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Preliminaries 
By a transformation semigroup (X, S, π) (or simply 

(X, S)) we mean a compact Hausdorff topological space 
X, a discrete topological semigroup S with identity e and 
a continuous map ,(),((: XxxssxXSX ∈∀=→× ππ  

 such that: ))Ss∈∀

• , xxeXx =∈∀

• txsstxStsXx )()(, =∈∀∈∀ , 

In the transformation semigroup (X, S) we have the 
following definitions: 

1. For each , define the continuous map  
 by , then the closure of 

 in X

Ss∈ :sπ
XX → )( Xxxsx s ∈∀=π

}|{ Sss ∈π  X with pointwise convergence, is called 
the enveloping semigroup (or Ellis semigroup) of (X, S). 
We shall denote the enveloping semigroup by E(X, S) or 
simply by E(X) if there is no possibily confusion [1, 
Definition 6.4]. E(X, S) has a semigroup structure [2, 
Chapter 3]. An element u of E(X, S) is called idempotent 
if u2=u. Every closed nonempty subsemigroup of E(X, 
S) has an idempotent element [3, Chapter I, Proposition 

 
Keywords: a-minimal set; Enveloping semigroup; Height; 
Transformation semigroup; Transformed dimension 
2.1]. A nonempty subset K of E(X, S) is called a right 
ideal if , and it is called a minimal right 

ideal if none of the right ideals of E(X, S) be a proper 
subset of K. For each right ideal K of E(X, S) and each 

KSXK ⊆),(E

Kp∈ ,  is defined by KKLp →: ).()( KqpqqLp ∀ ∈=

ZZS ⊆

 
2. A nonempty subset Z of X is called invariant if 

, moreover it is called minimal if it be closed 
and none of the closed invariant subsets of X be a proper 
subset of Z. The element a of X is called almost periodic 
if the orbit closure of a i.e. ),(E SXaaS =

Xa

 is a minimal 
subset of X. 

3. Let ∈ , A be a nonempty subset of X, C be a 
nonempty subset of E(X, S) and I be a right ideal of 
E(X), then we introduce the following sets [6, Notation 
5]: 

}. surjective is:|{)(

},|{)(

},|{),(

},|{),(

},|{),(

2

IILCpIS

ppCpCJ

AApCpCAF

pbpAbCpCAF

papCpCaF

p →∈=

=∈=

=∈=

=∈∀∈=

= ∈ =

 

4. Let (Y, S) be a transformation semigroup, the 
continuous map ),(),(: SYSX →ϕ  is a homomorphism 
if ),()()( SsXxsxxs ∈ ,(),(: YSX →ϕ= ∀ ∈ ∀ϕ . If ϕ  

is an onto homomorphism, then there exists an onto )S

65 



Vol. 12, No. 1, Winter 2001 Sabbaghan and Ayatollah Zadeh Shirazi J. Sci. I. R. Iran 

homomorphism  (which 
is also a semigroup homomorphism) such that for each 

 and  E(X, S) we have  [2, 
Proposition 3.8]. 

)),,(E()),,(E(:ˆ SSYSSX →ϕ

Xx∈ ∈p )(ˆ)()( pxxp ϕϕϕ =

5. Let  be a nonempty subset of X and K be 
a closed right ideal of E(X, S), then [5, Definition 1]: 

AXa ,∈

•  (or simply M(a)) if: )(),( aMK SX∈

− aK = aE(X, S), 
− K does not have any proper subset like L, such 

that L be a closed right ideal of E(X, S) such 
that aL = aE(X, S), 

• )(),( AMK SX∈  (or simply ))(AM  if: 

− , ),(E SXbbKAb =∈∀
− K does not have any proper subset like L, such 

that L be a closed right ideal of E(X, S) such 
that  for all , ),(E SXbbL = Ab∈

• )(),( AMK SX∈  (or simply ))(AM  if: 
− AK = AE(X, S), 
− K does not have any proper subset like L such 

that L be a closed right ideal of E(X, S) such 
that AL = AE(X, S). 

The elements of  (resp. )(),( aM SX )(),( AM SX  and 

))(),( AM SX  are called a-minimal (resp. inimalA m−  

and inimalA m− ) sets. )(),( AM SX  and  are 
nonempty ([5, Theorem 2], and [6]). 

)(),( aM SX

6. Define )(|0{),( ),( AMKXASX SX∈∀⊆≠/=M  

 and }0)),(F(J /≠KA )(|0{),(M ),( AMXASX SX⊆≠/=  

}0)),(F(J)(0 ),( /≠∈∀∧/≠ KAAMK SX . 
7. Let  and A be a nonempty subset of X, then 

[5, Definition 13]: 
Xa∈

• (X, S) is called a-distal if E(X, S)∈M(X, S)(a), 

• (X, S) is called A-distal if (X, S) be b-distal for each 
b∈A, 

• (X, S) is called )M(A distal if ∈),( SXE  

)(),( AM SX , 

• (X, S) is called )M(A distal if ∈),( SXE  

)(),( AM SX . 

