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Abstract
In the transformation semigroup (X, S) we introduce the height of a closed
nonempty invariant subset of X, define the transformed dimension of nonempty
subset S of X and obtain some results and relations.

Preliminaries
By a transformation semigroup (X, S, =) (or simply
(X, S)) we mean a compact Hausdorff topological space
X, a discrete topological semigroup S with identity e and
a continuous map 7: X xS — X(z(x,s)=xs(Vxe X,

Vs € S)) such that:
e VxeX xe=x,
o VxeX Vs,iteS x(st)=(xs)t,

In the transformation semigroup (X, S) we have the
following definitions:

1. For each se.S, define the continuous map z*:
X—>X by xz’=xs(VxeX), then the closure of

{7*|s eS8} in X with pointwise convergence, is called

the enveloping semigroup (or Ellis semigroup) of (X, S).
We shall denote the enveloping semigroup by E(X, S) or
simply by E(X) if there is no possibily confusion [1,
Definition 6.4]. E(X, S) has a semigroup structure [2,
Chapter 3]. An element « of E(X, S) is called idempotent
if u*=u. Every closed nonempty subsemigroup of E(X,
S) has an idempotent element [3, Chapter I, Proposition
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2.1]. A nonempty subset K of E(X, S) is called a right
ideal if KE(X,S)< K, and itis called a minimal right
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ideal if none of the right ideals of E(X, S) be a proper
subset of K. For each right ideal K of E(X, S) and each
pekK, L, K— K isdefined by L,(¢q)=pq(vgeK).

2. A nonempty subset Z of X is called invariant if
ZS < Z , moreover it is called minimal if it be closed

and none of the closed invariant subsets of X be a proper
subset of Z. The element a of X is called almost periodic

if the orbit closure of a i.e. aS =aE(X,S) is a minimal
subset of X.

3. Let ae X, 4 be a nonempty subset of X, C be a
nonempty subset of E(X, S) and I be a right ideal of
E(X), then we introduce the following sets [6, Notation
5]:

F(a,C)={peClap=p}

F(A4,C)={peC|Vbe A bp=p}
F(4,C)={peC|4p =4},

J(C)={peC|p®=p},
S()={peC|L,:1— Iissurjective}.

4. Let (Y,S) be a transformation semigroup, the
continuous map ¢:(X,S)— (Y,S) is a homomorphism

if p(xs)=p(x)s(VxeX,VseS). If ¢:(X,S)—>(Y,
S)is an onto homomorphism, then there exists an onto
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homomorphism ¢ : (E(X,S),S) — (E(Y,S),S) (which
is also a semigroup homomorphism) such that for each
xeX and pe E(X, S) we have p(xp) = p(x)p(p) [2,

Proposition 3.8].
5. Let ae X, 4 be anonempty subset of X and K be
a closed right ideal of E(X, S), then [5, Definition 1]:

* KeM s (a) (or simply M(a)) if:

— aK=aE(X S),

— K does not have any proper subset like L, such
that L be a closed right ideal of E(X, S) such
that aL = aE(X, S),

o K€My s (A) (orsimply M(4)) if:

— Vbed bK=bE(X,S),

— K does not have any proper subset like L, such
that L be a closed right ideal of E(X, S) such
that bL =bE(X,S) forall be 4,

o KeMyxs(4) (or simply M(4)) if:
- AK = AE(X, S),
— K does not have any proper subset like L such

that L be a closed right ideal of E(X, S) such
that AL = AE(X, S).

The elements of My g (a) (resp. M(x,s)(A) and

M(X,S)(A)) are called a-minimal (resp. A-—minimal

and A—W) sets. M(X,S)(A) and My s (a) are
nonempty ([5, Tﬂeorem 2], and [6]). o

6. Define M(X,S)={0+A4c X|VK € M (x,5)(A)
JF(A,K) %0} and M(X,S)={0% A X|M (x.5)(A)
£OAVK €M (x.5)(4) I(F(4,K))%0}.

7. Let ae X and 4 be a nonempty subset of X, then
[5, Definition 13]:

e (X, S) is called a-distal if E(X, S)eM. 5(a),

e (X, S) is called A-distal if (X, S) be b-distal for each
beA,

o (X,S) is called AMgdistal if

M(X,S) (4),

E(X,S) e

o (X,S) is called A4Mdistal if E(X,S)e

M(x5)(4).
8. Let 4, B be nonempty subsets of X and R, Q e
{M (x.5), M (x5}, then [5, Definition 13]:
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e Bis called is A-almost periodic if:
Vaed VKeMygl(a) VbeB 3lLe

