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ABSTRACT    

Laminar mixed convection of Aluminium oxide (Al2O3)–water 
nanofluid flow in an inclined annulus using a single-phase approach 
was numerically studied. Constant heat flux boundary conditions were 
applied on the inner and outer walls. All the thermophysical 
properties of nanofluid, such as, viscosity, heat capacity, thermal 
conductivity, and thermal expansion coefficient, except density in the 
body force term were assumed to be constant. Based on Boussinesq’s 
hypothesis, density was assumed to be a linear function of 
temperature. The nanofluid properties were calculated in terms of 
constant properties of nanoparticles and the base fluid. Using the 
finite volume method the continuity, momentum, and energy 
equations were numerically solved. Numerical simulations were 
conducted for the nanoparticle concentrations of 0, 2, and 5% and five 
different inclination angles including -30o, -15o ,0 , +15o, and+30o. 
Results showed that a variation in the inclination angle affected the 
Nusselt number on the inner wall more than the outer one. The 
Nusselt number in negative angles was higher than in the positive 
ones, so that at a volume fraction of 5%, the average Nusselt number 
at the inner wall decreased almost 2% when changing the angle from 
-30o to+30o. The local Friction factor in the positive angles was higher 
than in the negative ones. 
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1. Introduction 

To manage the growing demand from 
different developed industries, heat exchanger 
devices have to be smaller and have a higher 
performance. Low thermal conductivity of 
conventional heat transfer fluids such as water 
and oil is an important factor in optimizing 
the efficiency and compactness of various 
engineering equipment. There is an intensive 
stimulus to develop advanced heat transfer 
mediums, with especially higher thermal 
conductivity, to    dominate    this    drawback.  
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 Suspending very fine solid particles that have 
high thermal conductivity in the fluid is a 
good way to improve the thermal 
conductivity of fluids. Improving the 
technology leads to making particles in 
nanometer dimensions and consequently a 
new generation of solid–liquid mixtures that 
are called nanofluids [1]. A nanofluid is a 
suspension of nanoparticles such as 
Aluminium oxide (Al2O3), Cupric oxide 
(CuO) in a base fluid such as water, ethylene 
glycol or oil. It has been found that the 
thermal conductivity of a nanofluid is 
significantly higher than that of the base 
fluid. Many researches in this field have been 
done to formulate the effective properties of a  
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nanofluid such as thermal conductivity [2, 3, 
4] and dynamic viscosity [5,6]. 

Two-phase or single-phase approaches can 
be applied   for   simulating convective heat 
transfer with a nanofluid. The single-phase 
approach is simpler and requires less 
computational time. It assumes that the base 
fluid and the nanoparticles are in thermal and 
hydrodynamic equilibrium. This approach has 
been used in many theoretical studies of 
convective heat transfer with nanofluids [7-
13].  

Buoyancy-induced convection in annular 
tubes between differentially heated, 
horizontal, concentric cylinders have a 
substantial role to play in a number of 
engineering applications, such as, heat 
exchangers, solar collectors, thermal storage 
systems, and cooling of electronic 
components. One of the most common 
applications of an annular tube is the tube in a 
tube heat exchanger where a medium fluid 
that flows between two cylinders transfers the 
heat between hot and cold fluids inside the 
inner tube and outside the outer tube. 
Investigation of the heat transfer in annular 
tubes is essential. Abu-Nada [14] studied the 
single-phase Al2O3–-water nanofluid flow in 
an annular pipe; He used different viscosity 
and thermal conductivity models to evaluate 
heat transfer enhancement in an annular pipe. 
He [15] also studied various nanofluids 
consisting of water as a base fluid and 
different solid nanoparticles including Copper 
(Cu), Silver (Ag), Al2O3, and Titanium 
dioxide (TiO2) in a horizontal annulus. Izadi et 
al. [16] investigated laminar forced 
convection of a nanofluid consisting of Al2O3 
and water, numerically, in a two-dimensional 
annulus with a single-phase approach. Ben 
Mansour et al. [17] experimentally studied the 
mixed convection of an Al2O3–-water 
nanofluid inside an inclined tube submitted to 
a uniform wall heat flux at its outer surface. 
Mokhtari et al. [18] studied the heat transfer 
enhancement of a mixed convection laminar 
Al2O3–-water nanofluid flow in an annulus 
with constant heat flux boundary conditions. 