8. Let A, B be nonempty subsets of X and R, Q ∈ 

},{ ),(),( SXSX MM , then [5, Definition 13]: 

• B is called is A-almost periodic if: 
∈∃∈∀∈∀∈∀ LBbaKAa SX )(M ),(  

KLbSX ⊆)(M ),( , 

• B is called ),R( −A almost periodic if: 

KLBLaKAa SX ⊆∈∃∈∀∈∀ )(R)(M ),( , 

• B is called )Q,(−A almost periodic if  

and: 

0)(Q /≠A

KLbLBbAK SX ⊆∈∃∈∀∈∀ )(M)(Q ),( , 

• B is called )Q,R(A almost periodic if  

and: 

0)(Q /≠A

KLBLAK ⊆∈∃∈∀ )(R)(Q . 
 

Definition 1. Let A be a nonempty subset of AaX ∈,  
and Z be a closed invariant subset of X, we introduce 
height of Z by: 

))} ofsubset 
invariant closed a is },,0{(

)}{},,0{
},,0{()((

,,|}0{N{)(h

10

0),(

Z
Zn

ZZinj
niZZZ

ZZnZ

ii

ji

n

nSX

K

K

KL

K

∈∀∧

≠−∈∀
∈∀∧⊆⊆⊆

⊆∃∪∈=

 

and transformed dimension of a, transformed dimension 
of A, M – transformed dimension of A and M –
transformed dimension of A is defined respectively by: 

•  

 

)}(M|)(hsup{)(Dim ),()),(E(),(
)(T aIIa SXSXSX

∈=−

)),(Dimsimply (or T a

•  

 

}|)(Dimsup{)(Dim
),(

)(T
),(

)(T AxxA
SXSX

∈= −−

)),(Dimsimply (or T A

• )}(M|)(hsup{)(Dim ),()),(E(),(
)M(T AIIA SXSXSX

∈=  

)),(Dimsimply (or )MT( A  

• )}(M|)(hsup{)(Dim ),()),(E(),(
)M(T AIIA SXSXSX

∈=  

)).(Dimsimply (or )MT( A  

If , then a is called n-
almost periodic (or almost periodic of degree n). 

}),0{N))(E(h +∞∪∈= nXa

 
Lemma 2. In the transformation semigroup (X, S), let I 
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and J be two (closed) right ideals of E(X), and suppose 
there exist u∈J(S(I )) and v∈J(S(J )) such that uv = u and 
vu = v, then for each chain of (closed) right ideals of 
E(X) in I, there exists a chain of (closed) right ideals of 
E(X) in J with the same cardinal. So if I and J be closed, 
then h(I ) = h(J ). 

 
Proof. Let  be a chain of (closed) right 
ideals of E(X) in I, then  is a chain of 
(closed) right ideals of E(X) in J and we have card  

. Using uv = u and the fact that 
, we have card = card . 

}|{ Γ∈ααI
}|{ Γ∈ααvI

|{ αI
}|{} Γ∈≥Γ∈ αα αvI

IIuL id| = }|{ Γ∈ααI }|{ Γ∈ααvI
 

Corollary 3. In the transformation semigroup (X, S) let 
A be a nonempty subset of X, then we have: 

• , )(h)(Dim)(M T KaaKXa =∈∀∈∀

• if ),( SXA M∈ , then for each )(M AK ∈ , 

)(h)(Dim )MT( KA = , 

• if ),( SXA M∈ , then for each )(M AK ∈ , 

)(h)(Dim )MT( KA = . 
 

Proof. Let  (resp. Xa∈ ),( SXA M∈ , )),( SXA M∈  

and  (resp. )(M, aJI ∈ )(M, AJI ∈ , ))(M, AJI ∈ , then 
there exist  (resp. )))(S(J()),(F(J IIau ⊆∈ ,(F(J Au∈  

 and  (resp. 
 such that uv = u and vu = v 

[5, Theorem 7]. Now Lemma 2 completes the proof [4]. 

))))(S(J()) II ⊆ )))(S(J()),(F(J JJav ⊆∈
))))(S(J()),(F(J JJAv ⊆∈

 
Note 4. In the transformation semigroup (X, S) we have: 

1. If Z and W be nonempty closed invariant subsets of 
X, then: 

a. , )(h)(h ),(),( ZZWZ SWSX =⇒⊆

b. , )(h)(h WZWZ ≤⇒⊆

c. , WZWZWZ =⇒+∞<=∧⊆ ))(h)(h(

d.  is a minimal subset of (X, S). ZZ ⇔= 0)(h

2. if XAB ⊆⊆≠/0 , then: 

a. , )(Dim)(Dim )(T)(T AB −− ≤

b. if ),( SXB M∈ , then ≤)(Dim )M(T B  

)(Dim )M(T A , 

c. )}(Dim),(Dim)(max{Dim )M(T)M(T)(T AAA ≤−  
, ))(E(h X≤

d. )(Dim)(Dim )M(T)(T AA ≤− . 

3. if XA ⊆≠/0 , then the following statements are 
equivalent: 

a. for each Aa∈ , a is almost periodic, 

b. , 0)(Dim )(T =− A

c. 0)(Dim )M(T =A , 

d. 0)(Dim )M(T =A . 

4. if XAa ⊆∈  and , then: +∞<))(h(E X

a. (X, S) is distal if and only if , 0))(h(E =X

b. (X, S) is a – distal if and only if  
, 

))(h(E X
)(DimT a=

c. (X, S) is A M distal if and only if =))(h(E X  

)(Dim )MT( A , 

d. (X, S) is A M distal if and only if =))(h(E X  

)(Dim )MT( A . 
 