M(X,S)(b) LgK,

e Biscalled 432 almost periodic if:
VaeAd VKeMyg(a) 3FLeR(B) LcK,

e B is called 452 almost periodic if Q(A4) =0

and:

VK eQ(4) VbeB 3LeMiyqn(b) LcK,

e B is called 4R aimost periodic if Q(A) =0

and:

VKeQ(4) 3ILeR(B) LcK.

Definition 1. Let 4 be a nonempty subset of X,a € 4

and Z be a closed invariant subset of X, we introduce
height of Z by:

hix.s)(Z2) ={n e NU{0}|3%,,....c Z,
(Zyczc-cZ,)~(Vie{0,...,n}
Vie{0,...n}-{i} Z =#Z))
A(V; €{0,...,n} Z isaclosed invariant
subset of 7))}

and transformed dimension of «, transformed dimension

of 4, M-transformed dimension of 4 and M-
transformed dimension of A4 is defined respectively by:

¢ Dlm(-g((;')) (a) = Sup{h(E(X),S) (1) | Ie M(X,S) (a)}
(or simply DimT (a)),
im ") (4) = im TO)
e Dim x5 (A4) = sup{Dim e (x) | x € A}

(or simply DimT (4)),

e Dim ;I';I\g)) (4) = SUp{h(E(X)'S) (N1e M(X,S) (A)}
(or simply Dim ™M) (4)),

e Dim 2—;\2)) (4) = sup{h(E(X),S) (N|Ie M(X,S) (A)}

(or simply DimTM) (4)).
If h(aE(X))=neNuU{0,+x}), then a is called n-
almost periodic (or almost periodic of degree ).

Lemma 2. In the transformation semigroup (X, S), let /
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and J be two (closed) right ideals of E(X), and suppose
there exist u<J(S(7)) and veJ(S(J)) such that uv = u and
vu = v, then for each chain of (closed) right ideals of
E(X) in 1, there exists a chain of (closed) right ideals of
E(X) in J with the same cardinal. So if 7 and J be closed,
then h(I) = h(J).

Proof. Let {I,|a T} be a chain of (closed) right
ideals of E(X) in I, then {v/, |a €T} is a chain of
(closed) right ideals of E(X) in J and we have card {7, |
ael}2{vl,|aeTl}. Using uv=u and the fact that
L,|,=id,, we have card{/,|ael'}= card{vI,|ael}.

Corollary 3. In the transformation semigroup (X, S) let
A be a nonempty subset of X, then we have:
e Vae X VKeM(a) Dim'(a)=h(K),
oif AeM(X,S), then for each KeM(4),
DIm™M) (4) = h(K) ,

o if AEE(X,S), then for each Kem(A),
DImTM) (4) = h(K) .

Proof. Let ae X (resp. AeM(X,S), AeM(X,S))

and 1,J e M(a) (resp. 1,J e M(4), 1,J € M(4)), then
there exist u e J(F(a,I)) (< J(S(1))) (resp. ueJ(F(4,
N)(cIS(I)) and vel(F(a,])) (< IS())) (resp.
vel(F(4,)) (c I(S(J)))) such that uv=u and vu =v
[5, Theorem 7]. Now Lemma 2 completes the proof [4].

Note 4. In the transformation semigroup (X, S) we have:
1. If Zand W be nonempty closed invariant subsets of
X, then:

a ZcW=hyo(Z)=hy o(2),

b. ZcW =h(Z)<h(Ww),

C.(ZcWAh(Z)=h(W)<+0)=>Z=W,

d. h(Z)=0< Z is a minimal subset of (X, S).
2.if 0#Bc Ac X , then:

a. DIMTO)(B) < DIMTO)(4) ,

b. if Bem(X,S), then DimT™M(B)<

DIMTM (1),
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c. max{DimTO)(4) < Dim™M) (), DimTM) (A}
<h(E(X)),

d. DImTO) (4) < DimTM ().

