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Abstract
In this research we described the effective Hamiltonian theory and applied this

theory to the calculation of current-current (Q1,2) and QCD penguin (Q3,…,6)  c
quark decay rates. We calculated the decay rates of semileptonic and hadronic of
charm quark in the effective Hamiltonian theory. We investigated the decay rates
of D meson decays according to Spectator Quark Model (SQM) for the
calculation of D meson decays. We obtained the total decay rates of semileptonic
and hadronic of charm quark in the effective Hamiltonian according to colour
Favoured (C-F) and colour Suppressed (C-S). We combined them and to added
amplitude of processes colour Favoured and colour Suppressed (F+S) and
obtained the decay rates of them.
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Introduction: Effective Hamiltonian
As a weak decay under the presence of the strong

interaction, D meson decays require special techniques.
The main tool to calculate such D meson decays is the
effective Hamiltonian theory. It is a two step program,
starting with an operator product expansion (OPE) and
performing a renormalization group equation (RGE)
analysis afterwards. The necessary machinery has been
developed over the past years. The derivation starts as
follows:  If  the  kinematics  of  the  decay  are  of  the  kind
that the masses of the internal particle iM  are much
larger than the external momenta P, 2

iM >> 2p , then
the heavy particle can be integrated out. This concept
takes concrete form with the functional integral
formalism. It means that the heavy particles are
removed, as dynamical degrees of freedom, from the
theory. Hence their fields do not appear in the effective

Lagrangian anymore. Their residual effect lies in the
generated effective vertices. In this way an effective low
energy theory can be constructed from a full theory like
the Standard Model. A well known example is the four-
Fermi interaction, where the W-boson propagator is
made local for 2 2

WM q>>  (q denotes the momentum
transfer through the W):

2 2

2 2 4

( ) / ( )

[(1/ ) ( / ) ...],

W

W W

i g q M

ig M q M

mn

mn

- -

® + +
 (1)

where  the  ellipsis  denote  terms  of  higher  order  in
1/ WM .

Apart from the t quark the basic framework for weak
decays quarks is the effective field theory relevant for
scales , ,W Z tM M M m>>  [1]. This framework, as we
have  seen  above,  brings  in  local  operators,  which
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govern ''effectively'' the transition in question.
It is well known that the decay amplitude is the

product of two different parts, whose phases are made
of a weak (Cabbibo-Kobayashi-Maskawa) and a strong
(final state interaction) contribution. The weak
contributions to the phases change sign when going to
the CP-conjugate process, while the strong ones do not.
Indeed the simplest effective Hamiltonian without QCD
effects (c sus® ) is

0
12 2eff F sc suH G V V Q*= , (2)

where FG  is the Fermi constant, ijV  are the relevant
CKM factors and

1 ( ) ( )V A V AQ s c u sa a b b- -= , (3)

is a ( )V A- , ( )V A-  is current-current local operator.
This simple tree amplitude introduces a new operator

2Q  and is modified by the QCD effect to

1 1 2 22 2 ( )eff F sc suH G V V C Q C Q*= + , (4)

2 ( ) ( )V A V AQ s c u sb a a b- -= . (5)

where 1C  and 2C  are Wilson coefficients. The
situation in the Standard Model is, however, more
complicated because of the presence of additional
interactions in particular penguins which effectively
generate new operators. These are in particular the
gluon, photon and 0Z -boson exchanges and penguin c
quark contributions as we have seen before.

Consequently the relevant effective Hamiltonian for
D-meson decays involves generally several operators

iQ  with various colour and Dirac structures which are
different from 1Q .  The  operators  can  be  grouped  into
three categories [2]: 1, 2i = -  current-current operators;

3,..., 6i = -  gluonic penguin operators. Moreover each
operator is multiplied by a calculable Wilson coefficient

( )iC m :
6

1
2 2 ( ) ( )eff F i i

i
H G d Qm m

=

= å , (6)

where ( ) ( )i CKM id V Cm m=  and CKMV  denotes the
relevant CKM factors that are:

1 ,2 1 ,2ic jkd V V C*= , 3 ,...,6 3 ,...,6tc tkd V V C*= - (7)

The partial decay rate in the c rest frame is given by

1 6

2
,...,

2 3
1

2 3

/

( / ) { ( . / )

( . / ) ( / )}.
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We should take the variable ip  and kp , or x and y
as,

/ 2i cp xM= , / 2k cp yM= (9)

The partial decay rate in the c rest frame is given by

1 6

2
,...,

1 2 3
0 1 2 3

/

( ).

