Journal of Sciences, Islamic Republic of Iran 18(4): 329-337 (2007)

University of Tehran, ISSN 1016-1104

http://jsciences.ut.ac.ir

Nonlinear Two-Phase Stefan Problem

K. lvaz"” and N. Aliyev?

!Department of Mathematics, University of Tabriz, Tabriz, Islamic Republic of Iran
?Department of Applied Mathematics and Economical Cybernetics,
Baku State University, 370148 Baku, Azerbaijan

Abstract

In this paper we consider a nonlinear two-phase Stefan problem in one-
dimensional space. The problem is mapped into a nonlinear Volterra integral

equation for the free boundary.
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Introduction

Processes related to solidification (or melting) are
important in many engineering applications such as
freezing of foodstuff, casting of alloys, preservation of
human blood, solar energy storage and many others.
The study on the moving boundary problems involving
solidification (or melting) has become a highly popular
subject recently. These problems are inherently
nonlinear due to the presence of moving boundary
solution.

One and two phase Stefan problems for the linear
heat equation have been the subject of many studies in
the past [1,2]. Indeed these problems have a great
physical relevance since they provide a mathematical
model for the processes of phase changes [3,4].

The boundary between the two phases is a free
boundary its motion has to be determined as part of the
solution.

In [5,6] exact solution were found in parametric form
for a class of Stefan problems in nonlinear heat
conduction. More recently the previous analysis [7-13]
was extended to nonlinear diffusion models.

It is the aim of this paper to analyse a two-phase
Stefan problem for the nonlinear heat equation. Such an
equation arises as a model of heat conduction in

solidification [14,15].

In the next section we show that the two-phase
Stefan problem for the nonlinear heat equation reduces
to a nonlinear Volterra integral equation.

Statement of the Problem
Let

Q, ={(x .1)o<x <y(t)t>t }

Q, ={(x.,t)|y(t)<x <1t >0}

be the liquid and solid domains, respectively. We start
our analysis with the following system of nonlinear heat
equations:

oau, 9 au, .
(201) G—t—a—x[a(ul )a—x]—O,(X ,t)€Q| y

ou ou
s *1=0,(x,t)eQ.,
ot 1=0,(x,t) e Q;

(2.0.2) .~

0
—a—x[a(us)
(2.03) u; (x,0)=u, (x),0<x <b=y(0),

(2.04) u; (x,0)=u, (x),b<x <1,
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(2.05) u, (0,t) =Ff, (t),t >0,
(2.0.6) u, (Lt)=f, (t),t >0,

207 u, (7(t)t)=u, (7(t)t)=0,t 20,

ou, (x,t) ou, (x,t)
(208) X x=y(t) X x=y(t)
=—y'(t),t 20,
where a(u,),a(u,),u, ,u, , f, and f, are

assumed to be known and u, (x,t), u, (x,t) and
the free boundary p(t) are unknown and must be
determined. We also suppose that

(2.0.9) a(0) =0.

If we set

a(u, (x,t))=a(u, (x))
+a(u, (x,t))—a(u, (x))]
=a, (X)+A, (x,u, (x,t)),

(2.0.10)

a(u, (x 1)) =a(u, (x))
+a(u, (x,t))-aug (x))I

=a, (X )+A, (X,ug (x,1)),

(2.0.11)

it is clear that, we can write

a, (x)=a, (x)=a(x),

(20.42 (x t)el={x =y(t)[0<t},

(20.13) A, (7(t),0) = A, (7(t),0) =—a(y(t)).

We also suppose that

(2.0.14) a, (0)=a(f, (0)),a, (1) =a(f, (0)),
then we can write (2,0,1)-(2,0,2) as follow:

au, au,
=~ [ a (x)—"1
(2.0.15)

0 au,
_&[Al (x,u, )W]’(X 1)eQ,,
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(2.0.16)

We also define

(luv)=(u, v, )+(lug v,)

-[. a”';tx Yy x.0)de,

+,[Q oug (x,t)

v, (x,t)dQ
ot : (X148,

j [.(x)
_I [

0
:IQI 8_X[AI (X U, )

]v (x,t)dQ,

ou, (x,t)
0

v, (x,1)dQ,

ou. (x t
+J.QsaiX[As xu, )2 a(x )

v, (x,1)dQ

Now, integrating by parts, we obtain

LQ u, (x,t)v, (x,t)cos(v,t)doQ,

av(xt)

JLu it Q,

+Jag,su5 (x,t)v, (x t)cos(v,t)doQ,

[ us(x,t)avs(;tx’t)dQs

_I [, (x )6u (x t)

v, (x,1)

