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Abstract
In this paper, we investigate a singular perturbation problem including a fourth
order O.D.E. with general linear boundary conditions. Firstly, we obtain the
necessary conditions of solution of O.D.E. by making use of fundamental
solution, then by compatibility of these conditions with boundary conditions, we
determine that, for given perturbation problem, whether boundary layer is formed

or not.

Introduction

One of the important subjects in applied mathematics
is the theory of (regular or singular) perturbation
problems. Normally, in a regular perturbation problem,
the order of O.D.E. (Ordinary Differential Equations)
remains unchanged as we let the perturbation
parameters takes zero value. In a singular perturbation
problem if we set the small parameter equal to zero, we
will obtain an O.D.E of the lower order [6].
Consequently the solution to this reduced problem does
not, in general, satisfy all the boundary conditions. In
other words, boundary layers are formed at the points of
the boundary where boundary conditions are not
satisfied. From point of view of solving methods, the
natural case of free boundary layer is more desirable
than the other case [3].

We consider the following singular perturbation

Keywords: Singular perturbation problem; Fundamental
solution; Necessary conditions; Boundary layer; Compatibility
problem:

" E-mail: jahan_m15@yahoo.com

177

Ly, (x) = (x) +ay,(x) +by,(x) =0, x€(02) (1)

3
Lys ()= [y )+ v (O] = ;i =1,2,34 (2)

i
J=0

where & > 0 is the small parameter, a, b, ", k=1,2 and

o; are the known real constants, y,(x) is the unknown
function.

Basing on Lagrange’s formula, it is easy to see that
the adjoint equation for (1) is:

[;Z,.(x) = &2 (x) —aZ, (x) +bZ,(x) ®)
Assuming that
a,beR, a>0 1°

the following has been proven,
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Theorem 1. Under condition 1°, there is a fundamental

solution, uniform in terms of parameter £>0, of the

adjoint equation
;Z,(x) = f(x) 4)

having the following form (f(x) is an arbitrary function)

6 RGN Was(£) RAGIESOE

W (&) W (&)
O<t<x
Z(x—1)= (5)
_Tua(€) g (eyisny _ Paa(€) o, ey,
W (€) W (&)
x<t<l

where 6;(¢),j = 1,...,4 are the roots of the characteristic
equation:

&0* —ab+b=0 (6)

W(e) is Vandermond’s determinant and Wy(e), k=
1,...,4 are the cofactors of elements of fourth row of
main determinant W(e), that is

1 1 1 1
O(e) O,(e) G5(e) O4(e)

W(e) =

02 (e) 03(s) 03(e) 07(s)

62 (s) 03(e) 63(s) 63 (e)
= (92 _91)(93 _91)(‘94 - ‘91) : (93 - ‘92)(‘94 - ‘92)(94 - ‘93)

Note that uniformity of the fundamental solution (5),
that is, fundamentality and uniformity remain true

results of the solution by Newton’s diagram when
£ — 0. These asymptotes have the following form:

2
0,(8) = ape —%—sizagkgé +0(£9), k=123 (7)
a a
where @3, =a and
b b* 4p7

(®)

:94(5):—+—58+—952 +0(&%)
a a a

Further, basing upon the fundamental solution (5)
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and making use of Lagrange’s formula [1,2], and of its
analogue [4,5], we obtain 8 necessary conditions, which
include boundary values of the unknown function and
its derivatives. We will write three out of them, those to
be useful for us later.

[aZ, (=) - eZ;(-D]y,(0) + [6Z;(0) — aZ,.(0)

- %]yg (1) + 6Z2(-1)7,(0) - Z2(0) ¥, (1)

©)
— (D)1 (0) + Z(0)y (1) + 2, (-1)y7(0)
—Z,(0)y7() =0

—bZ,(0)y,(0) +bZ, 1)y, (1) ~ [Z7(0) + %]y; (0)

F 2y, + 200)10) - 220 M) (10)
— 20 )y ) - £, (0)y7(0) + £Z, M)y(M) = 0
bZ,(-1)y,(0) + Z, (0)y, 1) — £Z(-1)¥,(0)
+[ezz'(0)—§]y; 1) + Z2(-1)y2(0) (11)

-2 (0)y: (M) - 2. (-1)y;(0) + &Z.(0)y{() = 0

So, the following is true.

