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Abstract 

The purpose of this paper is the study of direct limits in category of Krasner (m, n)-
hyperrings. In this regards we introduce and study direct limit of a direct system in 
category (m, n)-hyperrings. Also, we consider fundamental relation *Γ , as the smallest 
equivalence relation on an (m, n)-hyperring R such that the quotient space */R Γ is an 
(m, n)-ring, to introduce the fundamental functor from category of Krasner (m, n)-
hyperrings to the  category of (m, n)-rings. Finally, we study the relationship between 
fundamental functor and direct limit on Krasner (m, n)-hyperrings. In particular, we 
prove that the fundamental functor is exact and obtain some its basic properties. 
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Introduction 
An n − ary hyperoperation is a mapping  

*: ( ),
n

f H H H× × → P
 

where *( )HP is 

the set of all nonempty subsets of H . In this case, 
( ),  H f  is said to be an n − ary hypergroupoid. This 
is a generalization of a hypergroupoid (when 2n = ), 
that was defined by Marty in [1] as founder  of 
hyperstructure theory (for more details  refer to [ 2], 
[3], [4], [5], [6], [7], [8] and [9]. An n − ary 
hyperoperation initiated an n − ary hyperstructure. 
Nowadays, n − ary hyperstructures is a well-known 
field of researches on hyperstructures theory( for more 
see  [10], [11], [12], [13], [14], [15], [16] and [17]). 
Also, recently some researchers studied direct systems 

and direct limit on (fuzzy) hyperstructures (for instance 
see [18], [19], [20], [21], [22] and [23]).  

In this paper, we consider category of Krasner 
( ),  m n -hyperrings ([11]), introduce, and study 
direct limit of a direct system in this category. In this 
regards, we introduce the fundamental functor from 
category of ( ),  m n -hyperrings into category of 

( ),  m n -rings, via the fundamental relation. In 
particular, we prove that this  functor preserves all 
direct limits. 

 
Preliminaries 

 In this section, we present some basic concepts of 
n − ary hyperstructures which we need to 
development our paper. 
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 In dealing with n − ary hyperstructures, for 
abbreviation, we will show the sequence 

1, , ...,i i jx x x+  by j
ix , and we put j

ix = ∅  for 

j i< . Hence 1 1 1( , ..., , , ..., , , ..., )i i j j nf x x y y z z+ +  

will be written as 1 1 1( , , ).i j n
i jf x y z+ +  Also, if 

1 ,i jy y y+ = = =  
then it is shown by 

( )
1 1( , , )i j i n

jf x y z−
+ . Moreover, if f  is an n-ary 

hyperoperation and ( 1) 1t l n= − + , for some 0,l ≥
then t -ary hyperoperation ( )lf  is  given by 

1( (..., ( ( )n

l

f f f f x
  

2 1 ( 1) 1
1 ( 1)( 1) 1, ),...), )n l n

n l nx x− − +
+ − − + . For nonempty subsets 

1,..., nA A  of H we define

1 1( ) { ( ) | , 1,..., }.n n
i if A f x x A i n= ∈ =  We say 

( , )H f  is an n − ary semihypergroup if f  is 

associative, that is, 
1 1 2 1

1( , ( ), )i n i n
i n if x f x x− + − −

+
1 1 2 1

1( , ( ), ),j n j n
j n jf x f x x− + − −

+= holds, for every 

1 i j n≤ < ≤ and all 1 2 2 1, ,..., nx x x H− ∈ If 

( , )H f  is an n − ary  semihypergroup and
1

1 1( , , )i n
if x H x H−

+ =  for all 1
nx H∈ and 

1 i n≤ ≤ , then ( , )H f is called an n − ary  
hypergroup. ( , )H f  is said to be commutative, if for 

all nσ ∈S and for every 1 ,na H∈ we have

1 (1) ( )( ) ( ,..., )n
nf a f a aσ σ= . moreover, a nonempty 

subset B of an n − ary hypergroup ( , )H f  is called 
an n − ary subhypergroup of H , if ( , )B f  is an 
n − ary hypergroup. 

