer which is not Used as a label of the
vertices of K,. Say r;. Clearly r = 4. Assign the label r; to us. we now Consider the
smallest integer which is not used as a label say rs.

Obviously 75 = 6. Assign the label ry to us. Similarly r3 =8 r4, =9 r5 = 10 r¢ = 12 and
so on. Proceeding like this assign the label r3, 74,75, ......... to the vertex uy, us, Ug, «........
Let s = p, —2m — 1. we now consider the s pendent vertices wy, wo, ....... ws and assign
the labels to w;(i < s) which are not used as a label of K, and K ,,.

Clearly ef(0) = ef(1) = m. Note that G is a subgraph of a PD-prime cordial graph
K,UKy,,UsK. O

Theorem 5.2. Any path is PD-prime cordial.

Proof. Let P, be the path uy,us,us,....... ,Uy. Let S7 be the set with starting from 2
and next element is the twice the previous element and not exceeding n. That is S; =
{z =2,4,8,16,...... and x < n}. We now construct the set Sy as follows. Let the first
element of S; be the smallest integer which is not in S;. Next element is the twice the
previous one and not exceeding n. That is Sy = {x = 3,6,12,24,...... and z < n},
similarly S5 = {x = 5, 10, 20, 40, ...... and x < n} and so on.We now assign the labels to
the vertices of the path. Put the label 1 to u;. Next assign the label to the vertices
U, U, eeven from the set S7 in ascending order until the number of edges with label 0
is [2] — 1. If all the element in S is exhausted and e;(0) < [%] — 1, then choose the
element from S, in ascending order and assign the label to the next consecutive vertices
until ef(0) = [2] — 1. Each time count the edge with label 0. If e;(0) < [2] — 1, then

stop the procesz. If e£(0) < (%-‘ — 1,then we consider the set S3 and proceed as before.
At the finite statge we get ef(0) = [2] — 1. Let 7' = {m;/1 < i < n, m; is not used as
labels, m; < m;1}.We now assign the label to the non-labelled vertices from the set s in
the ascending order. Clearly this labeling pattern is a PD-prime cordial labeling of the

path P,. [l

Theorem 5.3. All bistars B,, ,, are PD-prime cordial.

Proof. Let u,v be the centre vertices of the bistar B, ,. Let u; (1 < i < n) be the
pendent vertices adjacent to u and v; (1 <4 < n) be the pendent vertices adjacent to v.
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E(B,,) = {uv}U{uu;,vv; : 1 <i < n}. Assign the label 2n+2, 1 to the vertices u, v. we

now move to the pendent vertices vy, va, ....... , Up. Assign the label 2,3,4,........ ,n+1 to the
vertices vy, Vg, ....... ,Un. Now we consider the other side pendent vertices uq,us, ....... T
Assign the label n +2,n+ 3, ......... ,2n + 1 to the vertices uy, ug, ....... , Uy -

Clearly ef(0) =n + 1 and ef(1) = n.

Hence B, ,, is PD-prime cordial. O

Theorem 5.4. The graph S(K; ,) is PD-prime cordial.

Proof. Let u,uq,us, ....... , Up, be the vertices of K ,,. Let V(S(K1,)) = {u, us,v; 1 1 <i<n}
and E(S(Ki,)) = {uv;,viu; : 1 <i<n}. Assign the label 1 to the vertex u. Next con-
sider the pendent vertices uq, uo, ....... , Up. Assign the label 2, 4,6, ....... ,2n to the vertices
UL, Uy eennn ,u,. Next consider the subdivision of vertices vy, va, ....... ,U, and assign the
label 3,5,7, .......... ,2n + 1 to the vertices vy, vg, ....... , Up. Obviously e;(0) = ef(1) = n.
Hence S(K,,) is PD-prime cordial. O

Theorem 5.5. The wheel W,, is PD-prime cordial if and only if n > 3.

Proof. Let C,, be the cycle uy, us, ....... s Uy, U7
V(W,) =V(C,)U{u} and E(W,) = E(C,) U{uu,; : 1 <i<mn}.

Case 1. n = 3.
Suppose f is a PD-prime cordial labeling. Then ef(0) = 4 and ef(1) = 2, a contradiction.
Hence Wj is not PD-prime cordial.

Case 2. n =4.

vertex | w | Uy | Ug | Uz | Uy
Label 112145

w

Table 1:

Clearly e(0) = ef(1) =4
Hence W, is PD-prime cordial.

Case 3. n =5.
Clearly ef(0) = ef(1) =5
Hence W5 is PD-prime cordial.

Case 4. n>6
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vertex | u | uy | Us | U3z | ug | Us
Label 1123|415

(e

Table 2:

Let p be the largest prime number < n and [%] is an odd number. Assign the label 1, p

Hence W, is PD-prime cordial.

Theorem 5.6. The graph S(B,,,,) is PD-prime cordial.

Proof. Take the vertex set and edge set of B,,,, as in Theorem 4.3. Let z; and y; be the
newly vertices which subdivided the edges uu; and vv; respectively. Also x be the newly
vertex subdivided the edge uv.Assign the label 1,2 and 3 to the vertices u,v and z. we now

move to the pendent vertices vy, vg, ....... , Up. Assign the label 5,9,13,........ ,4n 4+ 1 to the
vertices vy, Vg, ....... ,Un. Now we consider the other side pendent vertices uq, us, ....... s Up.
Assign the label 7,11,15......... ,4n + 3 to the vertices uq, ug, ....... ,Up. Assign the label
6,10, 14, .....4n + 2 to the vertices x1, xa, ....... , . Now we consider the other side assign
the label 4, 8,12, .....4n to the vertices yi, ya, ....... ,Un. Clearly ef(1) = e(0) = 2n + 1.

Hence S(B,,,) is SD-prime cordial. O

Theorem 5.7. The fan graph F, is PD-prime cordial.

Proof. Let uy, ug, .cocouenn... , up, be the vertices of path P, and V' (F),) = {u}U{u; : 1 <i <n}
and E(F,) = {uu;: 1 <i<n} U {uuy:1<i<n-—1}. Assign the label 1 to the
vertex u. Now we consider the vetices of path wy,ug,.............. ,Up. Assign the label
2,3,4,......,n+ 1 to the vertices ui, ug, .............. ,Uy. Clearly ef(0) =n and ef(1) =n — 1.
Hence F,, is PD-prime cordial.

O
Theorem 5.8. The double fan graph DF,, is PD-prime cordial.
Proof. Let uy, g, .............. , Up, be the vertices of path P, and V(DF,) = {u,v,u; : 1 <i < n}

and E(DF),) = {uv;,vv; : 1 <i<n}U{vvg:1<i<n-—1}.

Case 1. n is odd.

Assign the label 1 and n+ 1 to the vertices u and v. Now consider the vertices of the path
UL, Uy wevenaeannnnn ,Up_1. Assign the label 2,3,4, ....... ,n to the vertices uy, Ug, .vvvnnnnnn... s Up—1
and assign the lebel n 4 2 to the remaining vertex u,. Clearly ef(0) = ef(1) =n + 2.
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Hence DF,, is PD-prime cordial.

Case 2. n is even.

Assign the label 1 and n+2 to the vertices u and v. Now consider the vertices of the path
ULy Uy eeaeeeennns ,Up_1. Assign the label 2,3,4, ....... ,n to the vertices uy, Ug, cvvennnn..... T
and assign the lebel n 4+ 1 to the remaining vertex u,. Clearly ef(0) =n+ 3 and e;(1) =
n+ 2.

Hence DF,, is PD-prime cordial.
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