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ABSTRACT

ARTICLE INFO

Let G be a graph. Let f: V(G) — {0,1,2,...,k — 1}
be a map where £ € N and £ > 1. For each edge
uv, assign the label |f(u) — f(v)|. f is called a k-
total difference cordial labeling of G if |t4(2) — tqr ()] <
1, 7,7 € {0,1,2,...,k — 1} where t4(x) denotes the
total number of vertices and the edges labeled with
x.A graph with admits a k-total difference cordial la-
beling is called a k-total difference cordial graphs.
We investigate k-total difference cordial labeling of
some graphs and study the 3-total difference cordial
labeling behaviour of star,bistar,complete bipartiate
graph,comb,wheel, helm,armed crown etc.
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1 Introduction

[1] introduced notion of cordial labeling of graphs. The cocept of k-difference cordial
graph was introduced in [4] . Recently Ponraj etal [5] has been introduced the concept
of k-total prime cordial graph . Motivated by this, we introduce k-total difference cordial
labeling of graphs. Also we prove that every graph is a subgraph of a connected k-total
differnce cordial graphs and investigate 3-total prime cordial labeling of sevarel graphs
like path,star, bistar, complete bipartite graph etc .

2 k-Total difference cordial labeling

Definition 2.1Let G be a graph. Let f: V(G) — {0,1,2,...,k— 1} be a function where
k € N and k > 1. For each edge uv, assign the label |f(u) — f(v)|. f is called k-total
difference cordial labeling of G if |t4 (i) — tqr(7)| < 1,4,5 € {0,1,2,...,k—1} where t4(z)
denotes the total number of vertices and the edges labelled with z.A graph with a k-total
difference cordial labeling is called k-total difference cordial graph.

Remark. 2- total difference cordial graph is 2-total product cordial graph.

3 Preliminaries

Definition 3.1 The corona of G; with G9,G; ® (G5 is the graph obtained by taking one
copy of Gy and p; copies of G5 and joining the i*" vertex of G with an edge to every
vertex in the it copy of Gs.

Definition 3.2 Armed crown AC), is the graph obtained from the cycle C,, : ujus . .. u,uq
with V(AC,,) = V(C,,)U{v,,w; : 1 <i < n}and E(AC,) = E(C,)U{wv;, v;w; : 1 <1 < n}.
Definition 3.3C,,(m) denotes the one point union of m copies of cycle C,,.

Definition 3.4An edge x = uv of G is said to be subdivided if it is replaced by the edges
ww and wv where w is a vertex not in V(G).If every edge of G is subdivided,the resulting
graph is called the subdivision graph S(G).

4 Main Results

Theorem 4.1.Let G be a (p, ¢)graph.Then G is a subgraph of a connected k-total different
cordial graph.

Proof. Consider the graph K,.Let uy, us, ..., u, be the vertices of K,.Let m = p+ (%) and

m

o if mis even
Take r =4 27 . .
=, if mis odd

i copy of the star K1, and V(K| )={u’, v} : 1 < j <r} BE(K],)={u'v}:1<i<r}.The
super graph G* is obtained from K, by identify u; with u*,1 <¢ <k —1. We now assign
the label to the vertices of G* as given below.Assign the label 0 to uq,us ..., u,.Next
assign the label i to the vetices v}, v}, ..., vi,1 < i < k — 1.Clearly t4(0) = tg(1) =

. Consider k — 1 copies of the star Ky,.Let K}, be the
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..... tar(k— 1) =mor tg(0) = mty(l) = tg(2) = ....tgr(k — 1) = m — 1 according as m is
even or odd. 0

Theorem 4.2.If n = 0( mod k) then the star K, is k-total difference cordial.

Proof. Let V(K;,)={u,v;: 1 <i<n} and E(Ky,n)={uv; : 1 <i<n}. Let n =ktt €
N Assign the label 0 to the central vertex u .We now move to the pendent vertices. Assign
the label 0 to the first ¢ pendent vertices vy, vs,...,v;. Now assign the label 1 to
the next ¢ pendent vertices vyi1,vii0,...,v2. Next assign the label to the pendent
Vgta1, Voo, - - -, Uge. We now assign the label 2 to the next ¢ pendent vertices and so
on.In this process,the vertices v(,—_1)¢41 - - - Ue—1)14+¢ receive the label k — 1.Clearly tar(0) =

Theorem 4.3. The path P, is 3-total difference cordial iff n # 2

Proof. Let P, be the path uy, us. .., u,.
Case 1. n € {1,3,4,5,6,7,8}.

3-total difference cordial labeling is given in table 1

n|u | u | us | ug | us | ug | ur | ug

0

110 2

1101210

0] 2121 1

0| 2]2[1]1]0

02|21 ]1]0]2

ol 2121121211011
Table 1:

Case 2. n = 2.