 Let ( , )H f  be a commutative n − ary 
hypergroup. ( , )H f  is called a canonical n − ary 
hypergroup ([12]), if   

i) there exists a unique e H∈  such that for every
1, ( , ) { }nx H f x e x−∈ = ; 

ii) for all x H∈ there exists a unique 1x H− ∈
such that 1 2( , , )ne f x x e− −∈ ;      

iii) if 1( )nx f x∈  then, for all 1 i n≤ ≤  we have  

ix ∈ 1 1 1 1
1 1( , , , , , , )i i nf x x x x x− − − −

− +  . 

Definition [16] ( , , )R f g is said to be an ( , )m n
-hyperring, if: 

i) ( , )R f  is an m -ary hypergroup. 
ii) ( , )R g  Is an n -ary semihypergroup. 

The n -ary hyperoperation g  is distributive with 
respect to the m -ary hyperoperation f , i.e., for all 

1
1 1 1, ,i n m

ia a x R−
+ ∈ , and 1 i n≤ ≤

1
1 1 1( ( , , ),i n

if g a x a−
+  

1
1 1, ( , , ))i n

m ig a x a−
+… .  A nonempty subset S of 

R  is called an ( , )m n -subhyperring, if ( , , )R f g  is 
an ( , )m n -hyperring. Let {1,..., }i n∈ . An i -
hyperideal I  of R  is an ( , )m n -subhyperring of 

R such that 1
1 1( , , )i n

ig x I x I−
+ ⊆ for every 

1
nx R∈ . I  is called a hyperideal, if I is a i -

hyperideal, for all 1 i n≤ ≤ . 
    An ( , )m n -hyperring ( , , )R f g is said to be 

Krasner if ( , )R f  is a canonical n -ary hypergroup 
and ( , )R g  is an n -ary semigroup such that 0  is a 
zero element (absorbing element) of the n -ary 
operation g , i.e. for all 2

nx R∈ we have 

2(0, )ng x = 2 3 2( ,0, ) ( ,0).n ng x x g x= =  

Example [16] Suppose that ( , , )L ∨ ∧  is a 
relatively complemented distributive lattice. Define f
and g  on L  as follows:  1 2( , )f a a =

1 2 1 2{ },c L a c a c a a∈ ∧ = ∧ = ∧∣ and  

1 1( )n n
i ig a a== ∨  , 1

na L∀ ∈ . 

It is easy to verify that  ( , , )L f g  is a Krasner 
(2, )n -hyperring. 

 
Definition [24] A category consists of the following 

data: 
• Objects , ,A B C  
• Arrows: , ,f g h  
• For each arrow f , there are  given  objects 

( ), ( )dom f cod f  called the domain and codomain 
of f . We write :f A B→  to indicate that 

( )A dom f=  and  ( )B cod f= . 
• Given arrows :f A B→  and  :g B C→ , 

that is, with ( ) ( )cod f dom g=  there is given an 

( 1) 1
( ) 1( )l n
lf x − + =

1
1 1 1( , ( ), )i m n

ig a f x a−
+ =



arrow g f
g . 
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functor :F C
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J  and  C  
is a functor F
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or each ( ,i j

k≤ and j
, )m n − KH
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, , )i i i iR f g ∈

yperrings ind

uch that i ≤

omomorphism

omomorphism

j k≤ ≤ . T
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   The direct

n ( , )m n − K
, )m n -hyper

omomorphism
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Thus we 
cones to D . 
[24] A limit fo
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that y =