In this study, by employing the single-phase 
approach, the nanofluid flow in an inclined 
annular pipe is considered. The objective is to 
study the impact of the inclination angle, the 
nanoparticle’s volume fraction (Φ), and the 
buoyancy force in the laminar mixed 
convection of  nanofluid  flow  in  an  inclined  

 annular pipe. To reach this aim, laminar 
mixed convection in Al2O3–water nanofluid 
flow in the inclined annulus is investigated. 
Effects of the nanoparticle’s volume fraction 
(Φ), different ratios of the heat fluxes from 
the outer wall to the inner wall, and five 
inclination angles including -30o,-15o ,0 , +15o 
and +30oon the axial velocity, secondary flow 
patterns, friction factor. and Nusselt number 
profiles are presented and discussed. 
 
Nomenclature 
 

fC  Friction factor 

pc  Heat capacity, [J/k.K]  

D  Diameter, [m] 

hD  Hydraulic diameter, [m]  

g  gravitational acceleration, 
[m/s2]  

Gr Grashof number 
h  Heat transfer coefficient,  

[W/ m2.K]  
k  Thermal conductivity,   

[W/ m.K]  

P  Pressure, ][ pa  

q   Heat flux, ]/[ 2mW  

Re  Reynolds number 

Ri Richardson number, ( 2Re/Gr ) 

T  Temperature, ][K  

U  Velocity vector, ]/[ sm  

zyx ,,  Cartesian coordinate directions 

Greek symbols 

  Inclination angle 

  
Thermal expansion coefficient, 

]/1[ K  

  Nanoparticle volume fraction 

  Viscosity, ]./[ smkg  

  Density, ]/[ 3mkg  

  Shear stress 

Subscripts 

b  bulk 

f  Fluid 

m  Mixture 
p  Particle 

w   Wall  
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2.Physical Model 
 
The geometry of the considered problem is 
schematically depicted in Fig.1. The 
computation domain is composed of an 
inclined straight annulus pipe of length L , 

with inner and outer diameters of 
iD and 

oD

respectively, whereas, the gravitational force 
is exerted vertically. The global coordinate 
system is on the pipe and the gravitational 
force has two angles with y and z directions 
based on the inclination angle of the pipe, 
which varies from -30o to +30o

. The channel 

length ( L ) is supposed to be 200 times the 

hydraulic diameter (
hD ), to insure that the 

fully developed condition is reached at the 
outlet. The nanofluid flow is laminar, steady 
state, and incompressible, while the 
dissipation and pressure work are neglected. 
All the properties of the nanofluid are 
assumed to be constant, except for the density 
in the body force, which varies linearly with 
the temperature (Boussinesq’s hypothesis). 

 3.Mathematical Modeling 
 
Analysis of the fluid flow and heat transfer of 
the nanofluid into an annulus is a very 
complicated process. ANSYS CFX-11.0 was 
employed to simulate the problem. The 
discrete system of linearized equations has 
been solved using a Multi-grid accelerated 
Incomplete Lower–Upper (ILU) factorization 
technique. The Multi-grid process performs 
on a fine mesh in early iterations and 
onprogressively coarser virtual ones in later 
iterations. Although with this method, a single 
iteration is slower than that of the classical 
decoupled SIMPLE approach; therefore, the 
number of iterations necessary for a full 
convergence is generally in the order of 10

2
 

against typical values of 10
3 for decoupled 

algorithms. A structured grid system is 
composed of hexahedral elements, which is 
schematically depicted in Fig.2, and is used to 
discretize the computation domain. The total 
number of elements in the meshed body are 
1,200,000, which  are  produced  by  selecting  

 
Fig. 1. Problem geometry and coordinate system 

 

 

Fig. 2. Mesh used to perform the computations 
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the 30401000  grid for the present 
calculations in the axial ( z ), tangential ( ), 

and radial ( r ) directions, respectively. 
 