-u, (x, e, (x)

ov, (x,t)
oX

oV, (x 1)

=[x 2- Lo () 14Q,
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0, D, o) 2

v, (X,
- Ju e 0™ e,

ou, (x,t)

= j A (x,u,) , (x,t)cos(v,x)doQ,

ou, (x,t) ov, (x ,t)dQ
oX

_IAI (x,u,)

ou, (x,t)
OX

+jAs(x,uS) v (x,t)cos(v,x )doQ,
a0,

0
u, (x,t) ov, (x 't)dQs.
OX OX

—jAs(x,us)

By choosing
Vo (7)) =v, (y(t)t) =v (y(t)t),

and by (2.0.3)-(2.0.8) we obtain

—Tu,o (x)v, (x,0)dx

Hu, GO0V, GO0

7 ()
+lim j u, (x,t)v, (x,t)dx
0

Hu, OV, GO0y Ot

1

—IUSO (X )v, (x,0)dx

b

1
+lim, j U, (X, (x,t)dx

7 ()

ou, (x 1)

+j [ (0) |V, (01)

—u, (0,t)e, (0)

ov, (x,t)
dt
)

Jcos(v,x )d oQy,
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ou, (x)

- j [ (#(t))

x=y(t) v, (7(t)t)

U, GO0 )

x=y(t) ]dt

+J[a (renZt

X ;/(t)vs (}/(t),t)

v(xt)

—ug (7)) e, (7(1))

x=y(t) ]d‘t

fa, @00

0

|><:1Vs (l7t)

U, (e, @)

|, 1dt

ou, (x 1)

+jA (0,u, (0,t)) | oV, (0,t)dt

-[IA, (), ()1

oug (x,t)
OX

x=y )V (7(t),t)at

A, GO, GOL)

ou, (x,t)
OX

x:y(t)vs (}/(t )vt )dt

ou (xt)

. (Lt)) | 4V, (Lt)dt

~[iA, @

+jA| (x,u,)au'a():(’t)av';; ’t)dQ,

oug (x,t)ov(x,t)
OoX OoX

+ [ A () dQ,
Q

8v(xt)

—ju (x )

#2022

)dQ,
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+J.us (x ,t)[aVSOEtX )

2 (e, ) 2D
OX

P )]dQ,

(2.0.17)
We note that
7(»)

lim, I u, (x,t)v, (x,t)dx

0

1

+lim [ ug (v, (xGt)dx =0
7 (=)
o
_I (y)———— o (X i x=y(t) v, (7(t).t)dt
a
+ja ()= (x t)xm, v, (r(O).0)dt

=—[ a(y®)V (r@)t)y'(t)dt

0
We now suppose that V,(x,&t—7) and
V, (x,&;t—7) are the fundamental solutions of the
following problem in x direction, respectively

ot
0 oV, (X, &t —7)
(2.0.18) +&[0!I (x )T]
:5(X —f)ﬁ(t —z'),(x ,t)egl
oV, (x,&Et-1)
e
(2.0.19) + 21, ) N eet 7,
OX X

=5(Xx—&E)S(t—71),(x 1) eQ,

By using (2,0,16) and (2,0,1)-(2,0,6) we find that
first important relation for the solution of two-phase
Stefan problem for the nonlinear heat equation is given

by:
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fu, 6V, (g

1

—IuSO (x )V, (x,&;—7)dx

b

+J~[ I(0)6u (x 1)

|V, (0,8t —7)

oV, (x,&t—1t)

-u, (0,t)e, (0) x

| o Idt

@V, (@& -0y Ot

T[ (1)6u (x 1)

0

[V @&t -7)

—u s (1,t )al (1)

oV, (x,&t-
M| L ]t
OX

ou, (x 1)

+jA (0,f, (1)) |, oV, (0,&;t—7)dt

Ja ot

iy Vi (7 (1), &t—7)dt

ou, (x 1)

+J[A (7(1),0) oV (1), Et—r)dt

Jrano®

|V, (L&t—rt)dt

au, (xt)aV (x,&t- r)
OX

+J.A (x,u, (x,t))

ou (xt)av (x,&;5t r)

+jA (x,u, (x,t))

ox 2
u, (&,7) (&,1)eQ,
Suy (&) (&,1)edq,
(2.0.20) =
u, (&,7) (& 1)eq,,
%us(f,r) (&, 7)e0Q,.




Nonlinear Two-Phase Stefan Problem

Therefore, by (2,0,20) we can compute the u, and
u, atthe domains and boundaries of domains. It is clear
that the values of u, and u, at the domains and

boundaries of domains are dependent to the following
parameters

ou, (x ,t)| ou (x ,t)|
X x=0 X =

u, (x,t)u, (x ,t),au'a(; ,t),aus (x ,t),

OX
for(x,t)eQ,and (x,t)eQ,.

