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Abstract
We extend the notion of semigroup compactification to the class of trans-
formation semigroups, and determine the compactifications which are universal

with respect to some topological properties.

1. Introduction and Preliminaries

Throughout the paper, (S,X) denotes a transformation
semigroup, i.e., a semigroup S endowed with a
topology, a topological space X, and an action
(5,X) »sx:Sx X — X such that s(tx)=(st)x for all
s,teS and xe X . If T is a subsemigroup of S and Y is
a T-invariant subspace of X (i.e., TY <Y), we then call
(T,Y) a sub-transformation semigroup of (S,X). (T,Y) is
said to be dense in (S,X) if both T is dense in S and Y is
dense in X.

For s,teS,xe X, we define the translation maps

As:S—>S, p:S—S, A :X—>X and p,:S—> X
by As(t)=st=p(s) and A (X)=sx=p,(s). We say
(S,X) is left topological if A, and A, are continuous for
all seS, right topological if p, and p,
continuous for all seS, xe X, semitopological if
(S,X) is both left and right topological, topological if the
multiplication in S and the action of S on X are

continuous. (S,X) is said to be compact (resp.
HausdorfY) if so are both S and X.
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For example, if S:=XX is the semigroup (under
composition) of selfmaps of a topological space X (with
the topology of pointwise convergence on X), then
under the natural action (s, X)— s(x), (S,X) is a right

topological transformation semigroup, and (T,Y) is a
semitopological sub-transformation semigroup of (S,X),

where T = {seS: /is is continuous} and Y is any

T-invariant subspace of X.

The general approach to the theory of semigroup
compactification is based on the Gelfand-Naimark
theory of commutative C -algebras. Consequently,
compactifications of a semitopological transformation
semigroup (S,X) appear as pairs of the spectra of certain
C’-algebras of functions on S and X respectively, such
that the first spectrum as a semigroup acts on the second
one. Almost (and weakly almost), periodic compacti-
fications of (S,X) are studied in Junghenn [5], and
Pourabdollah [7].

The literature on harmonic analysis on transformation
semigroups is in fact very limited. The main reason, we
believe, lies in the scarcity of concrete non-trivial
examples of transformation semigroups. As far as we
know, Berglund and Hofmann [1] is the first major
work dealing with harmonic analysis on transformation
semigroups. Milnes [6] provides some strong results
which, in particular, show the nature of some well-
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known transformation groups and transformation
semigroups in connection with weak almost periodicity.
The pioneering work of Ellis [3] provides a substantial
introduction to algebraic and topological properties of
transformation groups.

The reader may notice that we have touched the
subject of transformation semigroup compactification in
its most general form. Naturally, one would expect to
obtain much sharper results under some additional
conditions; such as, local compactness of S and/or X, or
in the transformation group setting. We hope to deal
with these special cases in a forthcoming paper.

For notation and terminology we shall follow
Berglund et al. [2], as far as possible.

By a homomorphism from (S,X) into a transformation
semigroup (T,Y) we mean a pair (¢,y) where

$:S—>T is a semigroup homomorphism and
w: X —>Y is a map with the property yw(SX) = ¢(S)w(X)
for each s€S and xe X . In this case, (4(S),w(X) is
a sub-transformation semigroup of (T,Y). We say (¢,w)
is one-to-one (resp. onto) if so are both ¢ and w. A

transformation semigroup homomorphism that is one-
to-one and onto is called an isomorphism. (¢,y) is said

to be continuous if so are ¢ and y .

2. Transformation Semigroups of Means
Let ¢(X) denote the C'-algebra of all bounded

continuous complex-valued functions on X. Recall that
for a linear subspace ¥ of C(X), the space M(F)=

{ueF*:|u|=un1)=1 of means on ¥ is convex and
weak*-compact in F*, the evaluation map o: X —
M (F), defined for all feF by o(x)(f)=f(x) is
weak*-continuous, the convex hull co(d(X) ) of 5(X)
is dense in M (F), the convex circled hull cco(5(X))
of 6(X) is dense in the closed unit ball of F*, and F*
is the closed linear span of &(X). If F is also an

algebra, the space MM(F) of multiplicative means on F
(=the spectrum of ) is compact, and &6(X) is dense in

MM(F). We denote MM(C (X)) by fX.
For s€S and Xxe X, we consider the translation

operators L =4 and Ry=p: on ((S); Lg=()"
and Rx =(py)* on C(X) (here * denotes the dual ma-
pping; for example ﬂ;’g( fy="f oﬂ;s , for each f e (C(X),
and so forth). Trivially Ly =L,.L,, Ry =RR,,
LR, =R,L,.

