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Abstract

In this paper, we obtain the upper exponential bounds for the tail probabilities
of the quadratic forms for negatively dependent subgaussian random variables. In
particular the law of iterated logarithm for quadratic forms of independent
subgaussian random variables is generalized to the case of negatively dependent

subgaussian random variables.
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1. Introduction

Let {X,n=>1 be a sequence of subgaussian
random variables and let A =(a;), i,j =12,... be an
array of real numbers and A =(a;), i,j=12,...n.
We define the quadratic forms (Q.F) Q, =X A, X,,
where X, =(X,,...X )" . Without loss of generality we
may assume that A, is symmetric. For a matrix
B=(;) i,j=12..,n,]B IP= ibijz and z*(B)

ij=1
is the largest eigenvalue of BT B . Moreover tr(B) and
r(B) stand for trace of B and rank of B,
respectively, and diag(e,,....,) denotes the diagonal
matrix with diagonal elements «,...,a,. Some

exponential bounds for the tail probabilities of Q.F’s
have been studied by Mikosch [7] for the case where

{X,,n>1} is an independent subgaussian random

variables. The limit behaviors of Q.F’s have been
studied by many authors such as Krentsberg [6], Gotze
and Tikhomirov [5], Giraitis and Taqqu [4]. In this
paper we extend some exponential bounds for the tail
probabilities of Q.F’s for negatively dependent (ND)
subgaussian random variables. Then by using these
inequalities we obtain the law of the iterated logarithm
(LIL) and some probability inequalities for Q.F’s.

Definition 1. The random variables X ,..., X are said

to be ND if we have

PIN) X, <x)I<[] P(X, <x,),

n

and

P[ﬁ X >xj)]sf[ P(X,>X,),
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for all x,,..,x, €R . An infinite sequence {X ,n >1}

is said to be ND if every finite subset X; ..., X, is ND.

The following lemmas are listed for reference in
obtaining the main results in the next sections. Detailed
proofs can be found in Taylor and Chung Hu [9],
Buldying and Kozachenco [2], Bozorgnia, Patterson and
Taylor [1], Mikosch [7], Chung [3].

T

Lemma 1.1. ([1]) Let {X
random variables and {f ,n >1} be a sequence of Borel

».N =1} be a sequence of ND

functions all of which are monotone increasing (or all
are monotone decreasing). Then {f (X ),n=>1} is a

sequence of ND random variables.

Lemma 1.2. ([1]) Let X ..., X,
of ND random variables and t,,...,t
(or nonpositive) then

be a finite sequence
, be all nonnegative

E e 2" ']<HE[e

Definition 2. A symmetric random variable X is said
to be subgaussian (SG) random variable if there exists a
nonnegative real number « such that for each real
number t,

2
Ee™ Sexp[a;t ]. (1.1)
a’t’?
The number 7(X )=inf{a >0:E %) <exp[ 5 1.

t eR} will be called the Gaussian standard of the

random variable X . It is evident that X will be a
subgaussian random variable if and only if (X ) <.

Moreover

(X)) =sup[

t=0

2In(E (™)) vz
e

and inequality (1.1) hold for a =7(X ). A subgaussian
random variable X always satisfies the relations
E(X)=0 and E(X?)<7*(X). If E(X?*)=7*(X),
then X is called strictly subgaussian.

Lemma 1.3. ([9]) If X is a subgaussian random
variable with (X )<« , then

242

1
2]'

E[e'™]< 2exp[<
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Lemma 1.4. ([7]) For a positive matrix B of
dimension k xk ,

exp(hZTBZ):J'RkemZTVq(y)dy, VZeR", h>0,

where q(y) is the density of a k-dimensional Gaussian
vector with mean zero and variance matrix B .

Lemma 1.5. ([3]) If {E,,n
then

>1} is a sequence of events

P(E, io)=limP(E,).

2. Exponential Bounds for Tail Probabilities

In this section we obtain upper exponential bounds
for the probabilities P[Q, >x] and P[Q, >x], for
every x >0. Put o =7(X,), V, =diag(a,,...,),
B _4”Vn n n” ;uNn n n)
Qn =Qn _ZtanAnVn) .