We now try to obtain the following

au,(x,t)| 6us(x,t)|
x0T ax =

For this purpose, we do similar work to [16]-[19] as
follows:

v | oV, oV,
(Iu,§)=(IU. ,FH(IUS, ™ )
_ J- ou, (x,t)ov, (x,gf;t—r)dQI

ot OX

Q

) oV JEt—
L[N OG0
ot OX

QS

au, (x 1), 0V, (x, ft—r)

—j——[l() == Q,
6u (x 1) 0V, (x, §t—r)
_I_[ ] P s
X
—j——[A(x,.)au o
oV, (x,.f;t—r)dQI
OX

0 ou, (x,t)

+d[ &[As (X !us )T]

oV it —
8T
OoX

We now try the derivatives of functions
u, (x,t)u, (x,t)V, (x,t;t—-7) and V,(X,t;t-7)
in the domains that do not appear higher than 1 on the
boundaries 0Q, and 0Q, and do not appear higher

than 2 in the domains.

For this purpose, we do as follows:

(X[”I (x ’t)Wcos(v,t)dml

—Julux>§yL%%§llﬁug,

* J u, (x t)wcos(v,t)dms

—ius(xm)fﬁiigégiiildgs

—j[d)“(x”]

+Ia.( )GU (x 1) oV, (;(Xft—r) |
)

—j[ — ]

oV, (x,&t-1)
X

cos(v,x )d oQ,

ou, (x oV, (x, §t—r)

+Ia (x) o Q.
—jM(xuut»m(x”]
Mcos(v,x)d(ml
OX
—jM(xuUt»w(x”]
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oV, (x ,gf;t—r)dQ

ox 2 !
" j [A, (X u, (X t))au 0,
wcos(v,x )d 0Q,
OX
ou, (x 1)

—j[A(xu(xt» ]

oWV (x ,§;t—r)dQ
ox ?

And integration by parts, we obtain

I”( aV(Xé -7)

_J‘ L (x,

a0,

cos(v,t)d oQ,

Mcos(v,x)déle

+J-8u, (x,t)ov, (x,f;t—r)dQ

o, O ot
+ j u, (x t)wcos(v,t)dégs
- I u, (x ,t)%cos(v,x )d oQ),

0Qs

+J.aus (x,t)ov, (X,(S;t—f)dQ

5 Ox ot °
_jal( )au  (x )
wcos(v,x)dafz,
OX
J-au (X, t)[ o, (x )63\/|(x,§;t—r)
&, 0
a! (X)avl (x,&:t=1)
OX
—a/ (X)w]dgl
OX
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au (xt)&V (x,&t=1)
OX

-l

Qs

cos(v,x )d oQ,

ou, (x,t) oV (x,&t-1)
+Q[ x [, (S)T

oV, (x,&t-1)
OX

a0 T g

+ag (x)

ou, (x L))oV, (x,&t-1)
OX

_jA(xu(xt))

o0,
cos(v,x )doQ,

Crau (DA (XL (X )
I OX a, (x)

[6(x=8)é(t-7)

_aV,(x,f;t—r)
ot

—al (x )w]d Q,

OX
oug (x,t)yov, (x,&t—-1)

+ [ AL (U (x 1) . =

Qs

cos(v,x )d oQ,

[5(x

‘IaUS(X B A (U, (x1) ~&)S(t-7)

OX a, (X)

QS

o ()N et o) (Xa’x‘f;t “yaa,

_6Vs (x,&t-1)
ot

By using of (2.0.3)-(2.0.7), (2.0.17)-(2.0.18) and
some computations, we can write

7 () .
oV Eit—
lim, ,, J' u,(x,t)de
0 OX
1 oV ot —
lim, | us(x,t)de:O,
OX

7 ()

av (x gt 7)

j[.(

]| X:y(t) }/,(t)dt :0’
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oV, (x,&t—1)

dt =0,
ot

fIu .0 ]

x=y(t)

]E[Us (x ,t)avs (xa,xg;t -7)

0

]

=y 7 ()t =0,

oV, (x,&t-1)

dt =0,
ot

~fu, 0 ]

x=y(t)

au, (x ) oV, (x,&t-1)

Ia. (O TR
5 Vv, (x. &t
_Ia )= (x 1) (Xaf 2 = Ot
oo O,
and
T[AI (X U, (X ,t))
6U| (x,t) av' (x ’g;t_r)] x=y(t) at
p X
N [ERCRNCES)
aUsa(X 1) oV, (X ’g;t_f)] xer (o Gt
" OX
w