A subset F of C(S) (resp. H of C(X)) is called
translation invariant if LiF URF CF (resp. LH C
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) forall seS.
In what follows, let F<(C(S) and H < C(X) be

translation invariant C*-subalgebras, containing the
constant functions, and let ij-[ c & forall xe X . For
ueF* and ned* we define the maps T, and U, on

T, and U, on #by T,f(s)=pu(Lf), U,f(s)=

p(Rs ), (T,h)(s)=n(Lsh), and (U,h)(x)=pu(Rh),
where se€S, xeX, feF, he# . These are
bounded linear operators, and Tb‘(x) =R,, T,]LS = LST,] ,
TR =T,r . Uys=Ls. UR,=R,U,, UL =

UL, e:S>M(F) and 5:X > M(H)

denote the evaluation maps (see [2]).
We call the pair (F%) left (resp. right) m-admissible

if the inclusions T,#c# and T,]}[ cF (resp.

where

U, FcF and U I < 9) hold for all multiplicative

means g on Fand 77on H. (FH) is called m-admissible
if it is both left and right m-admissible.

Let (F9) be a left (resp. right) m-admissible pair of
C*-algebras for (S,X). For each u,ne®*, neH*, we

define un:=poT, (resp. u*n:=noU,) on ¥ and
,u.77=,uoT,7 (resp. ,u>i=77=770Uﬂ) on %, and obtain a
multiplication (x,v) — uv (resp. u*v)in F*, and an
action (u,717) —> w.n (resp. wp*n) of the semigroup F*
on H*.

The following theorem describes the basic structure

of transformation semigroup compactifications. The
proof is essentially the same as that of the semigroup
case (see [2; 2.2.11(i1)]).
Theorem 2.1. Let (S,X) be right (resp. left) topological.
If (F90) is a left (resp. right) m-admissible pair of C*-
algebras for (S,X) then with respect to the weak*
topology, the multiplication (u,v)— uv  (resp.
(¢,v)—> u=*v), and the action (u,77) > un (resp.
(u,n) > w*n), (MM(F), MM(#)) is a compact right
(resp. left) topological transformation semigroup,
(&(S),6(X)) is a dense semitopological sub-
transformation semigroup of (MM(¥), MM(¥#)), and
(£,0):(S,X) > (MM(F),MM (%)) is a continuous
homomorphism.

3. Transformation Semigroup
Compactifications
We define a right (resp. left) topological compac-
tification of a semitopological (S,X) as a pair ((¢,y),

(T,Y)), where (T,Y) is a compact Hausdorff right (resp.
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left) topological transformation semigroup, and (¢4,y):
(S, X)—>(T,Y) is a continuous homomorphism such

that (¢(S),w(X))
transformation semigroup of (T,Y).

Let ((¢.v), (T.Y)) and ((#’y"), (T'.Y") be right
(resp. left) topological compactifications of (S,X). If
7:T—>T' and y:Y —>Y' are continuous functions

is a dense semitopological sub-

such that zog=¢" and y oy =y’ (it follows easily that
(7,y) is a continuous homomorphism of (T,Y) onto
(T, Y"), then (x,y) is called a homomorphism of
((9.9), (T.Y)) onto ((4.y"), (T.Y"). If such a

homomorphism exists then it is unique, and we say that
((g,w), (T,Y)) is an extension of ((¢',w"), (T',Y"). If

(z,y) is also one-to-one then it is an isomorphism of
compactifications.

Let P be a property of compactifications of (5,X). A
P-compactification of (5,X) is a compactification of
(5,X) having the property P. A P-compactification of
(5,X) that is an extension of every P-compactification of
(S,X) is called a universal P-compactification of (S,X).

By the inclusion (F,#))<(F,H,) we mean
F cF and H|, € H, . Inparticular (F,H,)=(F,H,)
means /=%, and H | =H,.

Theorem 3.1. Let (S,X) be semitopological.