3. if 0# A< X, then the following statements are
equivalent:

a. for each a € 4, a is almost periodic,

b. DIm™)(4) =0,

c. DImTM(4) =0,

d. DImTM) (4) =0

4.if ae Ac X and h(E(X)) <+, then:

a. (X, S) is distal if and only if h(E(X)) =0,

b. (X, S) is a-distal if and only if h(E(X))
=DimT"(a),

c. (X, 9) is AM distal if and only if h(E(X))=
DIM™M™) (4) ,

d. (X, 8) is AM distal if and only if h(E(X))=

DimTM) (4) .

Proof.
2. We have:

a. Bc A= sup{Dim" (x)|xe B}
<sup{Dim'(x) | x € 4}

= DIimT™™)(B) < DImT)(4)
b. VK eM(4) Vbed aK =aE(X)

= VK eM(4) VbeB bK =bE(X)
VK eM(4) ILeM@B) LcK
= VK e M(4) 3LeM(B) h(L)<h(K)
— VK e M(4) Dim™™)(B)) < h(K)

(by Corollary 3)
— DimT™)(B)) < sup{h(K) | K € M(A)}

= DIm™M)(4)
d. For each x € A we have (by (b)):
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DimT (x) = Dim™™) ({x}) < DIimT™™) (4) .
So DImM™)(4) =sup{DimT (x) | x € A}
<DImTM) (1)
3. Use the following facts:

— for each closed right ideal K of E(X), h(K)=0 if
and only if K is a minimal right ideal of E(X),

— if Min(E(X)) denotes the set of all minimal right
ideals of E(X), then the following statements
are equivalent [5, Note 12]:

* for each a € 4, a is almost periodic,
*Yaed M(a)nMin(E(X)) =0,
*VYaed M(a)=Min(E(X)),

* M(A4) "Min(E(X)) =0,

* M(4) = Min(E(X))

* M(A) A Min(E(X)) %0,

* M(4) = Min(E(X)) .

4. Use the fact that for each closed right ideal K of
E(X), h(K)=h(E(X)) if and only if K=E(X) (whenever
h(E(X)=+ the above statement may be false).

Theorem 5. In the transformation semigroup (X, S), let

A,Be(M(X,S)AM(X,S)). We have the following
table:

o (B, 4,0)
(--).(M=) | Vaed DIm™™)(B)<DimT(a)
(= M), (M, M) DIMTM) (B) < DImTM (4)
(= M), (M, M) DimTM™) (B) < DImTM) (4)
(M.-) Vaed DimT™)(B)<Dim(a)
(M, M) DImTM) (B) < DimTM) (4)
(M, M) DImTM) (B) < DimTM) (4)

In the above table we have:
“If Bis A< almost periodic, then z(B, 4,«) is true.”
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So if B is AL aimost periodic (where P,Qe

{~M,M}), then DIm™®)(B) < DIm™@(4).

Proof. Let P,Qe{m,ﬁ}, then:

Bis A9 almost periodic

—VKeQ(4) 3ILeP(B) LcK
= VK eQ(4) 3LeP(B) h(L)<h(K)

= DIm™®(B) < DIm™@(4) (by Corollary3).

In the other cases use a similar method.

Lemma 6.

1. Let (X.,5),....(X,.S,) be transformation

semigroup. / be a closed right ideal of E(] [X,.] [S))
i=1 i=1
such that S(7)=0 and for each ie(,...,n}, 0+ 4, <

n

X;, where HS,. is a semigroup under coordinate
i=1

multiplication, then:

a. h(I) ZZh(ﬂ'i(I)) (7; is the projection map on
i=1
ith coordinate),

b. DIM™O(J [ 4)2 ) Dim™(4,),

i=1 i=1

. ﬁAi eﬁ_lfl(ll[X,-,ll[Si) = DimT(m)(ﬁAi)
i=1 i=1 i=1 i=1

>3 Dim™™)(4,) .
i=1

2. In the transformation semigroup (X,S) if Z is a
nonempty closed invariant subset of X,0= A< Z and [
is a closed right ideal of E(X), then:

a hez.s)(2) <hEw) s ),

b. Dim{, 5 (4) <Dimfy g (4),

¢. Dim{$"J (4) < Dim{{%) (4) .
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Proof.
1.
a. lf peS(), then ]ng(HXi,HSi)g], SO
i=l i=l
n n
1=pE([ X, [ ]S For each ie(l,...,n}, let

i=1 i=1
p; €E(X,,S;) besuchthat p=(p,,..., p,) , thus
I= PE(HXivHSi) = (pll"'7pn)H E(X:.S;)
i1 i1