——j (7(1))

y'(t)dt

x=y(t)

A applying above relation, we now obtain a similar
relation to (2.0.20) for computing the values of
unknown function at the boundary of domain. For this
purpose we do as follows:

oV, (X §t 7)

j[.() 1] o dx

N, (X, £t -7)

—{ [f, () =

]|x:0 dt

" N, (X, &t -
i, oo TEET)

0

][ o dx

335

v, (X, Et-1)

—j[f (t) -

1], dt

ou, (x 1) oV, (x,&t—1)

|X:° X

—j[ 2, (0) 1|, dt

oV, (x,&t-1)

c ouy (x ,t)|
o X X

+[la, ()

0

]|x—l dt

~JTA (U, (x0)

ou, (x,t)yov, (x,&t—r7)

dt
OX OX I

“JTA, O, (1)

ou, (x ,t)ov, (x,&t—1)
OX OX
oV, (x,&t-1)

ay (x )a—XdQI

]|x:l dt

ou, (x,t)
+J OX

+_[ ou (x 't)as' (X)avs (x,f;t—r)oiQ

a,  OX OX

ou, (x,t) oV, (x,&t—1)
+I 5 [
X ot

Q

o (X)6V, (Xa,x(f;t —r)]AI ();,u(,x(;( ,t))dgl

+J ouy (x ,t)[6Vs (x,&t-1)
OX ot

QS

ra! (X)avs (xa,xf;t —r)]AS (xa,u(sx(;( ’t))dQS

a(u, (§,7))au, (&,7)
a, (£) 0g

la(u, (¢,7))au, (£.7)

2 a(s) og

a(u, (&,7)) au, (&,7)
a, (5) o5

la(u, (¢.7)) du, (£,7)
2 a.(¢) o5

(§1T)€Q| )

(&,7)edq,,
(2.0.21) =

(5.7)eQy,

(&,7)eoq,.
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We thus proved:

Theorem. Let the function a(u) in problem (2.0.1)-
(2.0.8) that satisfies (2.0.9), (2.0.14) and
V,(x,&t-7), V, (x,&t—7) be the fundamental

solution of (2.0.17) and (2.0.18), respectively. Then the
solution of problem (2.0.1)-(2.0.8) satisfies (2.0.20) and
(2.0.22).

By using (2.0.20), we can obtain

a(u, (&,7))ou, (&,7)
¢

1

2"« (%) ]| =0

as follows:

1 a(u, (&.7) ou, (ég’z')]'
2" (%) ¢ =

aVI (X vég;t_r)

ax ]|I:O,§:0 dx

= [lu,, (x)
NV, (X, &it-1)

ot ]

x=0,&=0 dt

-Jif, )

1 oV Lot —
i, o0 T AT

b

]|t:0,§:0 dx

oV, (x,&t-1)

ot ]

-Jif, © oot

A (e, ()

ou, (x,t)yov, (x,&t—r)
ot OX

]

X=0,£=0 dt

#JTA, O, (1)

oug (x,t)ov, (x,&t—1)
OX OX

]

x=1,£=0 dt

oV, (x,&t—1)
OX

+J‘(3UI(;(’t)a|’(X) |5:0dQ|

Q

aVs (X 1§;t_‘[)
OX

+J-6us (x ,t)a,

s (X) dQ

| £=0 s
Qs
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ou, (x ,t)[é’VI (x,&t-1)

+

5 O ot
oV, (x,&t- A (x,u, (x,t
+O(|'(X) |( 3 T)]|g=o |( |( ))dQl
OX a, (x)
oug (x,t) oV, (x,&t—1)
+-[ OX [ ot
Q
, oV, (x,&t-71) A, (x,ug (x,t))
+a(x) | dQ,
OX a, (X)
(2.0.22)
In similar fusion we obtain E[M
a, (&)
0 , .
M]I _and call it (2.0.23).
o0& e
Now, considering (2.0.21) and (2.0.22) we obtain a
system of Fredholm integral equation for the
0 , 0 , .
%k—o and %hﬂ and call it (2.0.24)
and (2.0.25), respectively.
We also obtain some similar relation for

in domains Q, and

%{?T)h—o and %L’ﬂ

Q

Thus by (2.0.19)-(2.0.25) we will obtain a system of
nonlinear Fredholm integral equation of the second kind
for u, and u, . Hence, by substitution of u, and u, in

(2.0.8), we will obtain a nonlinear Fredholm integral
equation for the free boundary »(t).
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