Q Q

c ps ps ps

d dxdy

I I Ia a a

G

= G + +
(10)
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 (11)

and the phase space parameters are given by
1 6 . .(1 )ps ab abcI xy f h= - ,

2 6 . .(1 )ps bc bcaI xy f h= + , (12)

3 6 . . .ps ac xa ycI xy f h h= .

where
2 2 2 1/2[1 ( / ( ))]xah x x a= - + ,

2 2 2 1/ 2[1 ( / ( ))]ych y y c= - + ,

2 2 2 1/ 2[1 ( / ( ))]xbh x x b= - + ,

2 2 2 1/ 2[1 ( / ( ))]ybh y y b= - + ,

2 5 3
0 /192c F cG M pG =

2 2 2 22abf x a y b= - + - + , (13)

2 2 2 22bcf x b y c= - + - + ,

2 2 2 22acf x a y c= - + - + ,

2 2 2 2
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Spectator Model
In the spectator model [3-6] the spectator quark is

given a non-zero momentum having in this work a
Gaussian distribution, represented by a free (but
adjustable) parameter, L :

2 22 ( / )3/ 2 3( ) (1/ ) sp
sP p ep - L= L . (14)

The total meson decay rate through a particular mode
is then assumed to be

2
2 3( )total s s i k

i k

d P p d p dp dp
dp dp

G
G = ò , (15)

equal to the initiating decay rate. We have
2

2
2

2

2

( ) .
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i s
s s k
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M Md
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E p d P p dp dp
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 (16)

Here
2
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The integration range is restricted by cos 1kjq £ .

We call this mode of quark and antiquark combination
process(C - F)  (colour favoured). It is also possible
that the spectator antiquark combines with the quark

kq , for which we get
2

2
2

2

2

( ) .

ks ij

ks cij

k s
s s i

i kk

M Md
dM dM M

E p d P p dp dp
dp dpp

pG
=

G
´ ò

(18)

We call this process(C - S)  (colour suppressed).
Summing,  the  decay  rates  of  B  mesons  for
process(C - F)  and process(C - S)  are:

min min

min min

2

( )

2
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ò ò
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 (19)

where min ( )
i sis q qm m m= + ,

i scutis q qm M=  and  so

on.

Effective Hamiltonian Spectator Model
The differential decay rates for two boson system in

the spectator quark model for current-current plus
penguin operators in the effective Hamiltonian is given
by,

1 6

2 2

2
,...,
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0 2
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Where

( , ) 1 1 2 2 3 3
eff eff eff eff
ps q zz a z a z a z= + - . (21)

The integration region is restricted by the condition
cos 1isq £ , thus

1 2 3
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, ,
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Therefore the phase space parameters will be defined
by,

1 6 . .(1 )eff
ps ab abcxy f hz = - ,

2 6 . .(1 )eff
ps bc bcaxy f hz = + , (24)

3 6 . . .eff
ps ac xa ycxy f h hz =

Now,  we can  integrate  over  the  two mass  cuts  (two
boson systems),  and obtain  the  hadronic  decay rates  as
follows,
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Decay Rates of Processes C-F plus C-S (F+S)
Now we want to calculate the decay rates of the

effective Hamiltonian ( 1 6,...,Q Q ) for F+S at quark-
level and spectator model. The effective Hamiltonian
for F+S is given by

b ikj b ijkA B
eff eff effH H H® ®+ = + . (26)

where c ikj
effH ®  defined by Eq. (8) and we can obtain

c ijk
effH ® . The decay rates of current-current plus penguin

for F+S is given by,

2 /F S
EHd dxdy+G = 0 1 2 3( )c ps ps psI I IG + + , (27)

The phase space parameters defined by

1 1
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2 1 3
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2
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Numerical Results
As an example of the use of the formalism above, we

use the standard Particle Data Group [7] para-
meterization of the CKM matrix with the central values

12 0.221q = , 13 0.0035q = , 23 0.041q = ,

and choose the CKM phase 13d  to be / 2p . Following
Ali and Greub [2] we treat internal quark masses in tree-
level loops with the values (GeV) 4.88bm = , sm =
0.2 , 0.01dm = , 0.005um = , 1.5cm = , em = 0.0005 ,

0.1m m = , 1.777m t =  and
e

m m
mn n= 0m

tn
= = .