=1

n n .
=[[rEX.S)=]]=(). Let n=2, and I} <

i=1 i=1
I c---c I =m;(I) be achain of closed distinct
right ideals in E(X,,S;)(i=12), then I}xI¢c
DxIgc-cl* xIgclt xIZc--cI xI? =

1 1 1 2
m([)xmy(I)=1 is a chain of closed distinct
right ideals in E(J[X.J]S). thus h(1)>
=1 =1

m+n, and h(I) >h(z(I))+h(z,(I)). Now by
induction for n>2 we have:

(1) = (] [ 2 () + (] T, ()2

i=1 i=2
S h(z, (1)
i=1

Which completes the proof.

b. For each (ay,...,a,) e[ [ X; we have M(q....,
i=1l

a,) = [M(q;) . Moreover if K € M(ay....,a,),
i=1
then 0= F((«,...,a,),K)<=S(K), so (by (a) and

Corollary 3) DimT(al,...,an)zh(K)zih(;zi(K))
i=1

i h(rz;(K)) = Zn: DimT(q;) . Therefore:

i=1 i=1

DImTO)(J [ 4) = sup{Dim" (ay,...,a,) | Vi e {,
i=1

.on}y a; €4}

> sup{i DimT(a,) Vi e {L,

i=1
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..on} a; € 4}

= ZH:SUP{DimT(ai) la; € 4;}
i=1

= Zn:DimT(_)(Ai)
i-1

c. Let ﬁA[eﬂ(ﬁX[,ﬁSi), and let Ke
i=1 i=1 i=1

M([T4).
i1
subset of S(X), M(ﬁAi):ﬁﬁ(Ai) and for

i=1 i=1

each ie{l,...,n},Aieﬂ(HXi,HSi), so (by

i=1 i=1

then F(] [4,K)is a nonempty
i=1

(a) and Corollary 3) DimT(m)(HA,.):h(K)z
i=1

3 h(z,(K) = DImT (4,).

i=1 i=1

2. Use the following facts:
e E(Z.8)={p|Z| pcE(X,}H=E(X,9)|2),
o L is a closed right ideal of E(Z,S) if and only if
there exists a closed right ideal K of E(X,S)
suchthat L={p|Z|peK}=K|Z),

. M(Z,S)(A) ={K|Z:K EM(Z,S)(A)},

Note 7. In the transformation semigroups (Xi, S) and
(X5, S), let ne NuU{0,+}, Z be a nonempty closed

invariant subset of X;ae AcZ,¢4:(X;,S) > (X3,S)
be a homomorphism and ¢, : (X;,S) — (X,,S) be an
onto homomorphism, then:
L. h(g(2)<h(2) (i=12),
2. DImT(¢4,(4))<DImT(4) (i=12),
3. ¢,(4) € M(X;,S) = Dim™™ (g, (4))
<DIM™™(4) (i=12),

4. (a is an n—almost periodic point)
= (Am<n (4;(a) is an m—almost periodic point))
(i=12),

5. (a is an n—almost periodic point in (X7, S))
< (ais an n—almost periodic point in (Z, S)).

Lemma 8. In the transformation semigroup (X, S), we
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have:

1. If Z be a nonempty closed invariant subset of X,
then:
h(Z) =sup{n e N U{0}| 3z,,...,z, € Z Vie

i-1
...} z e JmEX}
k=0
2.1f Z,,...,Z, be nonempty closed invariant subsets
of X, then:

h(UZi)SZn:h(Z,.H(n—l).
i=1 i=1

3.If Z,,...,Z, be nonempty closed invariant disjoint
subset of X, then:

a. h(oz,.)=zn:h(z,.)+(n—1),

i=1 i=1

b. h(Jz)=n-1 if and only if for each
i=1
iefl,...,n}, Z; is minimal.

4.1f Z,,...,Z, be minimal subsets of X, then card{Z, |

1<i<my=h(Jz)+1.
i=1
Proof.