( 1), )nk
i kb a +

1 ( 1)( ), )mk nk
k i kx a +

1 ( 1), ,k nk
k i kx a +

( 1), ))nk
mk i kx a +

, mk kx R∈ , φ
1

1 1 1,[ ],[ ] )n
ix a−

+

he converse o

3. X  is limR

ner ( ),  m n

onsider iα
]  and th

ll ia ∈
[ ] [i

j i ia aφ= =
mmutative. N
rring and { iμ
omorphism w

by 
( )i iaμ . We s

m and so the u
we show that 

then there ex

or 1
1 1 ,k kx xφ = 

( 1)
1( , ,i k
k kg a c a−

1 , , i
k ka φ −= 

nka=  fo

 Since, 

by distributiv
( 1)
1( ,i k
kg a −=

)
),

) , for all 
k
k i ix xφ = . I

, 1
1, ([ ] ,[iG a −

of above incl

m iR  in ( ,iR φ
-hyperrings in

:i iR Xα →
he followin

 
iR∈  w

] ( )i i iaα=  

Now, let R  
:i i iRμ μ →∣

with i jμ μ=

show that β
universal map
t β  is well 

xists ,k i≥

, m
k m mkx xφ =

( 1) )nk
i ka + ,  such

1
1 ( 1)i i ka a− −=

or some

kb R∈ ,

vity on _R k ,

( 1), )nk
k i kc a +

1 i n≤ ≤ .

It follows that

1],[ ] ))n
m ix a + .

lusion can be

)i
jφ , the direct

ndexed by I .

defined by

g diagram:

we have

and so the

be a Krasner
}R→ a family
i
jφ . Define

β  is a strong
ping property
defined. Let

j  such that
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i j
k i k ja bφ φ= . Thus ( ) ( )i j

k k i k k ja bμ φ μ φ= , and  so

( ) ( )i i j ja bμ μ= . Hence, β  is well defined. Now 

let 1[ ], ,[ ]ma a X∈  then 1([ ] )( )mF aβ =

1([ ]) ( );{ mk
kx x f aβ ∈∣

for ,1 }l
lk k la a k l l mφ= ≥ ≤ ≤

1( ) ;( )mk l
k k lk k lf a a aμ φ= =  for ,1k l l m≥ ≤ ≤

1( ), , ( )( )k k k mkf a aμ μ=  (since kμ  is strong 

homomorphism) 1
1( ), , ( )( )m

k k k k mf a aμ φ μ φ= 

1 1( ), , ( )( )m mf a aμ μ=  1([ ]), , ([ ]) .( )mf a aβ β=   
similarly, we can show that 

1 1([ ] ) ([ ]), , ([ ])( ) ( )n
nG b g a aβ β β=  So, β  is a 

strong homomorphism such that i iβ α μ= . 
*Γ -Relation and Direct systems 

Let ( , , )R f g  be an Krasner ( ),m n -hyperring. 
Mirvakili and Davvaz in [16] introduced the strongly 
compatible relation ∗Γ on ( ),m n -hyperrings as 
follow: 

 For every k +∈Z  and 1
sl +∈Z , where  

( )1 1s k m= − +  we have 
1; sk l

x yΓ  if and only if 

( ) 1{ , } ( ,..., )k sx y f u u⊆   with 

( ) 1( )i

i

it
i l iu g x=  for some 1

iit
ix R∈ , where 

( 1) 1i it l n= − +  and 1 i s≤ ≤ . Now, set 

1
1

;
 s

s
k k l

l N∈

Γ = Γ   and
*

k
k ∈

Γ = Γ


 . It is shown that 

the transitive closure of Γ , denoted by  *Γ , is the 
smallest strongly compatible relation on  R ,  such that 

*( / , , )R F GΓ  is an ( ),m n -ring, where the m -

ary and n -ary operations F  and G  in */R Γ are 
defined as follows:   for all 

*
1( ( ) );mc f x∈ Γ  * *

1( ( ) ) ( )nG x dΓ = Γ  for all  
*

1( ( ) )nd g x∈ Γ . Consider *: /R Rφ → Γ  and 

suppose */
{ ( ) 0 }R R
x R xω φ

Γ
= ∈ =∣ , where 0  is 

the unit element of m -ary group *( / , )R FΓ . Then 

the unit element of *( / , )R FΓ  is equal to Rω , i.e., 

* ( 1) *( ( ), ) ( )m
RF x xω −Γ = Γ  for all x R∈ . 

Proposition 2.1. If ( , )i
i jR φ  is a direct system of 

Krasner ( ),m n -hyperrings indexed by a direct set I , 

then * *( / , )
i

i
i R jR φΓ  is a direct system of ( ),m n -

rings, where * * *: / /
i j

i
j i R j RR Rφ Γ→Γ  defined by 

* * *( ) ( )( )
i j

i i
j R i R j ia aφ φΓ = Γ . 