(i) There is a one-to-one correspondence between
right topological compactifications of (S,X) and left m-
admissible pairs of C*-algebras for (S,X).

(i) If (F,2f;) is a left m-admissible pairs of C*-
algebras for (S,X), and ((¢,w;),(T;,Y;)) its corres-
ponding right topological compactification of (S,X),
i=12, then ((4,¥).(T,Y,)) is an extension of
((4,,¥2),(T,Y,)) if and only if (7,9) 2 (%, ;).
Hence ((4,y1),(T1,Y1)=((¢,,¥2),(T5,Y,)) if and only
it (7,91)) = (5, ;).

Similar conclusions hold for dual versions of (i) and
(ii).

Proof. (i) Let ((¢,w),(T,Y)) be a right topological
compactification of (5,X). Since w* is an isometric
*-isomorphism, # =y*C(Y) is a C*-subalgebra of
C(X), and the identity Lioy* =y* oL, implies that
His translation invariant. Let 7€ MM (#') and {X,} be
a net X such that 6(x,) — 77 in weak* topology. By the
that y:=
lim, w(x,) exists in Y. Now the identity R, oy* =

compactness of Y, we may assume

@* °R.//(x) together with the fact that T!)‘(Xa) = RXH for
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each o, imply that Tﬂy/*zlimaTg(xa)y/* =limaRXa1//*=
lim, ¢*oR ,(, \=¢*oR,. Since R,c(Y)cC(T) we
have T, 7 =T, y*C(Y)=¢*oR,C(Y) = ¢*C(T)=F. On

the other hand, an argument similar to [2; 3.1.7] shows
that F is left m-admissible in the usual (semigroup)
case. Therefore, we see that (F%) is a left m-admissible
pair of C*-algebras for (S,X). Conversely, if (FH) is a
left m-admissible pair of C*-algebras for (S,X), then by
Theorem 2.1 ((4,y),(T.Y))=((&,0),(MM(F),MM (H))

is a right topological compactification of (S,X) such that
(¢*c(M),w*c(Y))=(F,H). It is unique up to isomor-
phism, and is denoted by ((¢,0),(S¥,X%)).

(ii) Let (.75) from ((41.4), (T, Y, ) onto (¢.075),
(T,,Y,)) be a homomorphism of right topological com-
pactifications, then (%,%,)=(4;C(T,)), w>C(Y,)=(d
(7 CM) i (mC () (@ C(T)yi C(Y)) =(F, ).

Conversely, if & c# and H, c#H,;, then V,:=
() togs and V, =(yj) 'ow; are C*-algebra iso-
morphisms of C(T,) into C(T;) and C(Y,) into C(Y,),
respectively. It is a well-known fact that these C*-
algebra homomorphisms are induced by continuous
mappings 7,:T,—>T, and 7,:Y, —>Y, such that 7} =
V| and 73 =V,, (see [2; 2.1.20]). Then ¢orf=¢; and
wiors =3, which implies 7,04,=¢, and 7oy, =y,.
Therefore, ((¢,¥1),(T;,Y})) is an extension of ((¢,,y5),
(T3,Y3)) .0

Remark 3.2. For a locally convex topological vector
space X, AF(X) is the Banach subspace of affine
functions in C (X). (5,X) is called affine if S and X are
convex subsets of locally convex topological vector

spaces such that A, A, p, and p, are affine maps.
An affine homomorphism is a homomorphism (¢,y) of
affine transformation semigroups such that ¢ and w
are affine maps. We call the pair (F,%)<=(C(S),C(X))

of translation invariant conjugate-closed Banach spaces,
left (resp. right) admissible if the inclusions T, FcF

and T”}[ng (resp. U, FcF and Uﬂ}[gﬂ) hold for

all means x on Fand 7 on # . In this case, (F*,H*)
is a right (resp. left) topological affine transformation
semigroup (each endowed with its weak™® topology),
(M(F),M(#)) is a compact right (resp. left)
topological affine sub-transformation semigroup of
(F*,7*), and (co(&(S)),co(d6(X))) is a dense
semitopological affine sub-transformation semigroup of
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(M(F),M(#H)), and (£,0):(S,X)=>(M(F),M (%)) is a
continuous homomorphism.