3.1.Governing Equations 
 
The governing equations, as follows, were 
solved, to simulate the fluid flow and heat 
transfer in the Cartesian coordinate system. 
The continuity, momentum, and heat transfer 
equations used in the present study are as 
follows: 

  .0.  mmU  (1) 
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   ... TkTUc mmpmm    (3) 

The well-known correlations for calculating 
the thermophysical properties of the nanofluid 
are often cited by a number of researchers and 
are expressed in the following. 
 

3.2.Nanofluid Properties 
 
The single-phase approach was employed in 
the simulation by assuming that the properties 
of the nanofluid were constant. The properties 
of water and the 

32OAl
 

nanoparticles, to 

calculate the mixture properties, are given in 
Table 1. 
  

3.2.1.Thermal Conductivty 
 
The effective thermal conductivity of a 
nanofluid dating back to the classical study of 
Maxwell [19] is given by: 
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Based on Maxwell’s expression, the 
effective thermal conductivity of a nanofluid 
is calculated in terms of thermal conductivity 
of the spherical particles, the base fluid, and 
the volume fraction of the solid particles. 
 

3.2.2.Density and Specific Heat  
 
Calculation of the effective heat capacity and 
effective density of the nanofluid is very easy. 
It can be based on the physical principle of the 
mixture rule. These results have very good 
accordance with the experimental data. The 
density and the heat capacity based on Pak et 
al.[20] and Xuan et al.[21] are supposed to be 
in the following forms: 

.)1( pfm    (5) 
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(6) 

3.2.3.Viscosity 
 
The viscosity is calculated using the Einstein 
equation [22], which is applicable to spherical 
particles in volume fractions of less than 5.0% 
and is defined as follows: 

  .5.21 fm    (7) 

 
3.2.4.Thermal Expansion Coefficient  

 
Applying the  expression  by  Khanafer  et al.  

 

Table 1. Thermophysical properties of nanoparticles and base fluid at 22oC 

Properties Water Nanoparticle (Al2O3) 

Density )/( 3mkg  998.2 3720 

Heat capacity )/( KkgJcp  4182 880 

Thermal conductivity )/( mKWk  0.6 35 

Thermal expansion )/1( K  0.0002374 0.0000082 

Particle diameter  nm  -- 28 
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[23] the thermal expansion coefficient is 
calculated as follows: 
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The properties of the nanofluid in Eqs. (4-8) 
are evaluated from water and nanoparticles at 
the mean bulk temperature. 
 

3.3.Boundary Conditions  
 

These set of governing-coupled non-linear 
differential equations are solved subject to the 
following boundary conditions: 

 inlet ( 0z ): 

.&0, ,,, ixmyminzm TTUUUU   

 Internal wall: No slip boundary 
condition and constant heat flux. 

 External wall: No slip boundary 
condition and constant heat flux. 

 Outlet ( Lz  ): Zero pressure condition. 
In this study, the Friction coefficients at the 

inner and outer walls are calculated by: 
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where w is defined on the inner and outer 

walls. 
The local Nusselt number ( Nu ) is 

calculated based on the inner and outer walls 
as follows: 
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The Reynolds and Grashof numbers are 
defined as follows: 
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The Net heat flux is defined as follows: 

outwinwnet qqq ,,


 
(13) 

 
4.Results and Discussion 
 
To demonstrate the validity and accuracy of 
the problem assumption and the numerical 
analysis for forced convection, the bulk 
temperature profile in a straight circular pipe  
( 0oi DD ) was compared with the 

experimental results of Ben Mansour et al. 

[17] at 620Re  and 4105.4 Gr . 
Therefore, the Richardson number is quite 

low ( 1.0Ri ) and these conditions 
correspond to a forced convection flow. 
Figure 3 shows that there is a good 
accordance between the experimental and 
numerical results. 

For a mixed convection case, the numerical 
results of the convective heat transfer 
convection coefficient were compared with 
the values obtained from the experimental 
study of Ben Mansour et al. [17] at 

360Re  , 4103.7 Gr , and ( 0oi DD ) 

which the Richardson number is nearly one. 
As illustrated in Fig.4, there is good 
agreement between the numerical results of 
the Nusselt number and the experimental 
values. 