Proof. 
2. We have: 

a.  }|)(Dimsup{ T BxxAB ∈⇒⊆

)(Dim)(Dim

}|)(Dimsup{

)(T)(T

T

AB

Axx

−− ≤⇒

∈≤
 

b. )(E)(M XaaKAbAK =∈∀∈∀  

)(Dim

)}(M|)(hsup{))(Dim

3)Corollary by (

)(h))(Dim)(M

)(h)(h)(M)(M

)(M)(M

)(E)(M

)MT(

)MT(

)MT(

A

AKKB

KBAK

KLBLAK

KLBLAK

XbbKBbAK

=

∈≤⇒

≤∈∀⇒

≤∈∃∈∀⇒

⊆∈∃∈∀⇒

=∈∀∈∀⇒

 

d. For each Ax∈  we have (by (b)): 
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)(Dim})({Dim)(Dim )MT()MT(T Axx ≤= . 
So  }|)(Dimsup{)(Dim T)(T AxxA ∈=−

)(Dim )M(T A≤ . 

3. Use the following facts: 

− for each closed right ideal K of E(X), h(K)=0 if 
and only if K is a minimal right ideal of E(X), 

− if Min(E(X)) denotes the set of all minimal right 
ideals of E(X), then the following statements 
are equivalent [5, Note 12]: 

* for each , a is almost periodic, Aa∈

* , 0))(Min(E)(M /≠∩∈∀ XaAa

* , ))(Min(E)(M XaAa =∈∀

* 0))(Min(E)(M /≠∩ XA , 

* ))(Min(E)(M XA = , 

* 0))(Min(E)(M /≠∩ XA , 

* ))(Min(E)(M XA = . 

4. Use the fact that for each closed right ideal K of 
E(X), h(K)=h(E(X)) if and only if K=E(X) (whenever 
h(E(X)=  the above statement may be false). +∞

 
Theorem 5. In the transformation semigroup (X, S), let 

)),(M),(M(, SXSXBA ∩∈ . We have the following 
table: 

 
α  ),,( απ AB  

),M(),,( −−−  )(Dim)(Dim T)MT( aBAa ≤∈∀  

)M,M(),M,(−  )(Dim)(Dim )MT()MT( AB ≤

)M,M(),M,(−  )(Dim)(Dim )MT()MT( AB ≤

),M( −  )(Dim)(Dim T)MT( aBAa ≤∈∀  

)M,M(  )(Dim)(Dim )MT()MT( AB ≤

)M,M(  )(Dim)(Dim )MT()MT( AB ≤

In the above table we have: 
“If B is αA almost periodic, then  is true.” ),,( απ AB

So if B is ),( QPA almost periodic (where ∈QP,  

})M,M,{− , then . )(Dim)(Dim T(Q)T(P) AB ≤

 
Proof. Let }M,M{, ∈QP , then: 

B is ),( QPA almost periodic 

3).Corollary (by      )(Dim)(Dim

)(h)(h)()(

)()(

T(Q)T(P) AB

KLBPLAQK

KLBPLAQK

≤⇒

≤∈∃∈∀⇒

⊆∈∃∈∀⇒

 

In the other cases use a similar method. 
 

Lemma 6. 

1. Let  be transformation 

semigroup. I be a closed right ideal of  

such that  and for each ,  

, where  is a semigroup under coordinate 

multiplication, then: 

),(,),,( 11 nn SXSX K

),(E
11
∏∏
==

n

i
i

n

i
i SX

0)( /≠IS },,1( ni K∈ ⊆≠/ iA0

iX ∏
=

n

i
iS

1

a.  (  is the projection map on 

ith coordinate), 

∑
=

≥
n

i
i II

1
))((h)(h π iπ

b. , ∑∏
=

−

=

− ≥
n

i
i

n

i
i AA

1

)(T

1

)(T )(Dim)(Dim

c. )(Dim),(
1

)MT(

111
∏∏∏∏
====

⇒∈
n

i
i

n

i
i

n

i
i

n

i
i ASXA M  

∑
=

≥
n

i
iA

1

)MT( )(Dim . 

2. In the transformation semigroup (X,S) if Z is a 
nonempty closed invariant subset of ZAX ⊆≠/0,  and I 
is a closed right ideal of E(X), then: 

a. )(h)|(h )),(E()),(E( II SZZSZ ≤ , 

b. , )(Dim)(Dim T
),(

T
),( AA SXSZ ≤

c. )(Dim)(Dim )MT(
),(

)MT(
),( AA SXSZ ≤ . 
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Proof. 