1. Let neNU{0} and z,...,z, € Z be such that for

i—1
each iefl...n}, ze|JzE(X). For each ie
k=0

{0....n}, z=|JzE(X) is a closed nonempty
k=0

invariant subset of Z, moreover for each ie{0,...,
n—1}, Z; is a proper subset of Z;,, therefore n<h(Z).
Thus sup{ne NU{0}| 3z,,...,z,€ZViell,...,n} z;¢
i-1

(JzE(X)}<h(Z) . On the other hand let ne N {0}
k=0

and Z,,...,Z, be closed nonempty invariant subsets of
Z such that for each ie{0,...,n-1}, Z is a proper

subset of Z.; then for z;eZ, and

Z,—Z, 1 (1<i<n),wehave z; ¢ DlzkE(X) (I<i<n).

h(Z)<sup{reN U{Ok}:|oEIzo,...,zn eZVie

{L...n} z; ¢ szE(X)}, which completes the proof.
k=0

z; €

Therefore
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2. It is clear for n=1. For n=2, let m e NuU{0} and

Xgy--y X, € Z1 U Z, be such that for each ie{l,..., m},
i—1

x; 2| Jz,E(X), then by (1) we have m-1< (card({x,,
k=0

e X 3N Z1) =) + (card({xg...., x,, }N Z,) -1 <h(Z)) +

h(Z,), thus h(Z, v Z,)<h(Z)+h(Z,)+1. Let meN

and suppose for n=m the above statement holds, for

n=m+1 we have:

m+1 m

r(Jz)=n)z 02,0 <hJ2) +h(Z,0) 41

i= i= i=

< h(Z)+(m-1)+h(Z,.1)+1
i=1
m+1

=Y h(Z;)+m,
i=1

which will give the result by induction on ».
3.
a.For each ie{l...n}, let Z..Z , be

nonempty closed invariant subsets of Z; such that
for each je{0,...,m;~1}, Zj is a proper subset

of Z7,,, then:
1 1 1
z} cZj c chl
1 2 1 2 1 2
CZmlUZO szluzl C...czmluzmz

n-1 n-1 n-1
i n i n i
c Uzm, Uz < UZm, UZ o UZrln,- vz
i=11 i=11 i=11

is a chain of distinct nonempty closed invariant

subsets of | ]z, , therefore h( Jz,)=> m, +(n

i=1 i=1 i=1l

~Dand h( Jz,)=) h(Z;)+(n-1). Considering
=l =1

(2) we have h(OZ[):ih(Zi)ﬂn—l) .

i=1l =l

b. By (a), h(UZl.)zn—l if and only if for each
=1l
iefl...,n}, h(Z)=0. Now (1) in Note 4
completes the proof.

4. It is clear by (3).
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Theorem 9. In the transformation semigroup (X, S), if Z
be a nonempty closed invariant sunset of X, then the
following statements are equivalent:

i. h(2)=1,

ii. “Z is the union of two disjoint minimal subset of
X" or “there exists a 1-almost periodic point ze X such
that zE(X)=2".

Proof.

((i) = (ii)): By (1) Lemma 8, there exist zy,z;€Z such
that z,E(X) is minimal and z ez,E(X). Since
h(z;E(X))<h(Z)=1, we have h(zE(X))=1 or
h(z;E(X))=0. If h(zE(X))=1, then z; is 1-almost
periodic and zE(X)=Z, if h(zE(X))=0, then
zE(X) is minimal, h(z;E(X)uz,E(X))=1 and Z is
the union of two disjoint minimal set zE(X) and
zoE(X).

((ii) = (i)): Use Lemma 8.

Lemma 10. In the transformation semigroup (X, S), if
reE(X) be such that »?E(X)=+E(X) and h(+E(X))
<+o0, then:

1. rE(X) e M(#),

2. ris n—almost periodic if and only if DimT™ (r) =n.
Therefore if 7 is a closed right ideal of E(X) and
peS(), then Dim™(p)=h(I) (since I=pE(X)=
PPE(X)).

Proof. Use E(E(X, S),S) = E(X, S).

Corollary 11. In the transformation semigroup (X, S),
let ne NU{0} and 0= A X .

1. If Aem(X,S), then the following statements are
equivalent;

a. DIm™M) (4)=n,

b. Ju e I(F(4, E(X)))
(uE(X) e M(A4) ADIMT (u) =n),

c. dp e F(4,E(X))
(PE(X) e M(4) ADIm" (p) =n),

d. min{Dim™ (p)| p € F(4, E(X))}=n,

e. min{DimT (u) | u € J(F(4, E(X))}=n,
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f. M(A)={uE(X)|DImT (1) =nrueI(F(4,EX))},
9. M(A)={pE(X)|DImT (p)=nn peF(4,E(X))}.

