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A chord of a path P is an edge joining two non-adjacent
vertices of P. A path P is called a monophonic path
if it is a chordless path. A longest x — y monophonic
path is called an x — y detour monophonic path. A
detour monophonic graphoidal cover of a graph G is a
collection 14, of detour monophonic paths in G such
that every vertex of G is an internal vertex of at most
one detour monophonic path in ¢4, and every edge of G
is in exactly one detour monophonic path in g4,. The
minimum cardinality of a detour monophonic graphoidal
cover of GG is called the detour monophonic graphoidal
covering number of G and is denoted by 74, (G). In
this paper, we find the detour monophonic graphoidal
covering number of corona product of wheel with some
standard graphs.
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1 Introduction

By a graph G = (V, E)) we mean a finite, undirected connected graph without loops
or multiple edges. The order and size of G are denoted by p and ¢ respectively. For
basic graph theoretic terminology we refer to Harary[6].

The concept of graphoidal cover was introduced by Acharya and Sampathkumar|2]
and further studied in [1, 3,7 ,8]. A graphoidal cover of a graph G is a collection 1) of
(not necessarily open) paths in G satisfying the following conditions: (i) Every path
in ¢ has at least two vertices, (ii) Every vertex of G is an internal vertex of at most
one path in v, and (ii7) Every edge of G is in exactly one path in ¢. The minimum
cardinality of a graphoidal cover of G is called the graphoidal covering number of G
and is denoted by n(G). The collection 1) is called an acyclic graphoidal cover of G if
no member of v is cycle; it is called a geodesic graphoidal cover if every member of
is a shortest path in G. The minimum cardinality of an acyclic (geodesic) graphoidal
cover of G is called the acyclic (geodesic) graphoidal covering number of G and is
denoted by 74(n,). The acyclic graphoidal covering number and geodesic graphoidal
covering number are studied in [4, 5].

A chord of a path P is an edge joining any two non-adjacent vertices of P. A path
P is called a monophonic path if it is a chordless path. A longest x — y monophonic
path is called an x — y detour monophonic path. For any two vertices v and v in a
connected graph G, the monophonic distance d,,(u,v) from u to v is defined as the
length of a longest © — v monophonic path in G. The monophonic eccentricity e, (v)
of a vertex v in G is e,,(v) = max{d,,(v,u) : u € V(G)}. The monophonic radius is
rad,,(G) = min{e,(v) : v € V(G)} and the monophonic diameter is diam,,(G) =
mazx{e,(v) : v € V(G)}. The monophonic distance was introduced and studied in
(10, 11].

A detour monophonic graphoidal cover of a graph G is a collection )4, of detour
monophonic paths in G such that every vertex of G is an internal vertex of at most one
detour monophonic path in 14, and every edge of G is in exactly one detour mono-
phonic path in v4,. The minimum cardinality of a detour monophonic graphoidal
cover of G is called the detour monophonic graphoidal covering number of G and is
denoted by 74m(G). The detour monophonic graphoidal cover was introduced in [13]
and further studied in [14,15].

Definition 1.1  The corona of two graphs G and H is the graph G o H formed
from one copy of G and |V (G)| copies of H, where the i'" vertex of G is adjacent to
every vertex in the i'" copy of H.

Throughout this paper G denotes a connected graph with at least two vertices.
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2 Detour monophonic graphoidal cover on corona
product of wheel with standard graphs

Theorem 2.1  For the wheel W,, = K; + C,,_1 (n > 5),

n if n=2>5
NamWy) =< n—+1 if n is odd and n >5

n+2 if nis even.

Proof. Let W, = K;1+C,,_; be awheel with V(K;) = {v} and V(C,,—_1) = {u1,us,. ..,
un_l}.
Case 1. n is odd.
Subcase (i): n = 5.
Let P : uy, v, us;

P2 S U, Ug, U,

P ug, ug, usg;

P4 LU, Ug;

Ps v, uy.

It is clear that g, = {P1, Py, P5, Py, Ps} is a minimum detour monophonic

graphoidal cover of W,,. Hence ng,,(W,) =5 = n.
Subcase (ii): n =17,9,...
Let Py :ug,us,. ..  Unt s

Pooug, v, Upy—a, . ..  Unta; and

PL'+2:'U,UZ‘ (1 §2§n—1)

Similar to Subcase (i), we have 7g,,(G) =n + 1.
Case 2. n is even.