1. 

a. If , then , so 

. For each , let 

 be such that , thus 

 

. Let n=2, and  

 be a chain of closed distinct 
right ideals in , then  

 

 is a chain of closed distinct 

right ideals in , thus  

 and  . Now by 
induction for  we have: 

)(ISp∈ ISXpI
n

i
i

n

i
i ⊆⊆ ∏∏

==

),(E
11

),(E
11
∏∏
==

=
n

i
i

n

i
i SXpI },,1( ni K∈

),(E iii SXp ∈ ),,( 1 nppp K=

∏∏∏
===

==
n

i
iin

n

i
i

n

i
i SXppSXpI

1
1

11
),(E),,(),(E K

∏∏
==

==
n

i
i

n

i
iii ISXp

11
)(),(E π ⊆iI0

)(1 III i
i
n

i π=⊆⊆L

)2,1)(,( =iSXE ii ⊆× 2
0

1
0 II

=×⊆⊆×⊆×⊆⊆× 212
1

12
0

12
0

1
1 2111 nnnn IIIIIIII LL

III =× )()( 21 ππ

),(E
11
∏∏
==

n

i
i

n

i
i SX ≥)(h I

21 nn + )(h I ))((h))((h 21 II ππ +≥
2≥n

.))((h

))((h))((h))((h)(h

1

2
1

1

∑

∏∏

=

==

≥+≥=

n

i
i

n

i
i

n

i
i

I

IIII

π

πππ
 

Which completes the proof. 

b. For each  we have ∏
=

∈
n

i
in Xaa

1
1 ),,( K ,,(M 1 Ka  

∏
=

=
n

i
in aa

1
)(M) . Moreover if ),,(M 1 naaK K∈ , 

then , so (by (a) and 

Corollary 3)  

. Therefore: 

)(S)),,,((F0 1 KKaa n ⊆≠/ K

∑
=

≥=
n

i
in KKaa

1
1

T ))((h)(h),,(Dim πK

∑∑
==

=
n

i
i

n

i
i aK

1

T

1
)(Dim))((h π

,1{|)(Dimsup{

}},

,1{|),,(Dimsup{)(Dim

1

T

1
T

1

)(T

∈∀≥

∈

∈∀=

∑

∏

=

=

−

ia

Aan

iaaA

n

i
i

ii

n

n

i
i

K

K

 

∑

∑

=

−

=

=

∈=

∈

n

i
i

ii

n

i
i

ii

A

Aaa

Aan

1

)(T

1

T

)(Dim

}|)(Dimsup{

}},K

 

c. Let ),(
111
∏∏∏
===

∈
n

i
i

n

i
i

n

i
i SXA M , and let ∈K  

)(
1
∏
=

n

i
iAM , then is a nonempty 

subset of S(K), 

),(
1

KAF
n

i
i∏

=

)(M)(M
11
∏∏
==

=
n

i
i

n

i
i AA  and for 

each ),(},,,1{
11
∏∏
==

∈∈
n

i
i

n

i
ii SXAni MK , so (by 

(a) and Corollary 3) ≥=∏
=

)(h)(Dim
1

)MT( KA
n

i
i  

∑∑
==

=
n

i
i

n

i
i AK

1

)MT(

1
)(Dim))((h π . 

 

2. Use the following facts: 
• )|),(E)}(,(E||{),(E ZSXSXpZpSZ =∈= , 
• L is a closed right ideal of  if and only if 

there exists a closed right ideal K of  
such that 

),(E SZ
),(E SX

)|}(||{ ZKKpZpL =∈= , 

• )}(M:|{)(M ),(),( AKZKA SZSZ ∈= , 
 
Note 7. In the transformation semigroups (X1, S) and 
(X2, S), let , Z be a nonempty closed 
invariant subset of  
be a homomorphism and  be an 
onto homomorphism, then: 

},0{N +∞∪∈n
),(),(:, 1111 SXSXZAaX →⊆∈ φ

),(),(: 212 SXSX →φ

1. , )2,1()(h))((h =≤ iZZiφ
2. , )2,1()(Dim))((Dim TT =≤ iAAiφ

3. ))((Dim),()( )MT( ASXA iii φφ ⇒∈M  

)2,1()(Dim )MT( =≤ iA , 
4. (a is an n–almost periodic point) 

)((( anm iφ≤∃⇒  is an m–almost periodic point)) 
)2,1( =i , 

5. (a is an n–almost periodic point in (X1, S)) 
⇔  (a is an n–almost periodic point in (Z, S)). 

 
Lemma 8. In the transformation semigroup (X, S), we 
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have: 

1. If Z be a nonempty closed invariant subset of X, 
then: 

∈∀∈∃∪∈= iZzzNnZ n,,|}0{sup{)(h 0 K  

 })(E},,1{
1

0
UK
−

=

∉
i

k
ki Xzzn

2. If  be nonempty closed invariant subsets 
of X, then: 

nZZ ,,1 K

)1()(h)(h
11

−+≤∑
==

nZZ
n

i
i

n

i
iU . 

3. If  be nonempty closed invariant disjoint 
subset of X, then: 

nZZ ,,1 K

a. , )1()(h)(h
11

−+=∑
==

nZZ
n

i
i

n

i
iU

b.  if and only if for each 

 is minimal. 

1)(h
1

−=
=

nZ
n

i
iU

iZni },,,1{ K∈

4. If  be minimal subsets of X, then card{ZnZZ ,,1 K i | 

. 1)(h}1
1

+=≤≤
=
U

n

i
iZni

Proof. 

1. Let  and  be such that for 

each , . For each 

}0{N∪∈n Zzz n ∈,,0 K

},,1{ ni K∈ U
1

0
)(E

−

=

∉
i

k
ki Xzz ∈i  

,  is a closed nonempty 

invariant subset of Z, moreover for each 

},,0{ nK U
i

k
ki XzZ

0
)(E

=

=

,,0{ K∈i  
, Z}1−n i is a proper subset of Zi+1, therefore . 

