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Abstract

In the present paper we have analyzed an important
problem in the field of game theory, which is faced more
frequently in the issues of income tax and has not been paid
attention by scientific resources. The problem in question is the
affect of taxpayer's unintentional error on optimum auditing
strategy. One of the important problems in today's tax
organizations is the presence of taxpayers’ unintentional error
in their future income calculation and anticipation of their own
economic activities for reporting on income tax statement.
These errors will affect the optimum control and inspection
strategy of net overall taxes.

In the presented model in this paper, we have tried to
consider the problem in specific condition in which the
outcome results are very interesting.
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1- Introduction

In this article we have considered the subject of an error in income tax
auditing in the context of game theory. Using the game theory model to
analyze income tax auditing, and determining government optimum auditing
strategy is one of the scientific resources goals. The most important problem
which internal Revenue Service faces is the presence of an error in the tax
payer income tax report. This error has a major impact on the optimum
control and inspection strategy of the over all net government collected
taxes.

The model used in this paper will analyze this effect under specific
conditions which result in an unique out come.

2- The Model

In this model the taxpaying group will be analyzed with an income
random value I, probability function p(1), and density function (1)
which | e [0,00). We assume that the tax payer evaluates and proclaims his
income as |, value in his self statement tax report, where |, =nl and
ne [0,1] is a random value with a probability functionM¢n), and | is the
real income. Therefore we will have |, e [0, | ] If n =1, then the tax —

e

payer evaluates his income as a real income, and if n =o, he has the
maximum error value in his evaluation. It is assumed in this paper which the
taxpayer always considers the reported income |, to he greater than the
evaluated income |, . This means |, < |, or on the other hand the taxpayer

considers the reported.[2,3]
We consider the tax that should be paid by the tax payer

income | ; € [0, I e], to minimizes the real tax valu, with | income to be in
the form of T(l)=tl (t is the income tax factor)[1,5,6]. The tax revenue
service audits the tax payer's tax report with probabilityp(l,), since it is

possible that he does not proclaim his real income accidentally, or
intentionally. This audit always determines the real taxpayer's income. A
monetary fine is determined for a false claim of I>14 from the fine

function F(I,14) = (t+f)(1 - 14), which is levied for the total paid taxes. In

every income tax audition, the government income depends on the income
taxes and the monetary fines for the total reported income, although the tax
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payer corrupts the tax report intentionally, or evaluates and reports
unintentionally an incorrect income tax statement report. [8,9]

3- Main Theorems
We are going to start with exploring the main theorems developed for

this subject as follows:

Theorem 3.1 The real income tax of the taxpayer, who has evaluated his
income as |, but his reported income is equal to | is calculated from the

following mathematical relation
1 I
Gllg, le, pag) =ty +p('d)[(t"‘f)jo”n('e)(ﬁ_ld)dn] =tly + pagt+ ) p00—14),

Mm) g

1 | n
where Icp(le)zj 7, (1,)—dn and ﬂn(le)zn— , ne[O,l] )
0 n Tmm
pEHdn
0 n

Proof: In general the real tax payer's income tax with an audited income
of G(ly, 1., pag)) =tly + pag@a,.1y), reported income ofl, , reported
income of |, , and an auditing report probability function Pci4) is stated.
In which @(1,.14) is the taxes for the difference between the audited and
reported income and the tax evasion resulted monetary fine.

F (x)=P(X £x)=P(nY <x)=P( S%)=FY(%)

X .
If we assume — =y, we will have;
n

d

dr (0 _ ARG 1 d d
dy

fy(X)=
x (%) dx dx ndy

FY<§)=% Fy(y)=%fy(y)=%fY(%)-

We assume « (l,) is the possible distribution of random variable |,

then o(l e| n) is the conditional probability known for value n. In this case:
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1
a(l[N=m=—pc*),
n n
a(l ):fm ma (1| N = nydn =fm(n(l !¢y :J-lm(n) Loy
S : o M P o n P'h
Using Bayes' theorem for known value le, possible distribution function

. | .
for real income | =—%,then ne [0, 1] can be written as follows :

m(n) e
mma (1, N =n) n (7) def
a(|||)= = =7 (1.)-
¢ a(l,) tmeny | e
S

If 1, <1,,then
! I
G(lg, 1, Pg) =ty + pagl(t+ f).[oﬁnue)(ﬁ—ld)dn]:tld Py

(t+ f)(lcp(le)_ld)

. ! I . . .
In which 1, a,) = J.ﬂ'n(le)—edn is the tax payer's average income with an
0

observed income of I, .
For every probability of auditing strategy p(l,), the tax payer's optimum

strategy is the solution to the following problem.