Following G. Buccella [8], we choose the effective

Wilson coefficients eff
iC  for the various c q®

transitions.
a) The total decay rate and branching ratios hadronic

modes according to the effective Hamiltonian theory
(see Eq. (10)) show in Table 1. We see that mode
c sud®  is dominant. The total c-quark decay rate of
the Effective Hamiltonian is given by

( )EH
total c anythingG ® = ( )c s anythingG ®

13 13

13

( )

9.261 10 0.606 10 ,

9.867 10 ,

c d anything

GeV

GeV

- -

-

+G ®

= ´ + ´

= ´

b) Now we can obtain the mean lives of the charm
quark (D meson) theoretically and compare with the
experimental mean life of 0,D D±  and sD + , so

( ) /EH EH
theory totalMean life D = Gh = 121.067 10 -´ Sec.

and
12

exp ( ) (1.040 0.007) 10Mean life D Sec+ -= ± ´ ,
0 12

exp ( ) (0.410 0.001) 10Mean life D Sec-= ± ´ ,
12

exp ( ) (0.461 0.015) 10sMean life D Sec+ -= ± ´ .

Also,  we  can  compare  the  branching  ratio  of  the
semileptonic theoretically and experimentally, so

( )

( ) ( )

theory

e e

BR c e anything

BR c se BR c den n

+

+ +

®

= ® + ®
3 3147.96 10 8.702 10- -= ´ + ´ =15.67 2E - ,

and

exp ( )BR D e anything+ +® = (17.2 1.9) 2E± - ,
0

exp ( )BR D e anything+® = (6.87 0.8) 2E± - ,
2

exp ( ) 20 10sBR D e anything+ + -® < ´ .

We see that the theoretical and experimental results
are close.

c) We  have  used  in  the  Spectator  Quark  Model  the
value 0.6L =  GeV [9]. For the maximum mass of the
quark-antiquark systems ( )cutm  we  take  a  value
midway between the lowest mass 1-  state and the next
most massive meson. Thus we take, for ( )su  or ( )sd ,

( ) 0.877cut udm GeV=  between the (0.770)r  and the

0 (0.984)a ; for ( )uu  and ( )dd , ( ) ( )cut uu cut ddm m=

0.870GeV=  between (0.782)w  and (0.958)h ¢ .
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Table 1.  Decay rates (Γ) and Branching Ratio (BR) of  Effective Hamiltonian (EH) and F+S of  Effective Hamiltonian of c quark

Process 1510EH
-G ´ 310EHBR -´ 1510F S

EH
+ -G ´ 310F S

EHBR + -´

c dud® 31.689 32.12 35.611 31.262
c dus® 1.0785 1.093 1.4608 1.2824

c sud® 409.44 414.95 554.45 486.74
c sus® 23.836 24.157 26.927 23.638

For example, we can calculate the Branching Ratios
of mode c dud®  in the Tree-level and Effective
Hamiltonian spectator model. The modes c dud®  is
for decays 0D p p+ +® , D h p+ +® , 0D r p+ +® ,
D w p+ +® , 0D p r+ +® , D h r+ +® , D + ®

0r r +  and D w r+ +® . We told that, in this cases got
a two-boson system and, therefore two masses of cut for
bosons system. We choose masses of cut for two boson
system 1 0.870 /cut cm M=  and 2 0.877 /cut cm M= .
Theoretically, the Branching Ratio of Effective
Hamiltonian spectator model is given by,

1, 2

( )

( ) / ( )

EH

EH cut cut total EH

BR c dud

c dud c anything

®

= G ® G ®

14 131.2502 10 / 9.867 10- -= ´ ´

21.2671 10 -= ´

The masses of some mesons and the masses of cut
are presented in Table 2. The results are presented in
Table 3 and compared, where data is available, with the
sum of the branching ratios into mesons with masses
less  than  the  above  cutoff  masses.  Also  all  the
experimental and theoretical D meson decays in
spectator model classified and given by Table 3.