Let P : uy,ug,...,uy—2. Then ¢y, = (E(W,) — E(P)) U{P} is a minimum detour
monophonic graphoidal cover of W,, and so 7g, (W,,) = 2(n—1)—(n—3)+1 =n+2. N

Theorem 2.2 IfG = P, oW, then

10r — 1 if n=25
Nam(G) =<r(2n+1)—1 if n="7,9,11,...
2r(n+1)—1 if n=26,810,....

Proof. Let P, : uy,us,...,u, be a path of order r and let W,, = K; + C,,_1 be a
wheel with V(K;) = {v1} and V(Cy—1) = {va,v3,...,0,}.
Case 1. n=5.

Let My : vy, ur, ug, ..., Up, Up1;

Mty i vi0,vi3,0i4 (1 <0 <1);
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M ;2,504 (1 <1 <)

M w0, 051,04 (1 <0 < r);

Sy = U:Zl U?Zl(ui, Uz',j) —{(u1,v11), (Ur,vy1)}; and
Sy = U:Zl{(vi,h vi3), (Vi1, Vi) }-

It is clear that every M;(1 <i <r+1), M/(1 <i<r)and M/(1 <i<r)
are detour monophonic paths in G and every element in S;US5 is a detour monophonic
path in G. Hence 9g, = S1 U So U{M;y, My, ..., My, M, M}, ... M. M/ MY, ...,
M} is a minimum detour monophonic graphoidal cover of G and so 74, (G) = (3r +
1)+ (5r —2) 4+ 2r = 10r — 1.

Case 2. n=17,9,11,....

Let My : vy, ur, ug, ..., Up, Up1;
Mi+l TV 2,Vi3, .- 7Ui,”;3 (1 S ] S T),
/ . y .
M/ | V2, Vi, Vip_1, .. UL (1<i<r)

St = Uiz Ujor (uis vig) — {(ua, vi,0), (wr, vp1) }5 and
So = Uiz Ujza (vi1, vij).-

It is clear that every M; (1 <i <r+1), and M/, (1 <i <r) are detour
monophonic paths in G and every element in S;USj5 is a detour monophonic path in G.
Hence 1g,, = S1 U Sy U {Ml, My, ... Moy, M3, M, ... ,M;H} is a minimum detour
monophonic graphoidal cover of G and s0 74, (G) = (2r+ 1)+ (rn —2) +r(n—1) =

r(2n+1) — 1.
Case 3. n =6,8,10,...
Let Ml : U1,17u17u27 oo 7u'r’)vr,1;

M1 050,053, Vi1 (1 <0 <)

M v, v (1 <0 < 1);

M Vi, Vi1 (1< <)

S, = U:Zl U?Zl(ui, Uz',j) —{(u1,v11), (Ur,v1)}; and

Sy = Uiy Ujza(vi1, vig).

It is clear that g, = S1USyU{M;y, My, ..., My, M], M}, ... M. M/,

My, ..., M} is a minimum detour monophonic graphoidal cover of G and so 14, (G) =
Br+1)+(nr—2)+r(n—1)=2r(n+1) -1 [

Theorem 2.3 IfG =W, o P,, then

5(r+1)+3 if n=5

ndm(G):{n(rvL?)—l if n>b5.

Proof. Let W, = K; + C,_1 be a wheel with V(K;) = {v;} and V(C,_1) =
{vg,v3,...,v,} and let P, : uy,us, ..., u, be a path of order r.
Case 1. n =5.

Let My : ug 1, v2, U3, Uy, Ug ;
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M : v, vs, v4;
M3 1 V2,01, U4,
Mi+3 : ui,l,um, RN ;ui,r (1 S 7 S 5), and
S = (U?:1 ngl(vz’vui,j) — {(v2,u2,1), (va,ua1)}) U{(v1,03), (v1,05)}
It is clear that ¢y, = S U{M;, My, M5, ..., M,,3} is a minimum detour

monophonic graphoidal cover of G and so 74, (G) =8 + 5r = 5(r + 1) + 3.
Case 2. n=17,9,11,...

Let Ml t U271, V2,03, ... 7/0”‘2*37u”+3,15
My vy, Uy, Up_1, ..., Unts;

2
Mo w1, Uig, ..y Uy (1<

S1=UiL Ujzi (i, uiy
SQ = U?ZQ(’UM Ul').

It is clear that 1y, = S1USy U{ My, My, ..., M, 2} is a minimum detour
monophonic graphoidal cover of G and 80 74 (G) = (n+2) + (nr —2) + (n — 1) =
n(r+2)—1.