Also the fully developed values of Nusselt 
numbers at the inner and outer walls were 
compared  with    the    available    numerical  
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Fig. 3. Axial development of bulk temperature for forced convection 

 

 
Fig. 4. Axial development of the Nusselt number for mixed convection 

 
solutions for a mixed convection flow, in an 
annulus ( 25.0oi DD ) carried out by 

Mokhtari et al. [18] at 600Re  , 
5103Gr , 1&5.0oi qq , and 02.0 . 

As shown in Figs. 5 and 6, a  good  agreement 

 exists between the simulated results and the 
reported numerical ones. 

With the above comparisons the present 
numerical method is reliable, as it can predict 
the mixed convection nanofluid flow in an 
annulus. 

 
 

 

Fig. 5. Nusselt number at the inner and outer walls ( 600Re  , 
5103Gr , 5.0oi qq , and 02.0 ) 
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Fig. 6. Friction factor at the inner and outer walls ( 600Re  , 5103Gr , 1oi qq , and 02.0 ) 

 
 

In this study, effects of the inclination angle, 
solid nanoparticles volume fraction      ( ), 

and heat flux ratios at the inner and outer 
walls on the hydrodynamical and thermal 
behaviors of the nanofluid flow in the annulus 
are presented and discussed. Numerical 
simulations are done in the five inclination 
angles, with different values of the 
nanoparticle volume fractions (0, 2 and 
5%).The annulus aspect ratio (

io rr ) is 

assumed to be 4 and the nanoparticle’s shape 
and diameter are assumed to be spherical and 
28 nm, respectively. Also all the simulations 
have been done at 550Re  and 5103Gr . 

 Figure 7 shows the effect of the heat flux 
ratio ( outwinw qq ,,

 ) on the streamlines, 

secondary flows, and non-dimensional 
temperatures at the end of the horizontal 
annulus at 550Re   and 5103Gr . As 
shown in Fig.7, the more the heat flux ratio 
increases the more the vortices near the inner 
wall become stronger and consequently the 
vortices near the outer wall become weaker. 
In fact, with no heat flux on the inner wall      
( 0,, 

outwinw qq ), there are only two vortices 

on the left and right sides of the annulus. 
Considering a heat flux on the inner wall, two 
vortices appear near that wall and they greaten 

 
  

 
Fig. 7. Effects of the heat flux ratio ( outwinw qq ,,  ) on the (I) Streamlines, (II) Secondary flows, and (III) contour of non-

dimensional temperature 
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when the inner wall heat flux increases; this is 
because of the decrease in density of the 
nanofluid as a result of the inner wall heat 
flux. 

The maximum temperature appears at the 
top of the annulus. Reversely, the maximum 
velocity appears at the bottom of the annulus. 
Also   increasing    the   heat   flux   ratio,   the  

 isothermal lines bowed toward the inside of 
the annulus. 

Effects of different inclination angles, 
varying from - 30o

 to 30o on the secondary 
flows, streamlines, and non-dimensional 
temperatures are depicted in Fig. 8. It is seen 
that the strength of the outer vortices reduces 
with   the   variation  in  the  inclination  angle  

 

 
Fig. 8. Effects of variation of the inclination angle on the (I) Streamlines, (II) Secondary flows, and (III) contour of non-

dimensional temperature at 550Re  , 
5103Gr , and 05.0  
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from -30o
 to 30o

; this is because of the 
direction of the gravity force, which is co-
current with the flow in the negative angles 
and is in the opposite direction with the flow 
in the positive angles. Also the fluid 
temperature at the top half of the annulus 
becomes greater than that at the bottom half 
in positive angles rather than negative ones. 

Increasing the solid particle concentration 
affects the temperature distribution and 
secondary flow as shown in Fig.9. The 
secondary flow strength increases as the solid 
nanoparticle concentration increases. 

The effect of the inclination  angles  on  the 
 

 Nusselt numbers at the inner and outer walls 
are presented in Fig.10. On increasing the 
inclination angle, the Nusselt number at the 
inner wall reduces. This is because of the fact 
that the gravity force is co-current with the 
flow direction in the negative angles; so the 
fluid velocity at the end of annulus in positive 
angles is lower than in the negative ones. 

Consequently, a higher amount of heat 
transfers into the fluid and the fluid 
temperature becomes higher than that in the 
lower angles; therefore, the Nusselt number 
becomes higher than that in the positive 
inclination angles.  