Id(le)—>0S1|n;nS|e G(Idale: p(ld))

If we represent the auditing cost by C, hence the net government income

could be expressed as follows:

R( p(ld(le)))=le(n){L®{t|d(nl)+ pagp[(t+ ) =1 mn)—c]}omdl Ydn
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1 o0 | dl
= [ mnt]}” g0+ paglt+ HEE=1ga)~clip'% )i

o0
= g+ pa,aplt+ H(lgag—140.) - claa,dl,

:.[OOO[G(Id(Ie)vle!p(ld ))_ p(|d )C]a(le)dle )

So that G( 1 (1,),1,,Pc14))is the final tax which will be paid by the tax
payer, with an audited incomel,. The government problem is based on

probable optimum strategy p (-) which maximizes the preceding
integration. Next, we assume the function Icp(|e) increases uniformly.
Solution for total income optimization problem: Note that we are seeking
the solution for tax payer and the government's optimization problem in the
rangel, <1,.

Theorem 3.2 Assume the function P(i4(1,) is the probable auditing
function and |, (1,) is the reported income for the auditing income Ie, so
that are continuous almost everywhere. In order for the function | q(lg) to
minimize the tax payer’s taxes, it is necessary that this function be satisfied
by the following conditions:

Ifl,(1, )<l intheinterval [I,,1,], then we will have:

a) Paya,) is not an increasing function with respectto |,

dG di ¢
b) == = pagat+ f)—>.
di, Plg (I N(t+ )de

2)If 1,(1,)=1I,intheinterval [ 1,,1, ], then we will have:

A

PagH—P

c) Plagugy < .
| I,

ople) —
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dG dl a,)
d —< t+ f)—> °
)OII Pag(t+ ) di

e e

Proof: 1) If we assume that 1,(1, ) < I in the interval [ 1,,1, ], then:
G( 1y, 1., paga, )
=tl,0)+ p(ld(le))(t+f)(lcp(le)—ld(le))_
Thus, for very | ; < |, will have
thya)+ p(ld(le))(t-i-f)(lcp(le)—ld(le)) <
thy + paH(t+ F)(,00-14) (1)

I., as I _.<I_, and since

[ e e

We consider the two values of |,

G(1401,),14,Pt14(1,) is the audited minimum income tax for I, hence
G(ly0,0le,pag,m) < G(lgag e, Pagae, ).

By rewriting inequality (1), first for the values Id (1,) and Id = Id (lg ),

and then for the values 1 (1, )and Iy =140,), we will conclude:

G(lganle,paga,») =tlya)+pagan(t+ ) aH—140,)) <

thyae)+ Pagae nt+ oo —lgae))  (2)
g1k 1P 0) =ty )+ Pag e (t+ T ) (e —lg0)) <

o+ Pagu(t+ ) —140,)). 3)

It is concluded from (2) and (3) that:
Paga(t+ F)(Tpa—Tgae) <G a1, paga,n)-

G(lytignle POyt ) = POy N+ F)(1 06— T0e))

Because |Cp(le) is uniformly increasing, the latter inequality can be

rewritten as follows:
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— Pag et + Al <AG <—pagag Wt + AL, . (4)

From (4) we will conclude that P(1ga,) = Paga, ». This means that
the auditing probability function P,y is non — increasing with respect

tol,.

b) Assume that in (4), the variable | , is approaching to |, which

means

lim po, o, ))(t+f) °p<|.m 46 iim pa
le, e 1 I, —>eA| le, ! |e

Because functions P(iy(1,) and |l (,) are continuous almost

everywhere, therefore

dG
a, ~ Pt g

2) Assume |,(1,)=1, ininterval [ I ,I,].
c¢) Consequently, |m<i|nG(|d J1o)=G(lg, 1) and it is necessary that
d=Te

=B
0G —= (lg,1) <0 .Itis concluded that p'a,a, ))<M.
ol g lpao— 1,

d) With calculation differential function G(l,1,) it is concluded that:

j? d. —[(D—Pa)l, +Pupl )t +f ) =[P +(Pay—P)+Pao (g0 —DIt +f )
<t +f)paglgae. []

To express the next theorem, we need to
define @) =(t+ f)(I 00— 1) —cC.