Case 3. n =6,8,10,...
Let M1 tU21,V2,V3,...,Un—-1,Un—1,1,
M2 *Un—1,Un, Un,1;
M3 2 vy, v;
Mgt uin, i, ... uy (1 <i<n);
Sy = U?:l U;Zl(vi, u;j) — {(v2,u2.1); (Vn—1,Un—1,1), (Vn, Un1)}; and
SQ = U?ZQ(’Ul, ’Ui).

It is clear that g, = S1USyU{ My, My, ..., M, 3} is a minimum detour
monophonic graphoidal cover of G and 80 74 (G) = (n+3) + (nr —3) + (n — 1) =
n(r+2)—1. [

Theorem 2.4 IfG =C, oW, then

10r if n=5
Nam(G) =< r(2n+1) if n="7,911,...
2r(n+1) if n=26,8,10,....

Proof. Let C., : uy,us,...,u,,u; be a cycle of order r and let W,, = K; + C,,_1 be
a wheel with V(K;) = {v;} and V(C,—1) = {vq,vs,...,v,}. Let G be the corona
product of C, and W,,.

Casel. r=3

Subcase (i): n = 5.

Let M1 t V11, U1, U2;

M, - V3,1, U2, U3;
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M3 v31,u3, us;

M v 9,vi3,v4 (1 <7< 3);

M :vi9,vi5,v4 (1 <1 <3);

Mi”/ “U2,Vi1,Vi4 (]. S 7 S 3), and

S = {U§:1 U?:g(uu i)} U{(v1,1,v13), (V11,v15), (V2,1,V23), (V21, v25),
(U3,1, 03,3), (U3,1, U3,5)}~
It is clear that ¥y, = S U {M;, My, My, M|, M5, M}, M{' M}, M M,

My’ MY} is a minimum detour monophonic graphoidal cover of G and 80 74, (G) =

30 = 10r.
Subcase (ii): n =17,9,11,...

Let My : vi1,u1, ug;
My 1 v91, ug, us;

Ms - V3,1, U3, U1;

—_
IA
IA
=

[
Mi S Vi2,Ui3,. .. 7U7j,”;3 (

M;" = 02, Vi Vi1, - - -, Uy nys (1 <0< 3);
3 n
S1= Uiz Uj—a(ui, viy); an
Sy = Uiy Uy (vi, vi)-
It is clear that wdm = Sl U SQ U {Ml, M27 Mg, M{, Mé, Mé, M{/, Mé’,
MY} is a minimum detour monophonic graphoidal cover of G' and 80 74, (G) = 3(n —
D+3n—1)+9=32n+1)=r(2n+1).
Subcase (iii): n = 6,8, 10, ...
Let My : vg 1, uy, ug;
M2 - V21, U2, U3,
M; : vz, us, ;s
M 050,03, ., Vin1 (1 <0 < 3);
Sy = U?Zl{(vi,m Vin)y (Vigns Vin—1)};
3 n
Sz = Uizy Uja(ui; vi); and
3 n
Sz = Uiz Uj—a (i1, vig).

It is clear that g, = S1USoUS3U{ My, Ma, M3, M1, M}, M}} is a minimum
detour monophonic graphoidal cover of G and 80 74, (G) = 6+3(n—1)+3(n—1)+6 =
6(n+1)=2r(n+1).

Case 2. r > 3 and r is even.

Subcase (i): n = 5.

Let My vy, ur, Uz, oo Uzyy, Uz 0
M2 UL, Upy Up—1, - - - 7u%+1;
M 2 v, 053,04 (1 <0 < 1)
M v, vi5,v4 (1 < <)
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M vi0,vi1,v4 (1 <0< 1);
S = Uiy Ul (ui,vig) — {(ur, 010), (wzs1,v:411)}; and
Sy = U;Zl {(Ui,h Ui,3)7 (%‘,17 Uz‘,5)}~
It is clear that g, = S1USyU{ My, My, M7, M}, ... . M/, M MY, ...,
M M MY ..., M!”} is a minimum detour monophonic graphoidal cover of G and
50 Nam(G) = (3r + 2) + (5br — 2) + 2r = 10r.
Subcase (ii): n =17,9,11,....