A right (resp. left) topological affine compac-
tification of (S,X) is a pair ((¢,w),(T,Y)), where (T,Y)
is a compact Hausdorff right (resp. left) topological
affine transformation semigroup and (@,y):(S,X)—

(T.Y)
(co(é(S)),co(w(X))) is a dense semitopological affine
sub-transformation semigroup of (T,Y).

Homomorphisms, isomorphisms, and extensions of
right (resp. left) topological affine compactifications are
defined similar to non-affine case, with the additional
requirement that these are affine mappings.

Similar to the non-affine case, it can be shown that if
(g, ¥),(T,Y)) is a right (resp. left) topological affine
compactification of (S,X), then the pair (¢* AF(T),
w*AF(Y)) is a left (resp. right) admissible pair of
Banach spaces for (S,X). Conversely, if (F#) is a left
(resp. right) admissible pair of Banach spaces for (S,X),
then there exists a unique up to isomorphism) right
(resp. left) topological affine compactification ((4,y),

T.Y) =((&,0),(M(F),M(#H)) of (5X) such that
(" AF(T ),y AF(Y)) =(£H), denoted by ((,9),
(aS¥,aX ")) . A universal P-affine compactification of

is a continuous homomorphism such that

(§,X) is a P-affine compactification that is an extension
of every P-affine compactification of (S,X).

4. Function Spaces and Universal
Compactifications
For a semitopological (S,X) we define,
AP(X)={f eC(X):Lgf is norm relatively compact
in C(X)},
WAP(X)={f eC(X): Ls f is weakly relatively com-
pactin C(X)},
LX) ={f eC(X)|s—>L5f :S = (C(X) is norm con-
tinuous},
RC(X) ={f e C(X)|x >R, f : X - ((S) is norm con-
tinuous},
WLC(X)={f eCc(X)|s > Lsf :S > c(X) isa(C(X),
C(X)*) -continuous},
WRC(X) = {f e C(X)| x> R, : X > C(S)isa(C(S),
C(S)*) -continuous},
LMc(X) = {f ec(X)|s > Lsf:S > c(X)iso(C(X),
PX) -continuous},

RMC(X) = {f € C(X)[x >R, f: X > C(S)isa(C(S),
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FS) -continuous}.

Clearly A®(X)cWAP(X), LC(X)cWLC(X)c
LMC(X) and RC(X) < WRC(X) < RMC(X). The in-
clusions AP(X)c LC(X)NRC(X) and WAP(X)C
WLC(X)NWRC(X) follow from part (i) of the follo-
wing proposition.

Proposition 4.1. (i) For each f ewae(X) (resp.
AP(X)), the maps s—>L.f:S—uwae(X) (resp.

AP(X))and x - R, f: X - wae(S) (resp. A2(S))
are weakly (resp. norm)-continuous.

(i) If (§,X) is a compact semitopological (resp.
topological) transformation semigroup, then for each
fec(X), Lgf cc(X) and Ry f < ((S) are weakly
(resp. norm)-compact, and so wAP(X) (resp.
AP(X))=C(X).

Proof. (i) We consider the "/4®-case only. Since the
map s—L.f:S—¢C(X) is obviously pointwise-
continuous and Ls f is weakly relatively compact, the
weak topology and the pointwise topology coincide on
Lsf ; hence, s —» L f must be norm continuous. The

proof for the right translation case is similar (use
Theorem 4.2(ii)).

(i) Note that the maps s — Lsf and x >R, f are

weakly (resp. norm) continuous by [2; A.9] (resp. [2;
B.3)).

The following gives some characterizations of the
desired function spaces, and has a standard proof similar
to the semigroup case (see [2; chapter 4]).

Proposition 4.2. Let (S,X) be semitopological and
fec(X).
(i) The following statements are equivalent.

(a) fear(X).

(b) Ry f is norm relatively compact in ¢(S) .

(c) For each £>0, thereis afinite K =S such that

min{[L,f -L f|:teKj<e  (seS).

(d) For each £>0, there is a finite F < X such that

min{"RXf—Ryf”:yeF}<g (xe X).