d) The decay rates of c quark for F+S shown in the
Table 1 and the total decay rates of F+S is given by

(c dud® ) 0 0( , , , ), ( , )D p h r w p r+ + +®

22.1023 10F S
EHBR + -= ´ ,

(c sud® ) 0( , ), ( , )D K Kp r+ + + *+®

251.2871 10F S
EHBR + -= ´ ,

(c sus® ) ( , ), ( , )D K Kh j+ + *+¢®

23.8671 10F S
EHBR + -= ´ .

The experimental of Branching Ratios of D meson
hadronic decays show in Appendix A.

Table 2.  The  masses  of  some  mesons  and  the  masses  of  cut
for D meson decay processes

System of Quark Particle Mass (GeV) Cutoff Mass (GeV)
,su sd K 0.494 1.081

K * 0.892
K ** 1.270

ud K 0.140 0.877
K 0.770
a0 0.984

,uu dd K 0.140 0.870
η 0.547
ρ0 0.770
ω 0.782
η′ 0.958

ss η′ 0.958 1.150
f 1.020
f 1.680

Table 3.  Experimental and theoretical of spectator model of
Branching Ratios of hadronic for D meson decays

1- Decay of c Quark
2- Experimental of Branching Ratio, process ( C – F )
3- Experimental of Branching Ratio, process ( C – S )
4- Theoretical of Branching Ratio, process ( C – F )
5- Theoretical of Branching Ratio, process ( C – S )
6- Theoretical of Branching Ratio, process ( F + S )

Processes of D + Processes of D 0 Processes of D s
+

1- c dud®
2- <(3.04±0.25)×10−2 (1.25±0.11)×10−3 (14.5±2.8)×10−3

3- <(3.04±0.25)×10−2 (8.4±2.2)×10−4 <2.9×10−3

4- 1.2671×10−2 1.2834×10−2 1.2723×10−2

5- 1.2931×10−2 1.2543×10−2 1.2398×10−2

6- 2.1023×10−2 ––––– –––––
1- c sus®

2- (6.74±2.62)×10−2 (9.63±2.07)×10−3 <5.0×10−4

3- (4.51±0.1)×10−2 (7.37±0.29)×10−3 <5.0×10−4

4-1.9543×10−2 1.9378×10−2 1.9859×10−2

5-1.9213×10−2 1.8975×10−2 1.9453×10−2

6- ––––– ––––– 3.8671×10−2
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Conclusions
We used the effective Hamiltonian theory and

spectator quark model for c quark and calculated
hadronic decays of D mesons. In this model we added
decays of channel hadronic decays of D mesons. For
colour favoured and suppressed we consider the channel
c dud®  (e.g. 0D p p+ +® ) and achieved theoretical
values very close to experimental ones. Finally the case
in which the theoretical values are better than the
amplitude of all the calculated decay rates was shown.
We obtain the total decay rates of hadronic of charm
quark in the effective Hamiltonian according to colour
Favoured and colour Suppressed, and then to added
amplitude of processes colour Favoured and colour
Suppressed  and  obtain  the  decay  rates  of  them.  Using
the Spectator Model, we obtain the Branching Ratio of
some D meson decays.

According to Table 1, we can to compare the decay
rates of processes c dud® , c dus®  and
c sud® ,c sus® . The channels of c dus®  and
c sud®  have Tree-Level decay rates and the channels
of c dud®  and c sus®  have Tree-Level plus
Penguin decay rates. According to Table 1, we see that
the decay rates of channels c dud®  and c sus®  of
colour favoured plus colour suppressed more than the
decay rates of the effective Hamiltonian, hence the
branching ratio of colour favoured plus colour
suppressed less than the effective Hamiltonian. When
we put the values of channels c dud®  and c sus®
into the theoretical model, we see that the theoretical
and experimental values are close.