Thus   

. On the other hand let  

and  be closed nonempty invariant subsets of 
Z such that for each , Z

)(h Zn ≤
|}0{Nsup{ ∪∈n },,1{,,0 niZzz n KK ∈∀∈∃ ∉iz

)(h)}(E
1

0
ZXz

i

k
k ≤

−

=
U }0{N∪∈n

nZZ ,,0 K

}1,,0{ −∈ ni K i is a proper 
subset of Zi+1, then for  and  

, we have . 

Therefore  

 , which completes the proof. 

00 Zz ∈ ∈iz

)1(1 niZZ ii ≤≤− − )1()(E
1

0
niXzz

i

k
ki ≤≤∉

−

=
U

∈∀∈∃∪∈≤ iZzznZ n,,|}0{Nsup{)(h 0 K

},,1{ nK U
1

0
)}(E

−

=

∉
i

k
ki Xzz

2. It is clear for n=1. For n=2, let  and 
 be such that for each , 

, then by (1) we have 

}0{N∪∈m

210 ,, ZZxx m ∪∈K },,1{ mi K∈

U
1

0
)(E

−

=

∉
i

k
ki Xzx ≤−1m (card({x0, 

 
, thus . Let 

+≤−∩+−∩ )(h)1)},,({card()1)}, 1201 ZZxxZx mm KK

)(h 2Z 1)(h)(h)(h 2121 ++≤∪ ZZZZ N∈m  
and suppose for mn =  the above statement holds, for 

1+= mn  we have: 

,)(h

1)(h)1()(h

1)(h)(h)(h)(h

1

1

1
1

1
1

1
1

1

1

mZ

ZmZ

ZZZZZ

m

i
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i
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i
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++≤∪=

∑

∑
+

=

+
=

+
=

+
=

+

=
UUU

 

which will give the result by induction on n. 

3. 

a. For each },,1{ ni K∈ , let , be 
nonempty closed invariant subsets of Z

i
m

i ZZ ,,0 K

i such that 
for each ,  is a proper subset 

of , then: 

}1,,0{ −∈ imj K i
jZ

i
jZ 1+

U

M

1

11
0

2
0

1

1
0

1

−

=

∪⊂

∪⊂

n

i

ni
m

m

ZZ

ZZ

Z

i U
1
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1

2
1

1

1
1
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−

=

∪⊂

∪⊂

⊂

n

i

ni
m

m

ZZ

ZZ
Z

i UL

L

L

1

11

21

1

21

1

−

=

∪⊂⊂

∪⊂⊂

⊂⊂

n

i

n
m

i
m

mm

m

ni
ZZ

ZZ

Z

 

is a chain of distinct nonempty closed invariant 

subsets of , therefore  U
n

i
iZ

1=
nmZ

n

i
i

n

i
i ()(h

11
+≥∑

==
U

)1− and . Considering 

(2) we have . 

)1()(h)(h
11

−+≥∑
==

nZZ
n

i
i

n

i
iU

)1()(h)(h
11

−+=∑
==

nZZ
n

i
i

n

i
iU

b. By (a),  if and only if for each 1)(h
1

−=
=

nZ
n

i
iU

},,1{ ni K∈ , . Now (1) in Note 4 
completes the proof. 

0)(h =iZ

4. It is clear by (3). 
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Theorem 9. In the transformation semigroup (X, S), if Z 
be a nonempty closed invariant sunset of X, then the 
following statements are equivalent: 

i. h(Z)=1, 
ii. “Z is the union of two disjoint minimal subset of 

X” or “there exists a 1-almost periodic point Xz∈  such 
that ”. ZXz =)(E

 
Proof. 
((i) ⇒ (ii)): By (1) Lemma 8, there exist  such 
that  is minimal and . Since 

, we have  or 
. If , then z

Zzz ∈10 ,
)(E0 Xz )(E01 Xzz ∉

1)(h))(E(h 1 =≤ ZXz 1))(E(h 1 =Xz
0))(E(h 1 =Xz 1))(E(h 1 =Xz 1 is 1-almost 

periodic and , if , then 
 is minimal,  and Z is 

the union of two disjoint minimal set  and 
. 

ZXz =)(E1 0))(E(h 1 =Xz
)(E1 Xz 1))(E)(E(h 01 =∪ XzXz

)(E1 Xz
)(E0 Xz

((ii) ⇒ (i)): Use Lemma 8. 
 

Lemma 10. In the transformation semigroup (X, S), if 
 be such that  and  

, then: 
)(E Xr∈ )(E)(E2 XrXr = ))(E(h Xr

+∞<

1. , )(M)(E rXr ∈

2. r is n–almost periodic if and only if . nr =)(DimT

Therefore if I is a closed right ideal of  and 
, then  (since  
. 

)(E X
)(S Ip∈ )(h)(DimT Ip = == )(E XpI
))(E2 Xp

 
Proof. Use E(E(X, S),S) = E(X, S). 

 
Corollary 11. In the transformation semigroup (X, S), 
let  and }0{N∪∈n XA⊆≠/0 . 