Theorem 2. Under condition 1°, every solution of the
equation (1), defined on (0,1), satisfies (9)-(11), where
Z.(x-7) is the fundamental solution of the equation (4),
having the form (5).

Remark 1. It is easy to see that the three out of
necessary conditions, given in the form (9)-(11), are
linear independent conditions even if ¢ > 0.

1. Case of Boundary Layer
Now, considering the limit of (5), we obtain

Zy(x—1)= elt=x) eal) (12)
a
where e(¢ —x) is the Heavyside’s function.
We consider that Zy(x—¢) is the fundamental
solution of following equation
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—aZy(x)+bZy(x)=0 (13)
which is obtained by letting ¢ = 0 in equation (3), that is,
eZW (x)—aZ.(x)+bZ,(x)=0
In fact, we see that
—aZy(x—t)+bZy(x—1t)

— b — L]
o(t—x) (—1)@2()67’) —a e(t—x) .ﬁe;(xft)
a a a

+b.—e(t—x) et = o(x— t)ea(r V= 5(x—1)
a

where 6(x—1) is Dirac Delta function.

On the other hand, we consider the classic solution of
equation (13), having the following form:

Yo(x) = yp(0)e

where y,(0) is unknown constant.
To sum up, we’ll have the following theorem:

Theorem 3. Under condition 1°, if boundary conditions
(2) are linear-independent, then boundary value problem
(1) and (2) will have boundary layer, if at least, one out
of the following is not true:

Y (O)Z(——)f[a“” +ale =y
S, b 0.

10O (-2 laf) +afle 1=
S NS
yo<0)z<—;>f[a§ )+ o] =

i=0
S NN
YO(O)E(—;)/[“M Tay;e “] ay

because we have only one unknown constant y,(0).
Whereas there are 4 relations above.

2. Case of no Boundary Layer
Now consider the following boundary value problem
for the equation (1) with attached boundary conditions:

Jahanshahi

Vol. 12, No. 2, Spring 2001

Z[a(‘” ¥D(0) + ) - YD (O] = o

Y@=y, (0) =0 (14)
ay,(0) + by, (0) =0
ay,(1) + by, (1) = 0

Notice that the last three of above boundary conditions
have been written by necessary conditions for solution
of equation (13). On the other hand, we can obtain these
boundary conditions from boundary conditions (2), by

choosing following values for coefficients " of (2).

« for i=1, we have no changes on (" .

o for i=2, we put o =—e", of) =1 and o =

1 0 1 0 1
o) = =y =alf) =) =2, =0

o for i=3, we put &9 =b, af¥ =a and o} =
1 0 1 0 1
of) of) ~af) ~af -af) ~0y-0

e and for i=4, we put &) =b, af) =a and a2 =

0 0 1 0 1
ol =l =) = = =, =0

Now we return to the boundary value problem (1)-
(14). It is easy to see, that to provide linear-independent
of boundary conditions (14), the following is sufficient:

0 1 0 1
0‘1(0) al(O) 0‘1(1) 0‘1(1)
b
—e« 1 0 0 b
0 0
0‘1(0) 0‘1(1)
b O a O a (15)

0 b 0 a
v (ald - afi’) %0
Then the following theorem is obtained.

Theorem 4. Under conditions 1°, (15), and

by, 0,
Z(—Z)J[alj +o Ve e ]#0

J=L
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then for boundary value problem (1)-(14), we don’t
have any boundary layer, that is, the limit of the solution
when ¢ — 0, satisfies boundary conditions (14). Indeed
under conditions of this theorem, the unknown constant
¥0(0) is being found from first boundary condition and

rest boundary conditions of (14) are satisfied
automatically, because they are resulted from necessary
conditions of solution of equation (13). Therefore, in
this problem, we will not have any boundary layer.

Remark 2. The case a <0 is being investigated in the
same way. In this case we’ll have to obtain new
fundamental solution of adjoint equation (1) and roots
of characteristic equation by another asymptotic
expansion with respect to parameter &.
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