Let My vy, ur, U, oo Uzyr, Vg 1
M2 UL Upy Up 1, - - - 7u%+1;
M :vi0,v;3, ... ) Vj g3 (1<i<r);

" ; .
Mi “ V2, Vin, Vin—1,- - ,Ul»7n-2«-3 (1 S 1 S T),

Sy = (Uiy Uiy (s, viy)) = {(ug, 011), (uz 1,0 411) }; and
Sy = Uiy Uj=a (vi1, vig)-
It is clear that g, = S1 U Sy U { My, My, M1, M}, ... . M, M MY,
..., M!"} is a minimum detour monophonic graphoidal cover of G' and so 74, (G) =
2r+2)+(mr—-2)+r(n—1)=r2n+1).
Subcase (iii): n =6,8,10,....
Let My :viq,ur, ug, ..., Us41, V241,15
My g, Uy, Uy oo Uz
M 050,03, .., Vipa1 (1 <0 <)
Sy = U:Zl {(’02,27 Ui,n); (Ui,na U’i,nfl)};
Sy = (Uizy Ujzy (i vi ) = {(ur, vi1), (uzga,vz410) 5 and
Sy = Uiy Ujza (vi1, vig)-
It is clear that g, = S1 U Sy U SsU{ My, My, M{, M, ... M'}

T

is a minimum detour monophonic graphoidal cover of G and so 74,(G) = (r + 2) +
2r+(nr—2)+r(n—1)=2r(n+1).
Case 3. r > 3 and r is odd.
Subcase (i): n = 5.
Let My :vi1,u1, U2, . ooy Up—1, Up—1.1;

M2 P Up—1, Uy, 'Ur,l;

Ms : u,, ug;

M :v;9,v;3,0v4 (1 <i<7);

M :v9,vi5,v4 (1 <i<7);

M :vi9,vi1,v4 (1 <0 <7);

St = (U Uo_y (ui,vi5)) = {(ur,v10), (1, vp-11), (U, vp1) }5 and

Sy = U;Zl {(Ui,la Uz’,s), (Uz’,la Uz‘,5)}-

It is clear that g, = S1USyU{ My, My, Mg, M{, M5, ... M/ M M},

MY M MY M} is a minimum detour monophonic graphoidal cover of G

7
7
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and 8o Ngm(G) = (3r + 3) + (5r — 3) + 2r = 10r.
Subcase (ii): n =17,9,11,....
Let My : vy 1,u1, U2,y Up—1, Up—1.1;

M @ up—q, U, U1

M3 up, ug;

M| vi0,0i3,... 0,03 (1 <0 <7

7,,72

I/
M vig, Vi, Vi1, -+ -, U (1§

= (Uizi Uiz (uis vi5)) — {(Uh?fl,l)a (Ur-1,vr-11), (ur, vr1) }; and
= Ui- 1Ug 2 (Vi1, i ).
It is clear that g, = S1USyU{ My, My, Mg, M{, M5, ... M/ M M},
..., M"} is a minimum detour monophonic graphoidal cover of G' and so 74, (G) =
2r+3)+(nr—3)+r(n—1)=r2n+1).
Subcase (iii): n = 6,8, 10, .. ..

Let My : vy1,ur, Uz, - ooy Up—1, Vp_1,1;

| /\
=

M2 CUp_1, Up, Up1;

M; 2y, ug;

M 050,03, Vi1 (1 <0 <)

S = UZ:1 {(%‘,2, Ui,n)a (Uz‘,m Ui,n—l)};

Sy = (Uizy Uy (wi vi ) = {(ur, v11), (wr—1,vr-11), (wr, vr1) }; and

Sz = Uiz Uja (Vi1 vi5).-

It is clear that wdm = Sl U SQ USg U {Ml, MQ, Mg, M{, Mé, .. M/}

is a minimum detour monophonic graphoidal cover of G and so 74, (G) = (r —|— 3) +
2r+(nr—3)+r(n—1) =2r(n+1). [

Theorem 2.5 IfG =W, o(C,, then

or 413 if r is even and n=>5
or + 18 if ris odd and n =5

n(r+3)—1 if ris even and n>5
n(r+4)—1 if ris odd and n > 5.

ndm(G) =

Proof. Let W,, = K; + C,_1 be a wheel with V(K;) = {v;} and V(C,—1) =

{vg,v3,...,v,} and let C, : uy,ug,...,u.,u; be a cycle of order r. Let G be the
corona product of W,, and C.
Case 1. n =5.