1. If ),( SXA M∈ , then the following statements are 
equivalent: 

a. nA =)(Dim )MT( , 

b.  )))(E,(F(J XAu∈∃

))(Dim)()(( T nuAMXuE =∧∈ , 

c.  ))(E,(F XAp∈∃

))(Dim)()(( T npAMXpE =∧∈ , 

d. , nXApp =∈ ))}(E,(F|)(Dimmin{ T

e. , nXAuu =∈ )))}(E,(J(F|)(Dimmin{ T

f. )))}(E,(J(F)(Dim|)(E{)(M T XAunuXuA ∈∧== , 

g. ))}(E,(F)(Dim|)(E{)(M T XApnpXpA ∈∧== . 

2. If ),( SXA M∈ , then the following statements are 
equivalent: 

a. nA =)(Dim )MT( , 

b.  )))(E,(F(J XAu∈∃

))(Dim)(M)(( T nuAXuE =∧∈ , 

c. ))(E,(F XAp∈∃  

))(Dim)(M)(( T npAXpE =∧∈ , 

d. ))(E,(F XAq∈∃  

))(Dim)(M)(( T nqAXqE =∧∈ , 

e.  nXAqq =∈ ))}(E,(F|)(Dimmin{ T

f. , nXApp =∈ ))}(E,(F|)(Dimmin{ T

g. , nXAuu =∈ )))}(E,(J(F|)(Dimmin{ T

h. )))}(E,(J(F)(Dim|)(E{)(M T XAunuXuA ∈∧== , 

i. ))}(E,(F)(Dim|)(E{)(M T XApnpXpA ∈∧== , 

j. ))}(E,(F)(Dim|)(E{)(M T XAqnqXqA ∈∧== . 

3. If ),( SXA M∈  and nA =)(Dim )MT( , then each of 

the following sets is equal to )(M A : 

−  
, 

)(Dim))((E,(F|)(E{ T qXpAqXp ∈∀
)))}(E,(F XApn ∈∧=

−  
, 

)(Dim)))((E,(J(F|)(E{ T vXuAvXu ∈∀
))))}(E,(J(F XAvn ∈∧=

−  
, 

)(Dim))((E,(F|)(E{ T qXpAqXp ∈∀

)))}(E,(F)(DimT XApp ∈∧=

−  
. 

)(Dim)))((E,(J(F|)(E{ T vXuAvXu ∈∀

))))}(E,(J(F)(DimT XAvu ∈∧=

4. If ),( SXA M∈  and nA =)(Dim )MT( , then each of 

the following sets is equal to )(M A : 

− )(Dim))((E,(F|)(E{ T qXpAqXp ∈∀  
)))}(E,(F XApn ∈∧= , 

71 



Vol. 12, No. 1, Winter 2001 Sabbaghan and Ayatollah Zadeh Shirazi J. Sci. I. R. Iran 

−  
, 

)(Dim))((E,(F|)(E{ T qXpAqXp ∈∀
)))}(E,(F XApn ∈∧=

−  
, 

)(Dim)))((E,(J(F|)(E{ T vXuAvXu ∈∀
))))}(E,(J(F XAvn ∈∧=

− )(Dim))((E,(F|)(E{ T qXpAqXp ∈∀  
)))}(E,(F)(DimT XApp ∈∧+∞<= , 

−  
, 

)(Dim))((E,(F|)(E{ T qXpAqXp ∈∀

)))}(E,(F)(DimT XApp ∈∧+∞<=

−  
. 
)(Dim)))((E,(J(F|)(E{ T vXuAvXu ∈∀

))))}(E,(J(F)(DimT XAvu ∈∧+∞<=

 
Proof. 

1. 

• ((a) ⇒ (b)): Let nA =)(Dim )MT( . By Definition 1, 

there exists )(M AK ∈  such that . 
Choose , since , 

so 

nK =)(h
)),(J(F KAu∈ )(S)),(J(F KKA ⊆

)(M)(E AKXu ∈=  and by Lemma 10  
. 

)(DimT u
nK == )(h

• ((b) ⇒ (c)): It is clear by . ),(F)),(J(F KAKA ⊆

• ((c) ⇒ (d)): By (c),  

and by Corollary 3, 

))}(E,(F|)(Dimmin{ T XApp ∈

n≤ nA =)(Dim )MT( . Let 
,  and . By 

Corollary 3 (and E(E(X)=E(X)) m=h(K), on the 
other hand for each 

))(E,(F XAq∈ mq =)(DimT )(M qK∈

Aa∈  we have: aK=aqK= 
aqE(X)=aE(X) thus there exists )(M AL∈  such that 

, so by Corollary 3 we have: KL⊆ )(h Ln =  
. Thus  

 and . 
mK =≤ )h( ))}(E,(F|)(Dimmin{ T XApp ∈

n≥ nXApp =∈ ))}(E,(F|)(Dimmin{ T

• ((d) ⇒ (e)): By (d),  
. Let , 

 and , for each 

∈uu |)(Dimmin{ T

nXA ≥)))}(E,(J(F ))(E,(F XAp∈
np =)(DimT )(M pK ∈ Aa∈ , 

 so there exists )(E)(E XaXapapK == )(M AL∈  
such that . Choose . By 
Corollary 3, Note 4, Note 7 and Lemma 10, 

 
, so  

 and . 