2. 1f Aeﬂ_/l(X,S), then the following statements are
equivalent:

a. DIMTM (4) =,
b. Ju e J(F(4, E(X)))
WE(X) € M(4) ADImT (u) =n),
¢. Ip e F(4,E(X))
(PE(X) € M(4) A DIMT (p) =),
d. 3¢ e F(4,E(X))
(¢E(X) e M(4) ADImM"(g) =n)
e. min{Dim"(g)| ¢ € F(4,E(X))}=n
f. min{DimT (p) | p € F(4,E(X))}=1,
g. min{DimT (u) |u € J(F(4, E(X))}=n,
h. M(4)={uE(X)|DimT () =nAueJ(F(4E(X))},
i. M(A)={pE(X)|DIm" (p)=nA peF(4EX)},
j. M(4)={qE(X)|DImT (q)=nAq eF(4,E(X))}.
3.1f Aem(X,S) and Dim™™)(4)=n, then each of
the following sets is equal to M(4) :

{PE(X)|Vq e F(4, pE(X))(Dim ()
=nApeF(4,EX))},

{uE(X)| Vv e J(F(4,uE(X)))(DimT (v)
=navelF(4,E(X))))},
- {pE(X)|Vq e F(4, pE(X))(DimT (q)
=Dim"(p) A p e F(4,E(X)))},
{uE(X)| Vv e J(F(4,uE(X)))(DimT (v)
=Dim" (u) Ave J(F(4,E(X))))}.

4. 1f Ae9=v1(X,S) and DimTM) (4) =n, then each of
the following sets is equal to ﬁ(A) :

— {pE(X)|vq e F(4, pE(X))(Dim (¢)
=nnpeF(4EX)))},
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{PE(X)|Vq e F(4, pE(X))(DimT (q)
=nnApeF(4,E(X))},

{uE(X)| Vv e J(F(4,uE(X)))(DimT (v)
=nAvelF(4,E(X))}.

{PE(X)|Vq € F(4, pE(X))(Dim" (¢)
=DimT(p)<+oApe F(4,E(X)))},

{PE(X)|Vq e F(4, pE(X))(DIimT ()
=Dim"(p) <+ A p e F(4,E(X)))},

{uE(X)| Vv e J(F(4,uE(X)))(DimT (v)
=DimT (1) < +0 Av e J(F(4, E(X)))}.

Proof.

1.

e () = (b)): Let DIM™™)(4)=n. By Definition 1,
there exists K eM(4) such that h(K)=n.
Choose u € J(F(4,K)), since J(F(4,K))cS(K),
s0 uE(X)=K eM(4) and by Lemma 10 Dim (x)
=h(K)=n.

e ((b) = (c)): It is clear by J(F(4,K)) c F(4,K) .

¢ ((c) = (d)): By (c), min{DimT(p)|peF(4,E(X))}
<nand by Corollary 3, Dim™™)(4)=n. Let
geF(4,E(X)), Dim"(q)=m and KeM(q). By

Corollary 3 (and E(E(X)=E(X)) m=h(K), on the
other hand for each aeA4 we have: aK=agK=

agE(X)=aE(X) thus there exists LeM(A4) such that
Lc K, so by Corollary 3 we have: n=h(L)

<h(K)=m. Thus min{DimT(p)|peF(4,E(X))}
>n and min{Dim"(p)| p e F(4,E(X)}=n.