Subcase (i): r is even.
Let Ml - Ug.1,V2,U3, V4, Uq;

My 2 v9,v5, 45
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M3 = vg, 01, v4;

M i, i, Uiz (1 <i<b);

M i g, Wiy s ug g (1< <)

S1 = {(v1,v3), (v1,v5)}; and

Sy = Uiy Uiy (vi, i) — { (02, u2,1), (04, 1) }-

It is clear that g, = S1USoU{M;, My, M3, My, M, M}, My, M, MY,

MY, MY MY MY} is a minimum detour monophonic graphoidal cover of G and so
Nam(G) = 134+ 2+ (5r — 2) = 5r + 13.
Subcase (ii): r is odd.
Let M1 tUg.1,V2,U3,Uyq,Uq;

M; 2 v, v5, V43

Ms 02, 01, Vg

M uig, w0, Uiy (1 < <B);

Sy = U?Zl {(ui,rfla Uz’,r), (Ui,r, Uz‘,l)};

Sy = {(v1,v3), (v1,v5)}; and

S = Uiy Ul (v, i) — {(v2, ua), (va, uan) }-

It is clear that g, = S1USeUSsU{M;, My, My, My, M5, M, My, M.}

is a minimum detour monophonic graphoidal cover of G and so 14, (G) = 8 + 10 +
2+ (br —2)=5r+18.
Case 2. n=17,9,11,...
Subcase (i): r is even.

Let M1 cUg1,V2,V3,. .. ,’UnTﬁ,UnTH,l;
M2 : U27vn7vn717"'7vnT3;
le U1, Ui2, - - ,ui’%_;_l (1 S ) S TL),
M i, Uiy us ey (1 <4 < n);

S1 = Ul ,(v1,v;); and

S2 = Uiy Uja (05, 115) = { (v 1020), (028w ) -

It is clear that g, = S;USsU{ My, My, M, M}, ... . M M MY,
..., M"} is a minimum detour monophonic graphoidal cover of G' and so 74, (G) =
2n+2)+(n—1)+ (nr—2)=n(r+3)— 1L
Subcase (ii): r is odd.

Let M1 S U271, V2,03, ... 7U7L;37Un;371;
My 2 v9, vy, Vp_q, . ..  Unts;
/. ; .
Mi UL, U2, - ey Ui r—1 (1 <1< n),

S = U?:l {(Uz‘,r—b ui,r)7 (Uz‘,r, ui,l)};
Sy = Ui, (v1,v;); and

S = U?Zl U;:1(Uia Uz]) - {(U2, U2,1)a (U%a U"THH)}
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It is clear that wdm =5U 52 U 53 U {Ml, MQ, M{, Mé, B ,M;L} is a
minimum detour monophonic graphoidal cover of G and 80 74, (G) = (n +2) + 2n +
(n—1)+ (nr—2) =n(r+4) — 1.
Case 3. n =6,8,10,...
Subcase (i): r is even.

Let My 1 ug1,v2,03, ..., Up_1, Up—11;

Myt vp—1, U Un 1

Ms : vy, vo;

M i, wig, o ui s (1< <n);

M ugy, iy - ui g1 (1 <0 <n);

S =Uy(v1,v;); and

Sy = Uiy Ujzr (viywig) — {(v,u2,1), (Vn—1, tn—11), (0n, una) }-

It is clear that g, = S1USU{ My, My, Mg, M{, M5, ... M M M},

..., M/} is a minimum detour monophonic graphoidal cover of G' and so 14, (G) =
2n+3)+ (n—1)+ (nr —3) =n(r+3) — 1.
Subcase(ii): r is odd.
Let My : ug1,v2,03, ..., Up—1, Up—11;

Myt vy—1, Uy Un 1

Ms : vy, vo;

M uir, i, uie—r (1 <d < n);

Sy = U?zl{(ui,r—hui,r), (Uiry i) };

Sy = U?:Z(’Uhvi); and

Sz = Uizy Ujy (vis wig) — {(v2,u2,1), (Vn1s wn—1,1), (Vs n 1) }-

It is clear that g, = S1 U Se U S3 U { My, My, M3, M, M},

..., M/} is a minimum detour monophonic graphoidal cover of G and 80 14, (G) =
(mn+3)+2n+(n—1)+ (nr—3) =n(r+4) — 1. [

Theorem 2.6 IfG=K,oW,, r> 3, then

5(r417) if n=5
Nam(G) = L(r+4n—1) if n=71,9,11,...
“(r+4n+1) if n=6,8,10,....