KL⊆ )),(J(F LAv∈

=≤≤== )(h)(h)(h))(E(h)(DimT KpKLXvv
np =)(DimT )))}(E,(J(F|)(Dimmin{ T XAuu ∈

n≤ nXAuu =∈ )))}(E,(J(F|)(Dimmin{ T

• ((e) ⇒ (f)): Let  and 

. There exists 

)))(E,(J(F XAv∈

nv =)(DimT )(M AL∈  such that 
. Choose , by Lemma 10 

 so 
, thus by Note 4,  

)(E XvL ⊆ )),(J(F LAw∈

nvXvLwn ==≤=≤ )(Dim))(E(h)(h)(Dim TT

+∞<= ))(E(h)(h XvL =)(E Xv

)(M AL∈  and  ∈∧= unuXuE )(Dim|)({ T

)(M)))}(E,(J(F AXA ⊆⊆  and by Corollary 3, 

nA =)(Dim )MT( . On the other hand let )(M AL ∈′ , 
there exists )),(J(F LAv ′∈′  and LXv ′=′ )(E . By 
Corollary 3 and Corollary 10,  =′)(DimT v

nAL ==′ )(Dim)(h )MT( , so  =)(Dim|)(E{ T uXu

)(M)))}(E,(J(F AXAun ⊇∈∧  and  
 

|)(E{ Xu
)(M)))}(E,(J(F)(DimT AXAunu =∈∧=

• ((f) ⇒ (g)): By (f),   =⊆ )(Dim|)(E{)(M T pXpA  
. Let , 

 and . For each 
))}(E,(F XApn ∈∧ ))(E,(F XAq∈

nq =)(DimT )(M qK ∈ Aa∈ , 
 so there exists )()( XaEXapEapKaK ===

)(M AL∈  such that , by (f) there exists KL⊆
)))(E,(J(F XAu∈  such that  and 

, so by Lemma 10 we have: 

 

nu =)(DimT

)(E XuL =

)(Dim)(h)(h))(E(h)(Dim TT pKLXuun =≤===
n= , thus +∞<= )(h)(h KL  and KL = , 

therefore , now there 

exists  such that 

)(ELK)(E XpuppXp ===

)(E XpM ⊆ )(M AM ∈  so by (f), 
Corollary 3 and Corollary 10 we have: 

))(E(h))(E()(h)(Dim )MT( XpuXphMnA =≤==  
, therefore  

 and 

nuXuh ==≤ )(Dim)(E( T =)(h M

+∞<))(E(h Xp )(M)(E AMXp ∈= . So 

)(M))}(E,(F)(Dim|)(E{ T AXApnpXp ⊆∈∧=  
and  =∈∧= ))}(E,(F)(Dim|)(E{ T XApnpXp

)(M A . 

• ((g) ⇒ (a)): Use Lemma 10 and Corollary 3. 

2. Like (1) use Lemma 10 and )(M AK∈∀  ),(F KA  
. )(S K⊆

3. Use (1). 

4. Use (2). 
 

Theorem 12.  In the transformation semigroup (X, S), 
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let  be nonempty subsets of X, we have: nAA ,,1 K

1. },,1{|min({)(M
11

niKA
n

i
i

n

i
i KUU ∈∀=

==

 

))},( ⊆∈ ii AMK . 

2. )1()(hDim
11

)MT( −+≤∑
==

nAA
n

i
i

n

i
iU . 

3. UU
n

i
i

n

i
i AKKAK

11
))(M0)(S()(M

==

∈⇒/≠∈∀ . 

4. If ),(
1

SXA
n

i
i M∈

=
U , then: 

a. )(M
1
U

n

i
iA

=

 is a subset of: 

),(Dim)(Dim,1|)(M{
1

)MT()MT( UU
n

i
iii AAniA

=

=≤≤

 )},( SXAi M∈  

b. ,1|)(Dimmax{)(Dim )MT(

1

)MT( niAA i

n

i
i ≤≤=

=
U

)},( SXAi M∈  

c. +∞=
=

)(Dim
1

)MT( U
n

i
iA  if and only if there exists 

 such that },,1{ ni K∈ +∞=)(Dim )MT(
iA . 

5. If ),(
1

SXA
n

i
i M∈

=
U  and ∞<

=

)(Dim
1

)MT( U
n

i
iA , 

then )(M
1
U
i

iA
=

n
 is a subset of: 

),(Dim)(Dim,1|)(M{
1

)MT()MT( UI
n

i
iii AAniA

=

=≤≤  

)},( SXAi M∈ . 

6. If 11|)(Dimmax{ )MT( ≤≤≤ niAi  and , 
then the following statements are equivalent: 

}1,0{∈λ

a. λ=
=

)(Dim
1

)MT( U
n

i
iA , 

b. λ=≤≤ }1|)(Dimmax{ )MT( niAi  and for each 

)(M
1
U

n

i
iAK

=

∈ , , 0)(S /≠K

c. λ=≤≤ }1|)(Dimmax{ )MT( niAi  and )(M
1
U

n

i
iA

=

 

)(M
1
U

n

i
iA

=

⊆ , 

d.  })(Dim,1|)(M{)(M )MT(

1
λ=≤≤⊆

=
ii

n

i
i AniAA IU , 

e. })(Dim,1|)(M{)(M )MT(

1
λ=≤≤=

=
ii

n

i
i AniAA IU . 