(ii) The following statements are equivalent.
(a) fenae(X).
(b) Ry f is weakly relatively compact.
(c) Lg f is a(C(X),pX) relatively compact.
(d) Ry f is a(C(S),5) relatively compact.
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(e) lim,,_,, lim,_,, f(SuX,) =

lim,_,, lim,,_,, f(SyX,) when {s;} < S and {x,}c X
are sequences such that all the limits exist.

(iii) The following statements are equivalent.

(a) f ecc(X) (resp. RC(X)).

(b) Ry f (resp. Lgf ) is equicontinuous on S (resp.
X).

(c) coRy f (resp. coLgf) is equicontinuous on S
(resp. X).
(iv) The following statements are equivalent.

(a) fecLmc(X) (resp. weLo(X)).

(b) Ry f (resp. coRy f) is pointwise-relatively
compactin ¢(S).

(0) T,f ec(s) forall ne AX (resp. M(C(X))).
(v) The following statements are equivalent.

(@) fe®mC(X) (resp. WRC(X)).

(b) Lgf (resp. coLgf ) is pointwise relatively com-
pactin C(X).

(©) U,fec(X) forall uepS (resp. M(C(S))).

The following theorem is proved in [4].

Theorem 4.3. Let (5,X) be semitopological. Let
FcC(S) and H < C(X) be translation invariant

conjugate-closed Banach subspaces, containing the
constant functions, and let R, % < ¥ forall xe X . Let

B, and B, denote the closed unit balls of #* and 7*,

respectively. Then for any h e # the following hold.
(1) hewae(X), if and only if, for each p e #* and

neH*, T,her, Uhhes, u(T,h)=nU,h)
(i) hewae(X) is in ae(X), if and only if, the

complex-valued function (g,77) —> ,u(T,]h) is weak*

continuous on B, x B, .

Theorem 4.4. Let (S,X) be a semitopological trans-
formation semigroup, then

(@) (LMC(S),LMC(X)) (resp. (RMC(S),RMC(X)))
is the largest left (resp. right) m-admissible pair of C*-
algebras,

(ii) (WLC(S), WLC(X)) (resp. (WRC(S), WRC(X)))
is the largest left (resp. right) admissible pair of Banach
spaces,

(iii) (£C(S),£e(X)) (resp. (RC(S),RC(X))) is a left
(resp. right) admissible pair of C*-algebras,

(iv) (wae(S),wAae(X)) is the largest admissible
pair of C*-algebras for which the equalities pv = u*v
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and un=pu*n hold forall uveF*, ne ™,

(v) (A@(S), AP(X)) is the largest admissible pair of
C*-algebras, in (wa®e(S), wAae(X)), for which the
maps (u,v)— uv:BxB—&* and (u,n)—> u1n:BxB—
g{* are weak*-continuous for all pairs of norm-
bounded sets (B, B)  (F*,%*).

Proof. By Proposition 4.2(iv) and (v), we have
WLC(X) = {T;1(C(8)): 7€ M(C(X))},
LHMC(X) = {T(C(S)): e AX3,
WRO(X)={UZH(C(X)): ueM (C(S))},
KRMC(X)={U, (C(X)): e 5}

Since Tﬂ and U . are bounded linear operators, it

follows that £MC(X), RMC(X), WLC(X)
WRC(X) are closed linear subspaces of C(X). Clearly,

these function spaces contain the constant functions and
it is easy to see that they are conjugate-closed and
translation invariant. Also, £LMC(X) and RMC(X) are

and

algebras, since T,7 and U . are multiplicative for
uefS and ne X . Hence, LMC(X) and RMC(X)
are C*-subalgebras of C(X).

Now, for e fS and e X we define a functional

un on LMC(X) by ,u.f](f):y(T,]f). Then wny is
well-defined, and w.7e MM (£MC(X)). Hence, w7
extends to a member of X . Denoting this extension
also by u.;7, we have

T,(T,)=T,,f (f eLMc(X), ue S, nepX).

Thus, T,(LMC(X)) < LMC(S) for all pe X . This
together with [2; 4.5.2], imply that (£LMC(S), LMC(X))

is left m-admissible. A similar argument shows that
(Wee(S),wee(X)) is left admissible. (iii) has a

routine proof. (iv) and (v) follows essentially from
Theorem 4.3 (for more details, see [4]).0
The proof of the following proposition is routine.