Suppose f is a 3-total difference cordial labeling of Po.Then t4(0) = tq4r(1) = t4(2) = 1.To
get the label 2,2 must be the vertex label. Without loss of generality f(u;) = 2.
Subcase 1. f(u2) =0.

Here,t4 (1) = 0,a contradiction.

Subcase 2. f(ug) = 1.

In this case t4(0) = 0 a contradiction.

Subcase 3. f(ug) = 2.

Here,t4 (1) = 0,a contradiction.

Case 3. n=3t,t > 2

Subcase 1. n = 3t,t is odd.

Assign the label 1 to the vertices uy, us, ..., u; and 2 to the vertices uo,uy,. .. ,uz_1.

Next assign the label 1 to the vertices w1, usia, ...  Uster.

Next assign the label 2 to the vertices usttr, usis, . . ., up.Clearly tar(0) =2t — Lt 4(1) =
2t (2) = 2t.
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Subcase 2. n = 3t,t is even. Assign the label 1 to the vertices uq,us, ..., u;_1,us11 and
2 to the vertices ugy, uy, . .., u;. Next assign the labellto the vertices wsio, usis, . .. Uty
We now assign the label 2 to the next consequent vertices Ust, Uster s .., Ugg—.

Finally assign the 0 to the vertices us;1 and us,. Clearly t4(0) = 2t—1,¢4¢(1) = 2t,t4¢(2) =
2t.

Case 4. n=3t+1,t > 2.

Subcase 1. t is odd.

As in subcase 1 of case 3 as the label to the vertices uy, us, ..., u,_1.

Finally assign the label 0 to the vertex w,.Clearly t4(0) = 2t,t4:(1) = 2t,t4¢(2) = 2t + 1.
Subcase 2. t is even.

Let f be the 3-difference cordial labels of subcase 2 of case 3. Define g(u;+1) = f(u;),1 <
i <nand g(u;) = 0.Clearly t4(0) = 2t,tqr(1) = 2t + 1,t4r(2) = 2t.

Case 5. n=3t+ 2.t > 2

Subcase 1. t is odd.

Let f be the 3-difference cordial labels of subcase 2 of case 4 Define g(u;11) = f(u;),1 <
i <nand g(u;) = 1.Clearly t4(0) = 2t + 1,tqr(1) = 2t + 1,t4(2) = 2t.

Subcase 2. t is even.

As in subcase 2 case 4 assign the label to the vertices uy, us,...,u,_1. Finally assign the
label 2 to the last vetex w,. Clearly t4(0) = 2t + 1,t4 (1) = 2t + 1,t4(2) = 2. O

Theorem 4.4.The bistar B,,, is 3-total different cordial iff n = 1,2( mod 3).

Proof. Let V(B,, ) = {u,v,u;,v; : 1 <i <n}and E(B,,)={uu;,vv;,uv : 1 <7 <n}. Note
that B, , has 2n + 2 vertices and 2n + 1 edges.
Case 1. n = (1 mod 3).

Let n = 3t + 1. Assign the label 0 to the central vertices u and v. We now move to the

pendent vertices u;. Assign the label 1 to the vertices uy, us, ..., U, ugr1 and 0 to the
vertices oo, Ugys, - - -, Uy. Now we consider the vertices vy, v, ..., v,. Assign the label
2 to the vertices vy, vg, ..., v941 and 0 to the vertices vos 9, Voriz, ..., Up.

Case 2. n =2( mod 3).

Let n = 3t + 2t € N.As in case 1 assign the label to the vertices u, v, u;v; (1 < i <
n—1).Finally assign the label 1 and 2 respectively to the vertices u,, and v,,.The table given
below establish that this vertex labeling pattern is a 3 total difference cordial labeling.

Values of n tdf<0) tdf(l) tdf(Q)
3t +1 43| 4t+2 | 4t+2
3t + 2 43| 4t+4|4t+4

Table 2:

Case 3. n=0( (mod 3)).
Let n = 3t, t € N.Suppose f is a 3- total difference cordial labeling. This implies ¢4 (0) =
tar(1) = tgp(2) = 3t + 1.
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Subcase 1. f(u) = f(v) = 0. Clearly to get the edge label 0,the pendent vertices should
be received the label 0.Since the edge uv receive the label 0,We have 3 receive the label
0.That is the edge uv together with the vertices u and v.We need remain 3t —2,0 labels.For
the odd values of ¢,3t — 2 is odd.So we can not label % vertices by 0.For the even values
of t,assume ?’tQ—_Q vertices of uy, ug, . .., u, is labelled by 0.In this case t4(2) = % <3t+1
a contradiction.