N

Proof. Let K, be the complete graph with the vertex set {uy,us,...,u,}, and let
W, = Ky + C,_; be a wheel with V(K;) = {v;} and V(C,,—1) = {vo,v3,...,0,}.
Case 1. n =5.

Let Mz SV, Wiy Ul (1 S 7 S r — 1),
Mr : Ur,lyuraul;
M 2 vi2,vi3,0i4 (1 <0 <)
M 2 vig,vi5,v4 (1 < <1);
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M :vig,vi1,v54 (1 <d <1);
r 5
St = Uizt Ujoo(ui, vig);
Sy = U;=1 {(vi1,vi3), (i1, vi5)}; and
53 - E(KT'> - {(U1,U2), (Ug, u3)7 D) (ur—17u7’)7 (U‘T7u1)}'
It is clear that ¢4, = S1USsUSsU{M;, My, ..., M, M, M, ... M/,
My MY MY MY MY o M} is a minimum detour monophonic graphoidal

cover of G and s0 Mg, (G) = 4r + 4r + 2r + @ —r=g(r+17).
Case 2. n=17,9,11,...

Let M; : viq, ug uipq (1 <i < —1);
M’r S U1, Uy, U

M 09,053, ..., vy nes (1 <0 <)

)
2

.
Mi V2, Vin, Uin—1,---,U; n-2&-3 (1

St = Uiz Uy (i, vi5);
So = Uiz Ujza {(vi1,v15) }; and
S3 = E(K,) — {(u1,us), (ug,u3), ..., (up—1,u,), (u,,ur)}.

It is clear that g, = S1USeUSsU{ My, My, ..., M., M{, M, ... M. M/,

MY, ..., M"} is a minimum detour monophonic graphoidal cover of G and 80 74, (G) =
3r+r(n—1)+r(n—1)+ 2 —p=I(r 4 4n - 1),
Case 3. n =6,8,10,...

Let M; : vi1, ug, uipr (1 <0 <r—1);

IN

i <r);

M, vr g, e, us;

M 00,03, ,0in1 (1< <7);

St = Uiz {(viz, vin)s (Wi, vin—1)};

Sy = Uiz Ujza (uis vij);

Sz = Uizy Uj—s(vi1, vi5); and

Sy = E(K,) — {(u1,us), (ug, u3), ..., (up_1,u.), (u,,ur)}.

It is clear that ¢dm = Sl USQ US3US4U{M1, M27 ceey MT, M{, Mé,
..., M/} is a minimum detour monophonic graphoidal cover of G and so 74, (G) =
2r+2r+r(n—1)—|—r(n—1)—|—r(r2—_l)—r:g(r—|—4n+1). [

Theorem 2.7 IfG =W, o K,, then

1(5r% 4+ 5r + 6) if n=75
Nam(G) = € s(nr? +nr+2n—2)  if n=7,9,11,...
s(nr? + nr 4 2n) if n=6,8,10,....

Proof. Let W,, = K; + C,_1 be a wheel with V(K;) = {v;} and V(C,—1) =

{va,v3,...,v,}, and let K, be the complete graph with the vertex set {uy, ua, ..., u,}.
Case 1. n=25.
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Let My : ug 1, v2, U3, Vs, Ug
M2 . Vg, Us, Uy4;
M3 2 vg, 1, v4;
S, = U?Zl U;Zl(vi, uzy) — {(v2,u2,1), (4, ug1) }; and
Sy = U?:l E(K}) U{(v1,v3), (v1,v5)}.

It is clear that g, = S; U S U {M7, My, M3} is a minimum detour
monophonic graphoidal cover of G and so 74, (G) = 3 + (5r — 2) + 5.%—_D +2 =
2(5r% 4+ 5r + 6).

Case 2. n=17,9,11,....

Let Ml t U271, V2,03, ... ,’Un-Q&-B,Un;—?,J;
My : o, Uy, U1, ..., Unsts;

S = Ut Uy (01, i) = { (02, 120), (a5, s )
S2 = UL, B(K}); and
S5 = Uiza(v1, vi).

It is clear that g, = S; U Sy U S3 U {My, My} is a minimum detour
monophonic graphoidal cover of G' and s0 74, (G) = 2+ (nr —2) —1—n.r(r—2_1) +(n—1) =
$(nr? 4+ nr 4 2n — 2).