o ((d) = (e)): By (d), min{Dim" () |u €
JF(4,E(X)}=n. Let peF(4,E(X)),
Dim"(p)=n and KeM(p), for each ae4,
apK = apE(X) =aE(X) so there exists LeM(4)
such that LcK. Choose vel(F(4,L)). By
Corollary 3, Note 4, Note 7 and Lemma 10,
DimT (v) =h(vE(X)) =h(L) <h(pK) <h(K) =
DimT(p)=n, so min{DimT (u)|ueJ(F(4,E(X)))}
<n and min{DimT () |u € J(F(4,E(X)))}=n.
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o ((e) = (): Let velJ(F(4,E(X))) and
DimT(v)=n. There exists LeM(A4) such that
L cvE(X) . Choose we J(F(4,L)), by Lemma 10
n<DimT (w) =h(L) <h(vE(X))=Dim"(v) =n so
h(L) =h(vE(X)) < 4+, thus by Note 4, vE(X) =
LeM(4) and  {uE(X)|DIm"(u)=nAue
c J(F(4,E(X))}=M(4) and by Corollary 3,
DIMTM™) (4)=7 . On the other hand let L' e M(4)
there exists v' e J(F(4,L")) and VE(X)=L'. By
Corollary 3 and Corollary 10, Dim'(v)=
h(L)=Dim™™)(4)=n, so {uE(X)|DimT(u)=
nauedF(4LEX))IoM(4)  and  {uE(X)]
DIimT (1) =n Au e J(F(4,E(X)))}=M(4)

«((H=(@): By () M(4) ={pE(X)|DImT (p) =
nApeF(4,E(X))}. Let q e F(4,E(X)),
Dim™(¢)=n and K eM(q). For each ae A4,
aK =apK =apE(X)=aE(X) so there exists
LeM(4) such that Lc K, by (f) there exists
ueJ(F(4,E(X))) such that Dim"(u)=n and
L=uE(X), so by Lemma 10 we have:
n=Dim" (u) = h(uE(X)) = h(L) <h(K) = Dim™ (p)
=n, thus h(L)=h(K)<+wo and L=K,
therefore pE(X) = pK = pL = puE(X) , now there
exists M  pE(X) such that M e M(4) so by (f),
Corollary 3 and Corollary 10 we have:
DIMT™M) (4) = n = h(M) < h(pE(X)) = h(puE(X))
<hWE(X)=Dim"(u)=n, therefore h(M)=
h(pE(X)) <40 and pE(X)=M eM(4). So
{pE(X)|DIM™(p)=n A p € F(4,E(X))} < M(4)
and {pE(X)|DIim"(p)=nA peF(4,E(X))}=
M(4) .

¢ ((g) = (@)): Use Lemma 10 and Corollary 3.

2. Like (1) use Lemma 10 and VKeﬁ(A) F(4,K)
cS(K).

3. Use (2).
4. Use (2).

Theorem 12. In the transformation semigroup (X, S),
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let 4,...,4, benonempty subsets of X, we have:

1. M(OAi):min({OKi |Vie{l,...,n}
i=1 i=1

K; e M(4)},C).

2. DIM™™| J 4, <> h(4)+(n-1).
i=1 i=1

3. VK eM(CJA,.) (S(K)#£0=K e OM(Ai)) .
i=1 i=1

4.1F | 4, e M(X,S) , then:
i=1

a. M(| J4,) is a subset of:
i=1

UtM(4)11<i <, DIm ™™ (4)=Dim™™) (| J4)),
=1
A e M(X,S)}

b. DIM™™) (| J 4,) = max{Dim™™(4) [1<i < n,
i=1
A, e M(X,9)}

c. DIm™™)(| J4,)=+o0 if and only if there exists
i=1

ie{l,...,n} such that DImT™M™) (4,) = +oo .

n _ _n
5.0f | J4,em(x,S) and Dim™™(| J4) <o ,
i=1 =1

then M(|_J4;) is a subset of:

i=1l

(M(4)]1<i<n, DIM™M (4) = Dim™™) (OA,.),
i=1
A e M(X,S)}.

6. 1f max{Dim™™)(4)[1<i<n<1 and Ae{0},
then the following statements are equivalent:

a. DIm™™)( J4)=1,
i=1

b. max{Dim™™)(4,)|1<i<n}=4 and for each

Sabbaghan and Ayatollah Zadeh Shirazi
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KGM(OAI), S(K) =0,
i=1

c. max{Dim™™)(4)|1<i<n}=1 and M(J4)
i=1

M),

i=1

d. M(LnJAi)gﬂ{M(Ai)|1Si£n,DimT(M)(Ai):/l},
i=1

e. M(|J4)="{M(4,)[1<i<n,DimT™™)(4) =1}
i=1
Proof.