 
Proof. 

1. Let )(M
1
U

n

i
iAK

=

∈ : 

U

U

UU

K

K

K

K

n

j
jii

n

j
jii

iii

iiii

n

i
i

n

i
i

KKAKni

KKAKni

KKAKni

XEaKaAani

XaaKAaAK

1

1

11

)(M},,1{

)(M},,1{

)(M},,1{

)(},,1{

)(E)(M

=

=

==

=∈∃∈∀⇒

⊆∈∃∈∀⇒

⊆∈∃∈∀⇒

=∈∀∈∀⇒

=∈∀⇒∈

 

(since  is a closed ideal of E(X) and for each 

, . 

U
n

i
iK

1=

U
n

i
iAa

1=
∈ U

n

i
i XaKa

1
))(E

=

=

Therefore },,1{|{)(M
11

niKA
n

i
i

n

i
i KUU ∈∀⊆

==

 

)}( ii AMK ∈ , and: 

},,1{|min({)(M
11

niKA
n

i
i

n

i
i KUU ∈∀⊆

==

 

))},( ⊆∈ ii AMK . 

On the other hand let )(M,),(M 11 nn ALAL K∈  be 

such that  ∈∈∀∈
==

i

n

i
i

n

i
i KniKL },,1{|min({

11
KUU

))},( ⊆iAM , then: 
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UU

UU

UU

K

n

i
i

n

i
i

n

i
i

n

i
i

n

i
i

n

i
i

ii

LKAK

LKAK

XaLaAa

ALni

11

11

11

)(M

(M

)(E

)(M},,1{

==

==

==

=∈∃

⊆∈∃⇒

=∈∀⇒

∈∈∀

 

(since ∈∈∀⊆
==

i

n

i
i

n

i
i KniKA },,1{|min({)(M

11
KUU  

)))},( ⊆iAM . 

Therefore )(M
11
UU

n

i
i

n

i
i AL

==

∈  and: 

},,1{|min({)(M
11

niKA
n

i
i

n

i
i KUU ∈∀=

==

 

))},( ⊆∈ ii AMK . 

2. We have: 

)1()(Dim

)1()}(|)sup{h(

8) Lemma(by 

)}(},,1{|)1()h(sup{

)}(},,1{|)(hsup{

)})},(

},,1{|min({|)(hsup{

)}(M|)(hsup{

)(Dim

1

)MT(

n

1i

n

1i

1

1

1

1

)MT(

−+=

−+∈=

∈∈∀−+≤

∈∈∀≤

⊆∈

∈∀∈=

∈=

∑

∑

∑

=

=

=

=

=

=

=

nA

nAMKK

AMKninK

AMKniK

AMK

niKKK

AKK

A

n

i
i

iii

iii

ii

n

i
i

ii

n

i
i

n

i
i

n

i
i

K

K

K

U

U

U

U

3. Let )(M
1
U
i

iAK
=

∈
n

 and , for each )(S Kp∈

},,1{ ni K∈ , choose )(M ii AK ∈  such that 

. Choose  such that U
i

iKK
1=

=
n

},,1{0 ni K∈

0iKp∈ . By  , we 

have 

KKi0 ⊆ ⊆⊆=
00 ii KKKpK

)(M
0 ii AKK ∈= . 

4. ),(
1

SXA
n

i
i M∈

=
U , then for all )(M

1
U

n

i
iAK

=

∈ , 

, and for each )(S),(F0
1

KKA
n

i
i ⊆≠/

=
U ∈j  

, , now use (3). },,1{ nK ),(F),(F
1

KAKA j

n

i
i ⊆

=
U

5. Use Corollary 3 and a similar method described for 
(3) and (4). 

6. Use the above items and (3) in Note 4. 
 

Corollary 13. In the transformation semigroup (X, S), 
let A be a nonempty subset of X, we have: 

1. For each Aa∈ , if +∞<= )(Dim)(Dim T)MT( aA , 

then )(M)(M aA ⊆ .  

2. “ 1)(Dim )MT( =A ” if and only if 
“ 1  and }|)(Dimmax{ T =∈ Aaa

I AaaMA ∈= |)({)(M , . }1)(DimT =a

 
Proof. 

1. Let Aa∈ , +∞<= )(Dim)(Dim T)MT( aA , and 

)(M AK ∈ . We have: 

)(M

4) Note()(M

))(h)(h()(M

))(Dim

)(h)(h)(Dim()(M

3])Corollary  ([5,)(M

),(E

)(M

M)T(

T

aK

KLaL

KLKLaL

A

KLaKLaL

KLaL

SXaaK

AK

∈⇒

=∈∃⇒

+∞<≤∧⊆∈∃⇒

≤

≤=∧⊆∈∃⇒

⊆∈∃⇒

=⇒

∈

 

2. Let 1)(Dim )MT( =A . For each ,  Aa∈ ≤)(DimT a
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1)(Dim )MT( =A , thus by (2) in Note 4 we have 
. If |  

, then  and by (3) in 

Note 4 we have 

1}|)(Dimmax{ ≤∈ Aaa
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0)(Dim )MT( =A  which is a 
contraction, so . By (1), 1}|)(Dimmax{ =∈ Aaa
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