144/ OEtimization of the ComEetitive Model of the Government ....

Theorem 3.3 1f®d(lg)<0 Vlg, then in this case, the government
optimum strategy is in the form of step function p™(I4(1,)) = {p, le < ' :
0, lg>1I

Proof: We consider the set A={ |\p(|d )Zb; Vld <I }, assume
I_:Sup A.If A=, thenwesetl =0. If I, < I, then for each Iy <1,
we will have p(iy)> p. Ifin the interval[lkfl,lk], where |, _, <1 <1,
we have inequality |, (1,) <1, then

|
R(l <1, <1y) =ka thyae)+ pagagn(t+ f)(lcp(le)— l4a)—C)aayHdl,
1

=jl'k tly o+ Pagapndt+ DI a0 —1,)+ (1, —1,a0)]-Chaa, dl, .
k-1

Then

" e+ Lt D1 (1)~ 1) = )1l ~ Rl <1, <1,)
Ik t+ f

=f.'k [t(1e =14 (1A= pls (1)) + D1 )(P— p(ly (I (l)dl, >0

k-1

From the last term, it is concluded
that p* (14 (1,) = P Vi, e[lk_l,lk]. While in the interval[lk_l,lk],

wherel, ; <, < I, if we havel ;(1,)= |, then
| |

RAl <L, <l )=]* tl,+pog &+ Xlgoo—1)-Oandl, = [ [, +pao @, Jau, d,.
k4 k-

Because d(1,)<0 VI, then we will have

P*g0.0=p VI, e[lkfl,lk],where L, <1l <I.

Now we are going to analyze the case in which |, > I.
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First we defineq(i,)= P(i4(1,). From the former theorem we have

di
STGS qug)(t+ ) dICP ) This means

e e

_ le .
that G( 1, 1), 1,,q0,) < G( 1)1 ,C](f)—i—'[l, s (t+ f )Icp(s)ds.

Therefore, the government's net income for the interval is expressed as
follows:

00
R(due) = [ [G(1aae01e,000) - queclaa,dl,

0 0] _ Q0
S.[r [(G('d(f),|,Q(f))+J.TQ(s)(t+ )15, ds) —qaeClaa,)dl,
_ 0 le
=G(|d(f),|,Q(f))(l—ﬂ(f))+J.r [jl, gt + f)|ép(s)dS)—CQ(Ie)]OC(Ie)d|e

=G(ly, ILam)( - B+ ﬁ('e)[(t + D)l a0 = Bag) —canyldl,

We defineHq)=(t+ f )Iép(le)(1—,B(|e))—Ca(|e), in this case:

R(q)) = G( Idm,I_,q(r>)(1—,8(r))+.[:oq(|e)Hue)dle
(*)
with the help of " Sanchez & Sobel" proof [7 ], the value of I will be
found, which based on this value, the integral .[qu(le)it(le)dlc will be

maximum and optimum function * (1,) will be in the following step
. Ie < I’ . .
function form q* (1,)= . which makes the government income
I, =1

A

value maximum with respect to (*). With analysis of p*a4 0,0 =0 *(l,)

case, the theorem is proved.
Now we consider the government income function as function of

variable i , and we will have:

R(f):ﬂ{tle +HLf[(t+ )1 gptte)— 1) —Cliaragdl, +ti (1= Bi). (*%)
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If we consider risk functionw , (where fa)=a'a)) the next theorem
a(l)

states under what conditions there is a unique point which maximizes

theR(i).

Theorem 3.4 If risk function and Icp(u)—l are non — increasing
function and the function Icp(u)—l —>0 whenl — . The there is
I" =argmaxR(p“(1,(1,))) which  satisfies  the  following
Condition[t(Icp(i)—i)—Cb]a(i)+t(l—ﬂ(i))20.