__n
L Let KeM( J4):
i=1

K EM(UA,») = Va eUAi aK = aE(X)

i=1 i=1
=>Vie{l,...,n} Va,ed, aK=aE(X)
=Viefl,...,n} 3K, eM(4) K, cK
=Viefl..n} 3K, eM(4) |JK,cK
j=1
=Viefl...n} 3K, eM(4) |JK, =K

j=1

(since UK,. is a closed ideal of E(X) and for each
i=1

a EOAI» , aLnJKi =aE(X)).

i=1 =1l
Therefore M(O 4) g{OKi |Viefl,...,n}
et i1
K, e M(4,)},and:
M(OA,»)Q min({CJKi |Viefl,...,n}
et i
K, e M(4)},c).
On the other hand let L, € M(4,),...,L,M(4,) be

n n
such that | J L, e min({{ J K, | Vi e{l,....n}K, €
i=1 i=1

M(4)}.C), then:
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Viefl,...n} L eM(4)

= Vae LHJAI- aLnJLl- =aE(X)
i=1 i=1

= 3K e M(CJAi K c L”JL,.
i=1 i=1

IK e M(UA,) K= OLi
i=1 i=1

Sabbaghan and Ayatollah Zadeh Shirazi
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iefl,...,n}, choose K,eM(4,) such that

pekK, . By K, cK =pKcK, KcK, h we
have K =K eM(Ai).

Jd4 em(x,s), then for all KeM(4,),

i=1 i=1

0£F(J4,K)=S(K), and for each je
i=1

(since M(UA,-) c min({UKi |Viefl,...,n}K; e
i=1 i=1

M(4)},9)). {....n}, F(LnJAi,K)gF(Aj,K) , now use (3).
i=1

Therefore UL,~ € M(U 4;) and: 5. Use Corollary 3 and a similar method described for
i=1 i=1 (3) and (4).

6. Use the above items and (3) in Note 4.

Corollary 13. In the transformation semigroup (X, S),

K, e M(4)},C).
let A be a nonempty subset of X, we have:
2. We have: 1. For each ae 4, if DImT™) (4) = DimT (a) < 4+,
— then M(A4) < M(a) .
Dim™™)(( ] 4)) (7)_ @
= 2.“Dim™M) (4)=1" if  and only if
— " “max{DimT (a)|a € A}=1 and
= sup{h(k) | K < M(J4)} redPin (@la= 8=
i M(4) =({M(a)|ac 4, DimT (a) =1}.
=sup{h(K) | K e min({| JK, | Vi e{L...,n} Proof.

i=1
1.Let aed, DIm™™)(4)=DimT(a)<+w, and

K eM(A) . We have:
<supfh(JK,) | Vie{l...n} K, eM(4)} K € M(4)
= = aK =aE(X,S)

K, € M(4)},O)}

< sup{Zn: hK,)+(n-1)|Vie{l,...n}K, € M(4,)}
i=1

=3LeM(a) LcK ([5, Corollary3])
(by Lemma8) =3LeM(a) (LcKADImT(a)=h(L)<h(K)
< DImTM ()

B ;SUp{h(K") | Ky & M{A)}+(n=1) =3LeM(@) (LcKAh(L)<h(K)< +o0)

= 3dLeM(a) L=K (Noted)

=

=>'Dim™™)(4,) + (n-1)
i=1 = K € M(a)

3.Let KeM(J4,) and peS(K), for each

- 2. Let Dim™™)(4) =1. For each a € 4, DImT (a) <
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DImTM (4) =1, thus by (2) in Note 4 we have
max{DimT (a)|ac A}<1. If max{Dim"(a)|
ae Ay <1, then DIMT®)(4)=0 and by (3) in

Note 4 we have Dim™™)(4)=0 which is a
contraction, so max{DimT (a)|a e A}=1. By (1),
M(4) (M (a)|ac4, DimT(a)=1}, more-
over if Ke[ {M(a)|aec4, DImT(a)=1}, then
for each aeA such that Dim'(a)=1,
aK=aE(X) and for each beA such that
DimT(b) =0, bK=bE(X) (since b is almost
periodic by (3) in Note 4), so there exists
LeM(4)(c( M (a)|ae 4,Dim" (a) =1}) such
that Lc K [5, Corollary 3]. Suppose ay € 4 be
such that DimT(a)=1, by LcK and
K,LeM(ay) we have K =L and K e M(4), S0
M(A) =M (a)|ae 4, DimT (a) =1}
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