Case 3. n =6,8,10,....
Let My : ug1,v2,03, ..., Un—1, Un—11;
M2 * Un—1, Un, Un,1,;
M = vy, va;
S1=U~, U;Zl(%ui,j) — {(v2,u2,1), (Vn—1, Un—1,1) };
S2 = UL, B(K}); and
93 = UiLs (01, v3)-
It is clear that ¢4, = S; U Sy U S3 U { My, My, M3} is a minimum detour

monophonic graphoidal cover of G and hence 74, (G) = 3+ (m“—Q)—{—n.r(T—Q_l) +n—1=
$(nr? + nr + 2n). |

Theorem 2.8 If G =W, oW, then

(53 if r=s=5

11r —1 if s=5and r>6

2(bs +4) if r=5and s=7,9,11,...
Nam(G) = .

10s + 13 if r=5and s=6,8,10,...

2r(s+1)—1 if r>6 and s=7,9,11,...

(7(2s+3)—1 if r>6 and s=6,810,....

Proof. Let W, = K; + C,_1 be a wheel with V(K;) = {w1} and V(C,_;) =
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{ug,us, ..., u,} and let Wy = K14+Cs_; be a wheel with V(K;) = {v1} and V(Cs_1) =

{UQ,Ug, c. ,’US}.
Case 1. r = 5.

Subcase (i): s = 5.
Let My : va1,ug, U3, Ug, V4 1;

My = ug, us, ug;

M3 ug, ug, ug;

M 2 vi2,vi3,v4 (1 <0 <5);

M = vig,vi5,v54 (1 <@ <5);

M{" v 9,01, v54 (1 <0 <5);

St = {(u1, uz), (ur, us) };

Sy = U?Zl {(Ui,17vi,3)7 (Ui,l, Ui,s)}; and

Sy = Uiy Uiz (wi, 03) = {(ua, v,1), (g, va1)}-

It is clear that g, = S1USQUSsU{ M, My, My, M|, M}, M}, My, ML, MY, MY,

MY MY MY M NG MY MY MY} is a minimum detour monophonic graphoidal
cover of G and 80 74 (G) = 18 + 12 + 23 = 53.
Subcase (ii): s =7,9,11,....

Let Ml C V2,1, U2, U3, Uy, Vg,1;
M2 C U2, Us, Uy,
M3 2 ug, ug, ug;

Mz/ SV 2,Vi3,...,U; st3 (1 <1< 5),

2y

2
M! : v; 9, v; U, s43
i v Yi,2y Vissy - ooy z,s‘g

Sl — {(ulu u3>7 (u17u5)};
Sy = Ui_y Uiy (vi, vi5); and
Sz = U?Zl szl(uiavi,j) — {(u2,v2,1), (us,v41)}
It is clear that ¢dm = 51USQU53U{M1, MQ, M3, M{7 Mé, M?I), Mi, Mé, M{/, Mé’,
M, MY, MY} is a minimum detour monophonic graphoidal cover of G and 80 14, (G) =
1342+ 5(s — 1) + (55 — 2) = 2(5s + 4).
Subcase (iii): s = 6,8, 10, ....

Let Ml - U211, U2, U3, Uq, Vg1,

My @ ug, us, ug;

M3 @ ug, uy, uy;

M vi2,0i3,..., 051 (1 <i<5);

S = U?Zl {(Ui,sfly Ui,s>7 (Uz',s, Uz’,z)};

Sy = {(u1,u3), (ur, us) };

Ss = Ui_y Uiy (vi1, vi); and

Si = Uy Uz (i, vi5) — {(ug, va1), (ua, va1) }-
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It is clear that ¢4, = S1USyUS3US U{M;, My, M3, M7, M5, M5, My, M:}

is a minimum detour monophonic graphoidal cover of G and so 74, (G) = 8 + 10 +
2+5(s—1)+ (5s —2) = 10s + 13.
Case 2. r=17,9,11,....
Subcase (i): s = 5.
Let My : va1,us,us, . .. y Urgs, Uris ]

M2 U Upy Up 1,y - - ,U%,

M v 0,083,054 (1 <0< 1);

M vig,vi5,vi4 (1 <0 <7);

M" v 9,0 1,054 (1 <0 <)

Sy = U::Q(’U“l?ui);

Sy = U:Zl {(vin,vi3), (vi,vis)}; and

S3 = Uzzl Uizl(uhvi,j) - {(u27v2,1)7 (ui;ﬂv%,l)}'
It is clear that ¥4, = S1USe U S U{ My, My, M1, M}, ... . M., M{ MY,
o MM MY M} is a minimum detour monophonic graphoidal cover of G
and 80 Ngm(G) = 3r+2)+ (r —1) 4+ 2r 4+ (5r — 2) = 11r — 1.
Subcase (ii): s =7,9,11,....