Proof. It is clear that * *( / , )
i

i
i R jR φΓ  is a family of 

( ),m n -rings and strong homomorphisms. Clearly, 
*i
iφ  is the identity for all i I∈ . Now, for 

i j k≤ ≤ , we have
* * * *( ) ( ) ( )( ) ( )

i i

j i i
k j R i k R ia aφ φ φΓ = Γ

* *( ) ( )( )
k k

i j i
R k i R k j ia aφ φ φ= Γ = Γ 

* * *( ) ( )( ) ( )
k j

j i j i
R k j i k R j ia aφ φ φ φ= Γ = Γ
* * * ( )( )

i

j i
k j R iaφ φ= Γ . 

Therefore, one concludes * * * *( )j i i j i
k j k k jφ φ φ φ φ= =  . 

Proposition 2.2.  For [ ],[ ]i ja b X∈  let 

[ ] [ ]i ja bθ  if 
k

i j
k i R k ja bφ φΓ  for ,k i j≥ . Then

Xθ = Γ . 

Proof. Let [ ] [ ]jXj
a b′ Γ , then there exist 

1[ ] iit
ix X∈ and 1, sh l +∈Z  where ( 1)i it l m= −

and 1 i s≤ ≤ such that [ ],[ ]{ }jj
a b′ ⊆  

( ) 1([ ], ,[ ])h sF u u   where ( ) 1[ ] [ ]( )i

i

it
i l iu G x= . 

Suppose 1 1, ,
i ii i it itx R x R∈ ∈  where 1 i s≤ ≤ .  

Since ( ) 1 ( ) 1[ ] [ ]( ) ( )i i

i i

it it k
l i l i kG x g x=  such that 

1
1 1,..., i

i i

iti
i k k i it k k itx x x xφ φ= = for some 

1, , , ,ik i it j j′≥  , then

1

1

1
( ) ( ) 11 ( ) 1[ ] , , [ ] .( ( ) ( ))s

s

stt
h l l sF G x G x  

Hence for some n k≥ we obtain 

,{ }j j
n n jj

a bφ φ
′

′ ⊆  

1

1

1
( ) ( ) 11 ( ) 1[ ] , , [ ]( ( ) ( ))s

s

stt
h l l sF G x G x , which implies 

* *
1( ( ) ) ( ),mF x cΓ = Γ

[ ],[ ] [ ],[ }{ } { ]j j
j k k jj j

a b a bφ φ
′

′ ′= ⊆
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that 
n

j j
n R n jj

a bφ φ
′

′ Γ  Thus [ ] [ ]jj
a bθ′ . Conversely, if

[ ] [ ]jj
a bθ′  then there exists ,k j j′≥  such that 

k

j j
k R k jj

a bφ φ
′

′ Γ  and so there exist 1
iit

i k ix R R∈ ⊆  and 

1, sh l ∈  where ( 1)i it l m= − and 1 i s≤ ≤ such 
that

( ) 1, ( , , ){ }j j
k k j h sj

a b f u uφ φ
′

′ ⊆  , where 
( ) 1( )i

i

it
i l iu g x= . 

Thus ( ) 1[ ],[ ] ([ ], ,[ ]){ }j j
k k j h sj

a b F u uφ φ
′

′ ⊆ 

where ( ) 1[ ] [ ]( )i

i

it
i l iu G x= . Hence[ ] [ ]jXj

a b′ Γ ,  

and so X θΓ = . 

Theorem 2.3. Let ( , )i
i jR φ  be a direct system of 

Krasner ( ),m n -hyperrings indexed by a direct set I
, and let *Γ  be the fundamental relation of lim iR . 

Therfore, * *( / ) ( ) /
ii R ilim R limRΓ ≅ Γ  . 