Throughout the sections 2 and 3 we suppose that
{X .oN 21} is a sequence of ND subgaussian random

and

variables. Since some proofs are the same as Mikosch
[7], we abbreviate them. In fact we obtain upper bounds
that are greater than upper bounds in Mikosch [7], but
these inequalities imply our main results for ND
subgaussian random variables. The following lemmas
play an essential role in obtaining our results.

Lemma 2.1. Let {X ,n>1} be a sequence of ND
subgaussian random variables with z(X ) <1 for all
n. Let A, be a positive semidefinite matrix and
Q, =X A X, . Then

E[exp(hQ, )] < exp(-> Y- InL- 4h7,)),

where 0<h <1/4y, and 4,,...,
of A, .

A, are the eigenvalues

Proof. Similar to the notation Lemma 1.2 of Mikosch
[7], let r(A,)=k >0, there exists an orthogonal matrix

U such that A, =U"LU and L =diag(4,...4,,
0,..,0) where 4,..., 4, are positive eigenvalues of A, .
Then

XTA X, =VTLY ,
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h n
where where B, =4>" 7.
V =(UX,),,..UX,)), Lo=diag(4,....4) . i1
By Lemma 1.4 for sufficiently small h >0, Proof. By transformation X ; <> X /a; , we assume
T that «; =1 forall j .
Ee" = [ E[™™ ' ]q(y)d(y), 2.1 j
IR“ [ RiH) @) By Lemma 2.1 we have
and

EeM™ < exp(—Ztr(An)—%anln(l—Ml. ). (25

EeY2V™y = Eexp(\/_ZX ZyI i)

In the other hand
n n 1 n
=E{exp(v/2h DX ;77 =2 XX 7))}, exp(-2h 4, —EZIn(1—4hi, )
j=1 j=1 i=1
k 2
where 7, =>yu,, » =max{0,7,} and ;= <exp(4h4 2(1+§(4h#n +(4h )" +..))
i=1
max{0, 7. }. Now by Cauchy Schwarz inequality we
) —exp(dh?22(1+ 2 an iy )) (2.6)
have 3'1-4hy
Ee Y2V for 0<h <1/44, . Now (2.4) obtain of (2.5) and (2.6).
<{E exp(2v2h 3 X ;77)E exp(-2J2h 3 X ;7;)}"* Theorem 2.1. Let {A } be a sequence of positive
= = semidefinite symmetric matrices. Then for every
n LN 0< 6 <1 the following inequalities are true for all n :
S[HE(eZmX’“ )HE(e—Zme )2 A g 1neq
j=1 j=1

2

n 2 n ahy-2 T 2 2y/un 2y,un -1
S[(He‘”‘h )(He IO =eY (2.2) P[Q >y]<exp(- 4B a- 3 B, @- )))

The second inequality holds by Lemma 1.2 and third for 0<y <(1-6)/24,)B,.
inequality is true by Lemma 1.3. Now by (2.1) and (B)
(2.2), similar to the proof of Lemma 1.2 in [7], we have

I'I

PIQ; > yl<exp- L2220,
Ee' <[ e™q(y)dy ”
i for y >((1-8)/2u,)B, .
~ (detLy) " (2a) 7 ep Yy T () ©
= y (1-96)
n P C( — ,
Sexp(_?lZIn(l—4h/l,), (2.3) [Qn > y]=C (@)expl \/E)

for some constant C (§) >0 andall y >0.
where 0 <4hmax 4, <1.

Proof. Method of the proof is the same as proposition
Lemma 2.2. Let {X, ,n>1} be a sequence of ND 1.1[7] in the case of independent.
subgaussian random variables and A, be a positive

semidefinite matrix. Then for 0<h <1/4 , Corollary 2.1. Under the assumptions of Theorem 2.1,

i) If {y,} isasequence of positive real numbers such
2 4hy, )) 2.4) that y,u, /B, —>0, then for every 0<8<1 and
3'1-4hy ' sufficiently large n ,

Ee" <exp(h’B, (1+=
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@ 5)yn)

ﬂ

PIQ, >y,]<exp(-

ii) Forevery y >0,
2

PIQ; > y]<exp(- mm(48 %».