Proposition 4.5. Let (d,¥):(S,X)—>(T,Y) be a

continuous homomorphism of semitopological trans-
formation semigroups. Then for # = A®, WA®, LC, R(,
WLC, WRE, LMC, OF RMC,

wr(H(Y)) € H(X)

where w*:C(Y)— C(X) denotes the dual map. In
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particular if (S,X) is a sub-transformation semigroup of
(T.Y)then #(Y) |, < #H(X).

We say a compactification or affine compactification
(¢,w),(T,Y)) of (S,X) has the joint continuity

property if the actions of Son T and on Y, i.e., the maps
(S,1) > d(S)I:SXT =T, (S,¥)>4(S)y:SxY >Y

are (jointly) continuous.

Theorem 4.6. For a semitopological (S,X), the
following statements hold.
@) (£06),(S", X" (resp.  ((¢,6),(S77,

XAY)) is the universal semitopological (resp. topo-
logical) compactification of (S,X).

(i)  ((£,0),(S“MC,XMC)  (resp.  ((&,0),(S™C,
X®MCY) ) is the universal right (resp. left) topological
compactification of (S,X),

(iii) ((&,8),(S%¢, XY (resp. ((£,0),(S®E, X %)) is
the right (resp. left) topological compactification of
(5,X) that is universal with respect to the joint continuity

property,

(iv) ((¢,0),(aS"™?,aX ") (resp. ((&,0),(aS*?,
aXA?))) is the universal semitopological (resp. topo-
logical) affine compactification of (S,X),

(v) ((¢,0),(aS™EC,aX "€y (resp. ((&,0),(aS™E,
aX "&Y))) is the universal right (resp. left) topological
affine compactification of (S,X),

vi)  ((&,8),(aSEC,aX £0) ((£,0),(aS%e,

aX®))) is the right (resp. left) topological affine
compactification of (S,X) that is universal with respect
to the joint continuity property.
Proof. (i) By Theorem 3.1(i) and Theorem 4.4(iv),
((¢,8), (S™*® X"A?) is a  semitopological
compactification of (S,X). If ((¢,w),(T,Y)) is another
such compactification then, by Proposition 4.1(ii),
c@),c(Y)=waeT),  wAae(Y)). Hence, by
Proposition 4.5, (¢*(c(M)),
v (C(Y)) < (WAaAP(S), wWAP(X)). Thus, by Theorem
3.1(ii), ((&,9),(S™? , X "%} is an extension of ((4,y),
(T,Y)) . The proof for A®is similar.

(il) By Theorem 3.1(i) and Theorem 4.4(i), ((&,9),
(SEMC X EMCY s a right topological compactification of
(5,X). If ((¢,w),(T,Y)) is another such compactification
then  (C(T),C(Y)) = (LMC(T), LMC(Y)) . by
4.5, (#H(C@M).y"(C(Y))) = (LMC(S),
LMC(X)). Thus, by Theorem 3.1(ii), ((&,6),(SEMC,

(resp.

Hence,

Proposition
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X EMCY) s an extension of ((4,w),(T,Y)). The proof
for RM( is similar.

(iii) To prove that ((&,5),(S£C, X £C)) has the joint
continuity property, by [2; 4.4.4], it suffices to show
that the map (5,7) = g(&(s)n):Sx X -C s

continuous for each geC(X%€). Since f =5(g)e

£C(X), for s, s,e€S
g(&(s).m) =n(Lsf) and
|9(2(5)17) — 9(&(39)770] <L f —Lg )|+
|7 =m0)(Lg, D)< Lo L | +|r—m0)(Ls, D)),

which shows (S,7)—g(&(s).n7) is continuous at (S,77,)-

Now if ((¢,¥),(T,Y))

compactification of (S5,X) with the joint continuity
property then, by [2;B.3], for any heC(Y) the map s—

and 7, 17,€ X*¢ we have

is any right topological

L¢(S)h:S —C(Y) is norm-continuous, and since

[y =L 0] =Ly =Ly o]

we see that w*(h)e £C(X). Therefore, w*(C(Y))<
LC(X), which by Theorem 3.1(ii), ((¢,9),(S%¢, X £CY)
is an extension of ((4,¥),(T,Y)). The proof for ®R( is

similar.
(iv), (v), and (vi) are affine cases of (i), (ii), and (iii),
respectively, which have similar proofs.o
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