Proof. Define * *: ( / ) ( ) / 
ii R ilim R limRμ Γ → Γ    

by * *[ ( )] [ ]( )
iR i ia aΓ Γ  for any i ia R∈ . Since 

* * *([ ]) ([ ]) 
k

i j
i j k i R k ja b a bφ φΓ Γ⇔Γ =

for some ,k i j≥                   
* *( ) ( )

k k

i j
R k i R k ja bφ φΓ = Γ⇔

* * * *( ) ( )
i j

i j
k R i k R ja bφ φΓ = Γ⇔

* *[ ( )] [ ( )],
i jR i R ja bΓ = Γ⇔  

μ  is well defined and one to one. Now, we show 
that μ  is a strong homomorphism: 

*
1([ ( )] )( )

i

m
R iF aμ Γ = * *

1( )  ([ ( )])
i

i m
k R iF aμ φ Γ  

for some  1, , mk i i≥  *
1( )([ ( )])

k

i m
R k iF aμ φ= Γ

*
1( )([ ( ( ))])

k

i m
R k if aμ φ= Γ . *[ ( )]  ( )

kR xμ= Γ , for
*

1(( ) ) [ ]( )i m
k ix f a xφ∈ = Γ  where 1(( ) ).i m

k ix f aφ∈   
On the other hands, one obtains

* *
1 1[ ( )] [ ] ( ( ) ) ( ( ) )

i

m m
R i iF a F aμ Γ = Γ *([ ]) x= Γ ,  

1[ ] ([ ] )m
ix f a∈ *([ ])x= Γ ,   where  

1(( ) ) i m
k ix f aφ∈  for some 1, , .mk i i≥    So

*
1([ ( )] )( )

i

m
R iF aμ Γ = *

1[ ( )]( ( ) )
i

m
R iF aμ Γ .  Similarly, 

*
1([ ( )] )( )

i

n
R iG aμ Γ = *

1[ ( )]( ( ) )
i

n
R iG aμ Γ . 

Proposition 2.4. If 
ii Ra ω∈ then *[ ( )]

iR iaΓ  is the 

zero element in *( / )
ii Rlim R Γ  and  [ ]

ii limRa ω∈


. 

Proof. Let * ( 1) *[ ( )] ,[ ( )] [ ]( )
i j

m
R i R jF a b X−Γ Γ = , 

where * * ( 1) * *( ( )) , ( )( )
i j

i m j
k R i k R jX F a bφ φ−= Γ Γ for 

,k i j≥ . So * ( 1) * *( ( )) , ( )( )
i j

i m j
k R k R jbφ ω φ− Γ

( 1) * *( ) , ( )( )
k j

m j
R k R jF bω φ−= Γ * * ( )

j

j
k R jbφ= Γ  Thus 

* ( 1) *[ ( )] ,[ ( )]( )
i j

m
R i R jF a b−Γ Γ * * *[ ( )] [ ( )].

j j

j
k R j R jb bφ= Γ = Γ  

Hence *[ ( )]
iR iaΓ  is the zero element in *( / )

ii Rlim R Γ . 

By Theorem 3.3. it concludes  * [ ]( )iaΓ  is the zero 

element in *( ) /ilimR Γ  and so [ ]
ii limRa ω∈


. 

   It is easy to verify  that if  ( , , )R f g  is an 

Krasner ( ),m n -hyperring, then Rω , is an ( ),m n -
subhyperring. 

Corollary 2.5.  Let ( , )i
i jR φ  be a direct system of 

Krasner ( ),m n -hyperrings indexed by a direct set I

. Then ( , | )
i Ri

i
R j ωω φ  is a direct system and 
*(  ) /

iRlim ω Γ   is a zero ( ),m n -ring. 
Proof. Using Theorem 2.3. 

* *(  ) / / 0( )
i i iR R Rlim limω ωΓ ≅ Γ =   

Lemma 2.6. [ ] ,{
ilimR i i ia a Rω = ∈

 ∣

  for some  }
k

i
k i Ra k iφ ω∈ ≥ . 

Proof. Set [ ]{ i i ia a R= ∈D ∣

,   for some  }
k

i
k i Ra k iφ ω∈ ≥ Clearly, 

ilimRω⊆


D  . Let [ ]
ii limRa ω∈


, then 

i ia R∈  

and *
*

( )/
([ ]) 0

i
i limR

a
Γ

Γ =


. 