Theorem 2.2. Under the assumptions of Theorem 2.1
the following inequalities are true:

PIQ, -EQ, >Vy]

y’ 2 2y pu, y#n t,y
1— +
4B, © 3 B, ( )y 2B, 2%

for 0<y <(1-06)/2u,)B, and
PlQ,-EQ, >Vy]

(1-9) ,_20-0), 1,4-0)

y
< exp(—
A 35 4,

)

for y>(1-0)/2u,)B,, where

—iiaijCOV(Xi,Xi).

i=1j=1

t = ZZa“ a

Proof. By Markov inequality and (2.4) for every n and
y >0, we have

I:’[Qn _EQn > y]Seihy Eeh(Qn_EQ")
=e Eexp(h@Q, +2tr¢/ ,AV,)~EQ,))

2 4hyn

<exp(-hy +h’B (1+ ) +ht,). 2.7)

Hence by putting h=y /2B, and h=14_—5 for
Hy
0<y <(L-5)/24,)B, and 'y >(1-5)/24,)B,,

respectively, the proof is completed.

3. An Application to the LIL

In this section by using the notations of section 2 and
Theorems 2.1 and 2.2, we prove a law of the iterated
logarithm for quadratic forms in the case that
{X,,n>1} is a sequence of ND subgaussian random

variables.

n

Theorem 3.1. Let {X ,n>1} be a sequence of ND
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subgaussian random variables and {A,} be a sequence
of positive semidefinite symmetric matrices, B, — o

and Q, =X A X, . Then

i)

im <. w.p.l.

2(n)

i) If

#, =0((B, /log, B,)"?), (31)
and

t. =o((B, /log,B,)"?), (3.2)
then

im0 —EQ w.p.l.

Z,(n)

where

7, =(2B,)"?log}' B, i =1,2. (3.3)

With log,x =loglogx and logx =max{lInx},
forany x >0.

Proof. i) By Theorem 21 for y =y/(n) and
6 €(0,1) we have

PIQ; > 7 ()] <C (5)exp(- (1;;) log, B, ),

and

1-9)
V2

PIQ, < 1 (n)]121-C (5)exp(- log, B,) .

Since B, — o, we have
lImP[Q, < 7 (n)]=1.

Hence by Lemma 1.5,

*

Q,
x(n)

P[ <1 io]=1.

ii) Let y=y,(n) and 6€(01). Since g, =
B
0((——"-—)"?), then there exists N >0 such that for
log, B,

every n>N and £>0,
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1/2
o (IOJgéTBn) .,
Since ¢ is arbitrary, by (3.3) we can assume
0<y <(-0)/2u,)B, .
Now with substituting the value y of (3.3) into
Theorem 2.2 we have

PQ, —EQ, > 7,(n)]

coxp(-19:Ba g 22 o gy
8 3B,
1/2
(1_ \/E/un (Ing Bn) )—l)
\IBn
1/2
+(Iongn) £).

4B,
Hence by (3.1) and (3.2),
P[Qn - EQn > Zz(n)]
log, B

< eX|0(—T”(1—0(1)(1—0(1))’1) +o(1))

Since B, &> o as n — oo, the right side of the last
inequality tends to zero and so

limP[Q, -EQ, < z,(n)]=1.
Hence by Lemma 1.5,

P2 oy jg11,
Z,(n)

This completes the proof.
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For subgaussian sequence of ND random variables
we have the following example.

Example. Let {X ,n>1} be a sequence of standard
normal distributions such that Cov (X;,X;)<0, for
each i =], then it is a sequence of ND strictly
subgaussian random variables with z(X ;) =1, hence

o Zn:XiZ—Zn
. i=1

lim————<1. w.p.l.
(8n)"log, 4n P
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