 

 

 

Fig. 9. Effect of particle concentration on (I) Streamlines, (II) Secondary flows and (III) contour of non-dimensional 

temperature at 550Re  , 
5103Gr , and 

30  
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Fig. 10. Effect of the inclination angle on the Nusselt number at the inner and outer walls at different volume fractions 

 

Figure 11 shows the average Nusselt 
number at the inner and outer walls for 
different nanoparticle concentrations and 
inclination angles. As shown, changing the 
inclination angle from -30o to +30o

, causes the 
average Nusselt number at the inner wall to 
reduce dramatically, however, the average 
Nusselt number at the outer wall tends to 
increase in the negative angles and decrease in 
the positive angles. 

Friction factor at the outer wall shows a 
reverse behavior when changing the 
inclination angle from -30o to +30o

 (Fig. 12). 

 Indeed with an increase in the inclination 
angle the Friction factor at the outer wall 
increases. Also both the Nusselt number and 
local Friction factor at the inner wall are 
higher than those at the outer wall. 

The Nusselt number at the outer wall in the 
horizontal case is higher than in other cases. 
At the beginning of the pipe, the Friction 
factor at the inner wall in the case of -30o is 
lower than in the other cases and at the second 
half of the pipe the Friction factor at the inner 
wall in the case -30o grows quickly and 
dominates the other cases.  
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Fig. 11. Average Nusselt number at different inclination angles and nanoparticle concentrations (a) on the inner wall, (b) 

on the outer wall 
 

 
Fig. 12. Effect of inclination angle on the local Friction factor at the inner and outer walls at different volume fractions 
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Variation in the Nusselt number at the 
inner and outer walls at different particle 
concentrations is presented in Fig.13. It is 
clear    that     by     increasing    the     particle  

 concentration, the Nusselt number on the wall 
increases. A reverse behavior is shown in the 
variation of the local Friction factor at the 
inner and outer walls at different 
concentrations (Fig. 14). 
 

 
Fig. 13. Effect of volume fractions on the Nusselt number at the inner and outer walls at different inclination angles 
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Fig. 14. Effect of volume fractions on the Friction factor at the inner and outer walls at different inclination angles 

 
The amount of the local Friction factor and 

Nusselt number on the inner wall is greater 
than that on the outer wall in all cases. Also 
the vortices near the outer wall are stronger 
than those near the inner wall in all the cases. 
This is because of the fact that the amount of 
heat transfer from the outer wall is more than 
the heat transfer from the inner wall at equal 
heat fluxes. This is because of the vastness of 
the heat transfer surface of the outer wall in 
comparison to the inner wall. 

 
5.Conclusion 
 
Laminar mixed convection of the Al2O3–-
water nanofluid flow inside an inclined 
annulus was numerically solved using the 
single-phase approach. Five different angles 
have been assumed for these simulations. All  

 the thermophysical properties of nanofluids 
were calculated based on the nanoparticles 
and the base fluid constant properties. All the 
simulations were done at Re=550, 

5103Gr  and the heat flux ratio equal to 
one ( 1,, 

outwinw qq ). 

The results illustrated that deviating from 
the horizontal state, the Nusselt number and 
Friction factor were significantly changed. 
The Nusselt numbers in negative angles, in 
which the gravity force is co-current with the 
flow direction, were higher than in the other 
cases, hence at a volume fraction of Φ=5% the 
average Nusselt number at the inner wall in -
30o was 37.3 and it reduced to 29 in+30o, and 
reversely, the Friction factor in those states 
was lower than in the other cases. The bulk 
temperature     in      the       negative     angles  
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was lower than in the positive ones and 
consequently the heat transfer coefficient in 
those cases was more than in the other cases. 
Similarly, the Friction factor in the negative 
angles was lower than in the other cases.  

Temperature distribution uniformity in 
negative angles is more than in positive 
angles. With changing the inclination angle 
from negative to positive the hot fluid moves 
upward in the cross-section of the annulus, 
and therefore, the temperature difference 
between the upper and lower parts of the pipe 
increases. Also secondary flow strength in the 
negative angles is higher than in the positive 
angles.  
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