 By Theorem 2.3, it concludes that
* *[ ( )] [ (0 )]

ii RaΓ = Γ  . Thus *[ ] [ (0 )]
k

i
k i Raφ = Γ  for 

some k i≥ and so 
k

i
k i Raφ ω∈  for some k i≥ . 

Therefore, 
ilimRω ⊆


D . 

Theorem 2.7. Let ( )Dir I be the category of all 

direct systems of Krasner ( ),m n -hyperrings and 

strong homomorphisms over direct set I and 
( , ) rm n − KH be the category of Krasner ( ),m n -
hyperrings and strong homomorphisms. Suppose 

: ( ) ( , ) rlim Dir I m n −→ KH     by
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{ , } {[ ] }i
i j iR a a Rφ ∈ ∣  and whenever 

:{ , } { , }i i
i j i jt R Hφ φ′→  is a morphism in ( )Dir I

: i ilimt t limR limH= →


    where i ia a R= ∈  

and [ ] [ ]( ) i it a t a=


  , where :i i it R H→ . Then 

lim  is an exact functor. 

Proof. It is easy to see that lim is a functor. We 

prove that if  { , } { , } { , }i i i
i j i j i jA B Cφ φ φ′ ′′→ →  is a 

sequence of morphisms of direct systems over I , such 
that i i

i

n t
A i iA Bω ⎯⎯→ ⎯⎯→  i i

i

s u
i CC ω⎯⎯→ ⎯⎯→   

(*) is exact for any i I∈ , then 

  
i

n t
lim A ilim Aω ⎯⎯→ ⎯⎯→



 

   
i

s u
i i lim Clim B limC ω⎯⎯→ ⎯⎯→

 

  is an exact 

sequence of Krasner ( , )m n -hyperrings. Hence, 

(i) Kert Imn=
 

;  suppose[ ]a Kert∈


, then 

 [ ]
ilim Bt a ω∈




.  Let , i ia a A= ∈ , then

 [ ] [ ]
ii i lim Bt a t a ω= ∈




which implies 

( )
k

i
k i i limBt aφ ω′ ∈

  for some k i≥ , and so 

( ) ( )
k

i i
k i i k k i Bt a t aφ φ ω′ = ∈  Since the sequence (*)  

is exact for every i I∈ , so 

kk k AKer t Im n ω= =  and then 

( )
k

i
k k i k At a Im nφ ω∈ = .  

Hence [ ] [ ]   
k

i
i k i Aa a limφ ω= ∈     klim Im n Im n= = 

 . 

Therefore, Kert Imn⊆
 

. Conversely, if 
[ ]

iAa Imn limω∈ =  , then 
ii Aa ω∈ and so 

ii i Bt a ω∈  which implies [ ] [ ]
ii i i limBt a t a ω= ∈




. 

Thus [ ]ia Kert∈


. 

     (ii) Kers Imt=


; let 
[ ] [ ]  ix b Ker s= ∈ 

, then 

 [ ] [ ]
ii i i lim Cs b s b ω= ∈




.  

Thus ( )
k

i
k i i lim Cs bφ ω′′ ∈


 for some k i≥ . We 

have ( ) ( )
k

i i
k i i k k i Cs b s bφ φ ω′′ ′= ∈ . Since (*) is 

exact for every i I∈ , we obtain that  
( )   i

k i k kb Ker s Im tφ ′ ∈ =  and so there exists 

k ka A∈  such that ( )i
k k k it a bφ′= . Thus 

[ ] [ ] [ ] [ ]i
k k k k i it a t a b bφ ′= = =


 and so  

[ ]  ib Im t∈
 .   Conversely, [ ] [ ] [ ]( )i i i i i is t a s t a s t a= =

 
  . 

Since (*) is exact for any i I∈ ,  then 

ii i i Cs t a ω∈ , and hence[ ]
ii i i limCs t a ω∈


 . 

Thus [ ]
ii lim Cs t a ω∈




  and Imt Kers⊆

 
. 

    (iii) Keru Ims= 
; the proof is similar to (ii). 
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