In Table 3, we see that the Effective Hamiltonian
branching ratio of colour favoured plus colour
suppressed is better than the effective Hamiltonian
branching ratio of colour favoured or colour suppressed.
The experimental value of branching ratio of channel

c sus®  (e.g. sD Kh+ +¢® , sD Kj+ *+® ) is less
than 45.0 10 -´  and the theoretical value of branching
ratio of colour favoured plus colour suppressed is less
than 23.8671 10 -´ . We see that the experimental and
theoretical values are close. Also for channel
c dud® (e.g. 0D p r+ +® , 0D r p+ +® , D + ®

wr + , D hp+ +® ), The experimental value of
branching ratio is less than 2(3.04 0.25) 10 -± ´  and the
theoretical value of branching ratio of colour favoured
plus colour suppressed is less than 22.1023 10 -´ . We
see that the experimental and theoretical value is closed.
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Appendix A. Experimental of Hadronic D Meson Decays
The experimental values of hadronic D meson decays according to [7] are given by,

1- Decay of c Quark
2- Decay of D Meson, process ( C – F )
3- Decay of D Meson, process ( C – S )
4- Experimental Branching Ratio, process ( C – F )
5- Total Experimental Branching Ratio, process ( C – F )
6- Experimental Branching Ratio, process ( C – S )
7- Total Experimental Branching Ratio, process ( C – S )

1-c dud®
2- 0 0( , , , ),( , )D p h r w p r+ + +® , 0 ( , ), ( , )D p r p r- - + +® , 0 0( , ), ( , )sD K K p r+ * + +®
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3- 0 0( , , , ),( , )D p h r w p r+ + +® , 0 0 0 0 0( , , , ),( , , , )D p h r w p h r w® ,
0 0( , , , ),( , )sD K Kp h r w+ + *+®

4- 0 3, (2.5 0.7) 10p p + -± ´ 3,(1.25 0.11) 10p p- + -± ´ 0 3, 8.0 10K p + -< ´
0 3, 1.4 10r p + -< ´ 0 3(892) ,(6.5 2.8) 10K p* + -± ´

3, (7.5 2.5) 10hp + -± ´
3, 7.0 10wp + -< ´

2,1.2 10hr + -´

5- 2(3.04 0.25) 10 -< ± ´ 3(1.25 0.11) 10 -± ´ 3(14.5 2.8) 10 -± ´

6- 0 3, (2.5 0.7) 10p p + -± ´ 0 0 4, (8.4 2.2) 10p p -± ´ 0 3, 2.9 10K r+ -< ´
0 3, 1.4 10r p + -< ´

3, (7.5 2.5) 10hp + -± ´
3, 7.0 10wp + -< ´

2,1.2 10hr + -´

7- 2(3.04 0.25) 10 -< ± ´ 4(8.4 2.2) 10 -± ´ 32.9 10-< ´

1- c sus®
2- 0 0( , ), ( , )D K K p r+ * + +® , 0 ( , ), ( , )D K K K K- *- + *+® , ( , ),( , )sD K Kh j+ + *+¢®

3- ( , ), ( , )D h j p r+ + +¢® , 0 0 0( , ), ( , , , )D h j p h r w¢® , ( , ),( , )sD K Kh j+ + *+¢®

4- 0 3,(7.2 1.2) 10K K + -± ´ 3, (4.33 0.27) 10K K+ - -± ´ 4, 5.0 10Kj + -< ´
0 3(892) ,(4.2 0.5) 10K K* + -± ´ 3(892) ,(3.5 0.8) 10K K* + - -± ´

0 2(892) ,(3.0 1.4) 10K K * + -± ´ 3(892) ,(1.8 1.0) 10K K+ * - -± ´
0 2(892) (892) ,(2.6 1.1) 10K K* * + -± ´

5- 2(6.74 2.62) 10 -± ´ 3(9.63 2.07) 10 -± ´ 45.0 10-< ´
6- 3(958) , 9.0 10h p + -¢ < ´ 0 3, 1.4 10jp -< ´ 4, 5.0 10Kj + -< ´

2(958) , 1.5 10h r + -¢ < ´ 3, 2.8 10jh -< ´
3, (6.1 0.6) 10jp + -± ´ 3, 2.1 10jw -< ´

2, 1.5 10jr + -< ´ 0 3, (1.07 0.29) 10jr -± ´

7- 2(4.51 0.1) 10 -± ´ 3(7.37 0.29) 10 -± ´ 45.0 10-< ´
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