Subcase 2. f(u) =0, f(v) = 1. To get the edge label 2,2 should be label of the vertices
u;. Therefore the sum label 2 of the vertices and corresponding edge label is 3t + 1,a
contradiction is odd.

Subcase 3. f(u) = 0, f(v) = 2 To get the edge label 1,0 and 1 are labels of adjacent
vertices (or) 2 and 1 are the labels of adjacent vertices.Therefore the sum of label 1 of
the vertices u; and corresponding edge label is 3¢ + 1 or the sum of label 1 of u; with
corresponding edge label and label 1 of vertices v; with corresponding edge label is 3t + 1,

a contradiction. ]
Theorem 4.5 The complete bipartite graph K5, is 3-total difference cordial.

Proof. Let Vi = {u,v} and Vo = {uy, us ... u,} where (V1, V3) is the bipartition of K5 ,.We
now give the vertex labeling.Assign the label 1 and 2 respectively to the vertices u and
v of V1.Next assign the label 0 to all the vertices uy,us, ..., u, of V5.1t is easy to verify
that,tdf(l) = tdf(2) =n+1 and tdf(()) =N L]

Theorem 4.6 All combs are 3-total difference cordial.

Proof. Let P, ® K; be the comb with P, = wjus...u, and V(P, ® K;) = V(P,) U
{vi:1<i<wu}and E(P,® K1) = E(P,) U{uv; : 1 <i<u}. clearly |V(P, ® Ky)| +
|E(P, © Ky)| =4n —1

Case 1. n = 0(mod3).

Let n = 3t,t € N.Assign the label 2 to the all the path vertices uy, us, ..., u,.We now
move to the pendent vertices.Assign the label 2 to the pendent vertices vy, vo, ..., u;.Next
assign the label 1 to the remaining pendent vertices vy 1, Vsia ... V3.

Case 2. n = 2(mod3).

Let n = 3t+2.In this case assign the label 2 to the all the path vertices and to the pendent
vertices vy, v, ..., V1. Next assign the label 1 to the remaining pendent vertices.The
table given below shows that this labeling f is a 3-total difference cordial labels.

Values of n tdf(O) tdf(l) tdf(2)
3t 4t — 1 4t 4t
3t +2 4642 | 4+2 |4 +3

Table 3:

Theorem 4.7 All Wheels are 3-total difference cordial.
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Proof. Let W,, = C,, + K1 where C,, is the cycle ujusy ... u,u; and V(K7) = {u}.Assign
the label 1 to the central vertex u and assign the label 2 to the all the rim vertices
u;(1 <i <mn).Clearly t4(1) = n+1 and t4(0) = t4(2) = n.Hence W, is 3-total difference
cordial. O

Theorem 4.8 Helms H,, is 3-total difference cordial.

Proof. Helm H,, is obtained from the wheel W,, = C,,+ K; where C), is the cycle ujus . . . u,
and V(K;) = {u} by attaching pendent edges to the rim vertices.Let vy, v, ..., v, be the
pendent vertices adjacent to uy, us, ..., u, respectively.Assign label to the vertices u and
u; as in theorem 4.7.

Case 1. n =0 (mod 3).

Let n = 3t,t € N.Assign the label 0 to the vertices uy,uy,...,us_2 and 1 to the vertices
Ug, Us, . .., uz—1 and 2 to the vertices us, ug, . .., us;

Case 2. n =1 (mod 3).

Let n = 3t + 1,t € N.Assign the label to the vertices wuy, us, ..., us as in case (1).Next
assign the label 0 to the vertex ug;y 1.

Case 3. n =2 (mod 3).

Let n = 3t +2,t € N.In this case,assign the label to the vertices uy, us, ..., usg;,u311 as in
case 2.Finally assign the label 1 to the vertex wus;io.

The table given below shows that this labeling f is a 3-total difference cordial labelling
of H,.

Values of n | t4r(0) | tar(1) | tar(2)
3t 4t 4t +1 4t
3t+1 4441 |4t 4+1 4t

3t +2 At +2 | 464+1 4t +1

Table 4:

Theorem 4.9AC,, is 3-Total difference cordial for all n > 3

Proof. Clearly AC,, has 3 vertices and 3n edges.Assign the label 2 to the all the cycle
vertices uius . . . u,.Neext assign the label 2 to the all the vertices with degree 2. That is
assign the label 2 to the vertices vy, vs, ..., v,.Finally assign the label 1 to all the pendent
vertices wyws . .. wy, It is easy to verify that t4(0) = t4r (1) = t4r(2) = 2n. O

Any star is S(K ,)-total difference cordial.