Let M, : U,15 Uz, Ugs + -+, Urss, Vris 3
My 2 ug, Upy Up— 1, - .  Ursgs;
! . y .
M :vio,vi3,... U 243 (1<i<r);

—~
—_

" . ; .
Mi “ Ui 2, Visy Uis—1y vy Uy 513 <1< T),

Lo
St = Ujzg (w1, w);
Sy = Uiz Ujza(vi1, vi5); and

Sz = Ui szl(uivvi,j) - {(U27U2,1)a (U%%U#J)}'

It is clear that g, = S1 U Sy U S3 U {My, My, M{, M, ...,
M MY MY, M} is a minimum detour monophonic graphoidal cover of G and
SO Nam(G) = 2r+2)+(r—1)+r(s—1)+(rs—2)=2r(s+1) — 1.
Subcase (iii): s = 6,8, 10, .. ..

Let My : va1,us,us, . .. yUres, Urts 1

Mo ug, Upy U1,y . - , Urss;
M! 02,03, 01 (1 <@ <
St = Uiy {(vis—1, i), (
Sy = Uy (U1, ui);
Sy = Uiz1 Uj=a(vi1, vi5); and
St = Upey U (s, vig) = { (2, 02.1), (g, v ) .

It is clear that ¢y, = S1USo U S5 U Sy U { My, My, M{, M, ..., M} is a
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minimum detour monophonic graphoidal cover of G and s0 74, (G) = (r +2) + 2r +
(r—1)4+r(s—1)+(rs—2)=r(2s+3) — 1.

Case 3. r =6,8,10,....

Subcase (i): s =5.
Let My :vaq,ug,usg, ..., Up—1,Vr_11;
My up—, Uy, O
M = up, u;

M vi9,vi3,v4 (1 <0 <1);

M/ :vi9,vi5,04 (1 <i <)

M vig,vi1,v54 (1 < <

S1 = Ui (ur, w);

Sy = U:Zl {(Uz',la Ui,?))a (Uz’,l, Ui,5)}; and

Sy = Uiy Ujy (s, 055) = {(uz, 02,1, (wr1,0p-11), (ur, 001}

It is clear that ¢4, = S1USyUSsU{ My, My, M3, M, M}, ... M., M{ MY,
o MM MY M} is a minimum detour monophonic graphoidal cover of G
and 80 Ngm(G) = 3r+3)+ (r—1)+2r+ (5r —3) = 11r — 1.

Subcase (ii): s =7,9,11,....

I

r);

Let M1 U211, U2, U3y« s Up—1,VUp—11;

My : g, Uy vy 1

Ms 2 u,, us;
! . ; .
M :vi0, 03, ... ) U 243 (1<i<r);
(/N N
Mi C V2, Vi, Vis—1,y - - ,’l}i7s-53 (1 <1< r),

St = Uiy (ur, wi);
Sy = Uiy Uja(vi1, v35); and
Sy = Uiz Ujzi (s vig) — {(u2, v2,1), (wr—1, vr—1,0), (ur, vr1) }
It is clear that tu, = S1USeUSsU{ My, My, My, M1, M}, ..., M, M?, MY,
..., M"} is a minimum detour monophonic graphoidal cover of G' and so 74, (G) =

2r+3)+(r—1)+r(s—1)+(rs—3)=2r(s+1)— 1.
Subcase (iii): s =6,8,10,....

Let M1 c U211, U2, U3y« s Up—1,VUpr—11;

My = w1, U, 01

M3 uy, ug;

M vi0,0i3,... 0521 (1< <7);
S = U;l {(Ui,s—la Ui,s): ('Ui,57 Ui,2)};
Sy = U::2(U1>Ui)§

Sz = Uizi Ujza(vi1, vi5); and
Sy

U:Zl Uj‘zl(uia vij) — {(u2,v21), (Ur—1,Vr—11), (Ur, Vr1) }
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It is clear that ¥y, = S1 U Sy U S3U Sy U{ My, My, M3, M{, M}, ..., M}
is a minimum detour monophonic graphoidal cover of G and so 74, (G) = (r + 3) +
2r+(r—1)+r(s—1)+rs—3=r(2s+3) — 1L [
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