Proof: Tt is concluded from the statement (**) that:

%zt[(lcp(l)—l )—Clam+t(1-Lm))

In this new statement, it is obvious thatl— f1)>0. If
t[(l,m—1)-c]>0, VI ,thenyw vl - Since lim(l, 1)~ 1) =0,
| —0

in this case, there is a value such as |,, which the inequality

. . 1_ I
t[(l,H»=1)—c]<0 VI >1, is held base on it. But B and
o)
i i - o R(I) .
I, )—1 are non-increasing functions. Thus the derivation is also

. dR
>0 and lim— <0. As a result, there

| >0

: .. dR(0
the same and in addition L
dl
is a unique point which the government income function is maximum for it.

To continue, we assume the function ®(l) is defined as follows:

oH)>0 if 1, <J, o H)<0 if 1,23
Theorem 3.5

1 — In the case of |o > J, the government optimum strategy will be in
the form of a step function. 2- In the case of |, <J , the interval [0,J ] is
divided into 0=17 <1y <...<lg =J subintervals which for these
subintervals the government optimum strategy is subsequently and
continuously is in one of the following forms: either 14 (lg)=1g, and
Plge)=1or lg(lg)<lg,and p(lg(le))is a step function which is
defined as the following :
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Iy el lkar] Pag e G 11 el 1)
ellg, ; e’ = i l. ’
k k> 'k+1 d q2k |f Ie e|:I|(>Ik+1)

such that Qg > QoK = P.

The relation between the values Gy, Ook, Ik, k., and Iy q are
defined in the following mathematical relation :

G(li11- Tk PO) = G415 Tk115 PO,
G(Iy. 1k, P =G(Iy, Ty, p().

Proof: Under condition lg > J the proof is similar to theorem 3. Thus
me assume that |, <J . First the interval [O,J ] is divided into subintervals
0=11<Ily<...< Iy =J.Based on theorem 3, if we have | ,(1,) =1, in
the interval [I o Dk ] , then government income in this interval is equal to:

| |
R(Ik—]<|e<|k):_[|k {tle+p(|e)[(t+f chp(le)_le)_c]}a“e)dle :jlk [t|e+p(|e)(hle)]ale)dle
k4 k4
We note that the net government income in this interval is strictly

increasing with respect to p and the value of p is not equal to one. According

to theorem 3 in [7], in the preceding interval to[lkfz,lkfl] which
| g (1) < |e is held, the government maximum income is obtained in the

following strategy:

A 0, it 1e(l0)
= ga,)= R ,
q., if |ee(|,|k71)

which 0, , =00, )20, =00, ).

In this case the government net income will be as follows:

| |
.[| K (Gl a2 14, Pag)—qaeCleny =£ k_ltldue)-i-Q(le)[(t +H 00— 00)—Claudl,
k-2 k=2
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If we consider |, (1,) as a constant, then because @(1,) >0, the above

income function is increasing with respect to Q(i,). The curve resulting

from the below equilibrium condition
tl k-2 +qk—2(|cp(|e)_ I k—2)(t +f ):tle + Pl(le)(lcp(le)_ Ie)(t +f )7-

ﬁ(lk,z—|e)+Q(|k72)(|Cp(|e)—|k,2)‘
Icp(le)_le

When in there P )=

Determines the auditing probability between ll kg > f), in which
I, =1,. (the probability which base on it, in the tax report I, or |, ,, the
income for the taxpayer would be equal). Thus for the report |, , to be

economical, the inequality condition P,) <P, a,)#1 should hold for him.

If we increase the amount of Q(1,_,)=1(,, then the government’s
achievements will grow. In a similar manner we can consider the same thing
for the (f, |k ) Therefore when the Q,_; increases, the amount of
government’s achievements will increase. In the second case, the value
of P> (1 _1) is defined based on G(ly_1,lx_1,P(, ) = G, lk_1,0k_1)

and it is not equal to one.

4- Conclusions

In the analyses of the game theory model based on tax random error for
optimum strategy of government auditory, is analyzed with this assumption
to consider the error as a factor smaller then real income. the probable
optimum auditing will be in the from of the step function which depends on
real income and assessed income by tax payers and government optimum
income is dependent on the specified parameters based on This strategy .
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