Let V(S(Ki1,)) = {u,ui,v;: 1 <i<n} and

E(S(Ky,))={uu;,uv; - 1 <i<n}.

Case 1. n = 3t.

Assign the label o to u,Next assign 0 the vertices wuy, U, . . . , ug; and 2 0 Ugy 1, U yo, - - -, Usg-
Now consider the pendent vertices vy, va, ..., Un.

Assign the label 2 to the vertices vy, vs, ..., v, .Finally assign the label 1 to the every
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pendent vetices vyi1, Viya, ..., Vat, . .., Us.Clearly t4(0) = 4t + 1,24 (1) = 4¢,t4(2) = 4t.

Case 2. m =3t + 1.

Assign the label to the vertices u,u;,v; 1 <7 < 3t as in case 1.Finally assign the label 2
and 1 respectively to the vertices u,, and v,. Clearly ¢4(0) = 4t +1,t4(1) = 4t +2,t4(2) =
4t + 2.

Case 3. m = 3t + 2.

As in case 1 assign the label to the vertices u,u;,v; 1 < ¢ < 3t.Finally assign the label
1,2 and O respectively to the vertices ugii1,usi42 and vspq and vseyo. Clearly tq(0) =
At + 3,t4p(1) = 4t + 3,14 (2) = 4t + 3.

Theorem 4.10 Cy(m) is 3-total difference cordial for all even values of m.

Proof. Let Cy : utubuiuiul be the i'h copy of the cycle in Cf* and u = ul =u? = ... =
uf".Assign the label 0 to the central vertex u.Next assign the label 2 to the vertices ub,ub,uf,
1<i< mT_Q.V\/e now assign the label 1 to the vertices ub,uf,uf, % < i < m — 2.Finally
assign the label 0,1,1,0,2 and 2 respectively to the vertex u?_l,u?_l,uT_l,ugn,u? and

ul.The tabel is establish that this labelling f is a 3-total difference cordial labelling.

Values of t | t4(0) | tqr(1) | tagr(2)
6r 14r+1 14r 14r

6142 14r+5 | 14r+5 | 14r45

6r+4 14r+9 | 14r+10 | 14r49

Table 5:

]
Theorem 4.11The subdivision of bistar B, ,,S(By) is 3-total different cordial for all n.

P’f’OOf. Let V(S(Bn,n)) = {u7w7v7ui7viaxi7yi : (1 < i < ’TL)} and
E(S(B,.)) ={uu;, uiz;, uw, wo, vv;, vy; : 1 < i <n}.

Case 1. u = 3t.

Assign the label 0 to the vertices u and v. We now assign the label 0 to the vertices
U, Uy . .. Uz and vy, v, ..., ve. Now assign the label 2 to the vertices

Upi1, Upyo, - - -, Ust, Uops1, Upra, - - -, Usg-Assign the label 2 to the vertices x1, s, . .., x; and
Y2, Y3, - - -, Ys-Next assign the label 1 to y1, yev1, -, Yoty - -+, Yst

Case 2. n=3t+ 1t € N.

As in case 1 assign the label to the vertices u, v,w,u;,v;,2;,y; (1 <7 < n—1).Finally assign
the label 2,2,0 and 1 respectively to the vertices u,,, x,, v,, and y,.

Case 3. n=3t+2t e N.

Assign the label to the vertices u, v,w,u;,v;,z;,y; (1 < i < n—1) as in case 2 .Finally
assign the label 2,0,1 and 0 respectively to the vertices x,, u,, v,, and y,.

The table given below establish that this vertex labeling pattern is a 3 total difference
cordial labeling.
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Values of t tdf (0) tdf(l) tdf (2)
3t 8t+2 | 8t+2 | 8t+1
3t+1 8t+4 | 8t+4 | 8t+5
3t+2 8t+7 | Bt+7 | 8t+7

Table 6:

Theorem 4.12 P, ® 2K is 3-total difference cordial for all n

Proof. .
Let P, be the path uy,us,...,u,.Let v;,w; be the pendent vertices adjacent to u; (1 <
i < n).We divide the proof into two cases.

Case 1. n is even..

Assign the label 0 to all the path vertices uq,us, ..., u,.Next we consider the pendent
vertices.Assign the label 1 to the vertices vi,vg, ..., vz, wiws, ..., wz and 2 to the
vertices V41,0849, - oy Up,W2 41, Wato, ..., W

Case 2. n is odd.
Assign the label to the vertices u;,v;,w; (1 < i < n — 1) as in case 1.Finally assign the
label 0,1 and 2 respectively to the vertices u,,,v, ,w,.
Since t74(0) = 2n — L,tr4(1) = tra(2) = 2n,this labeling pattern is a 3-total difference
cordial labeling.

m
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