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Abstract
In this paper we study the properties of derivations of A (X B, where A and B are

simple separable C*-algebras, and A (<, Bis the C*-completion of A (X B withrespect
to a C*-norm yYon A (X B and we will characterize the derivations of A (B in terms

of the derivations of A and B.

1. Introduction
A C*-algebra A is said to be a uniformly hyperfinite
C*-Algebra (UHF algebra) if there is an increasing
sequence {A )} of finite type-I subfactors (i. . finite
dimensional full matrix algebras) such -that
1€A,CA,C CA C..., where tis the identity of A and the

uniform closureof U A isA. Let A be aUHF algebraand
t > ¢, be a strongly continuous one-parameter group of
*. automorphisms on A (for a full definition in detail, one
can see example [4]). The system {A,c} is called a C*-
dynamics with A. A C*-dynamics {A,a} is said to be
approxiamately inner if there is a sequence {4 }of self-
adjointelements in A such that (1- §, )'— (1-9)" strongly,
where o= exp(td) and 8, (x)=i [h, x]. Powers and Sakai
have conjectured that any C*-dynamics {A,or} witha UHF
algebra A is approximately inner (see [4], 4. 5.9).
Ifd:A®, B — A, Bisaderivation, where A and B
are C*-algebras and AX, B is the C*-completion of A (KB
with respect to a C*-norm yon A (X B, then we can write
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dax = dxRVeEM=d xR )+ d
(1Xy), where tis the identity of A (in 1 (X y) or the identity
of B (inx (X 1). This motivates us to consider d (x 1) and
d (1 & y) and study the properties of this component
restrictions. We add precision to these notions in the
following and find the relations between them.

In the following, A and B are simple C*-algebras with
acountable basis. We know thateach simple C*-algebraA
has the property A'=C , where A'is the center of A and tis
the identity of A (see[2]).

2. Preliminaries

Definition 2.1. A linear map &: D(6)~» A, where D(J) is
a dense subalgebra of A, is called a derivation if for each
x, y €D(8),&xy)=3 (x)y+x &y). It is called a *-derivation if
it also satisfies 8(x*)=8 (x)*. For a fixed element a €4, we
can define §: A —A by 8, (x)= [a,x}= ax-xa. It can be
shown that 8 is a derivation. A derivation Sis called an
inner derivation if 5=3_forsome a€ A. A derivation § is
called approximately inner if it is the limit of a sequence of
inner derivations.

Definition 2.2. A linear map §: D ( §,)—4 @15, where
D(9,)=A, is called an A-derivation with respect to A@p if
it satisfies 8, (xz)=98, (x) X+ (x K1) §, (2). It is called
a*-A-derivation with respect to AR B if it also satisfies
8, (8(x*)= ((x))*. Analogously a linear map 8, :D( §,)—A
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& /B> where D(3,)=B,is called a B-derivation withrespect
oA @}3 ifitsatisfies 8, yw)=8,()NAE wH+ 1 &) 8,(w).
Itis called a*-B-derivation with respect to A (X Bifitalso
satisfies 8, (¥*)=( 8,())*.

Example 2.1.LetceA & Banddefined:4 —»AQ Bby
8, =8 x ®v=lcx Ru=c x ®1)-(x X D)c. Then d,is
an A-derivation with respect to A (<_B, which we call itan

inner A-derivation with respect to A B. Moreover, if ¢

is self-adjoint then i 8, is a*-A-derivation with respect to A
(x*g, which we call aninner*-A-derivation with respect to
AX

B-

Difinition 2.3. Let §, and §, be A-derivation and B-
derivations with respect to A & B, respectively, then 8, is
said to be compatible with § if the map d: A K B—A &,
defined by d (x X y)=8, M@ X )+Hx X 13, () is a
derivation of A (< B. In this case we say that §, and §, are
the first and the second component restrictions of d,
respectively.

Example 2.2. Let ceA ® B and 8, (x)=5 (x(® and 8,(y)=
(X y). Thend, is compatible with 8,and we have §, (x)
R+ &1 8,0)=8, x R ).

Example 2.3. Let { and £ be two derivations of A and B,
respectively. Then 8, (x)=((x)C 1 is compatible with S,

0=t & ), since d={ K I,+1, K & is a derivation of -

A @p where I, and I, are the identity maps of A and B,
respectively (see[3]).

Lemma 2.1. 3, is compatible with 8, if and only if § @9
0,(8,0))= 8, @ (8,(0) for eachx €D (8 ) andy €D ( 9,).

Proof. Let 8, be compatible with §,. Then d(x R y)= 3,(x)
& +x X1 8, () is a derivation of A X B Now we

have
dax ®y)=d (e &y
=, )1+ x&X1)8,1)) CRy)+
&R OERNHERL) 8,
=8,0) X+ x X1 B,

on the other hand
dxE Y=4d(( ® & v)
=@ OCE IR V8,0 R v+
1 Xy) G R +x )8, (1)
=5, 0) x EV+HE Ry )8,(x).

5, &y xR 16, (=6, K1)
+1®y) §,(x).

Hence

And so we have

8 (B 0N=5 5, (6,
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Conversely if & ol )= d, » (8,(x)) then
dx y)=06,()1 yH+x 1) 8,(y) is aderivation of A K
B since

d((x X y)(z & ))=d (xz yw)
=8, (@ Ryo)+x X1 6, (2)
&y 18, MRw)+xz ), (w).

But§, (z) e &+ 1S, () §,) (XX )+ 1&Ky) §,
(2). So we have d((x Xy)(z&E @))=(9,(x) (X y +(xE )8,
ONEE o)HHx )9, () (R H+E 1), ().

And the requirment ismet. [J

Difinition 2.4. I 6 and&,’ are compatible with 8, then we
say that 6, is 6 -compatible to §, and we write 5,=6,' (mod
d,). We denote the set of B-derivations compatible with
Sby (6],

Lemma 2.2. Let c €A B and for each x €A, 4, (c)=0.

Then c=1 Kb for some b €B. Moreoveré,=5, (mod 3)) if
and only if for some derivation € of B, (8,-8,)(y)=1R & ()
for each yeB.

Proof. Let ¢ =Z;1aj & bj, where bj’s are linearly
independent. Now we have

0=5,(® 1) =X, 5, IR ;.

This implieséqi (x)=0foreachx €4.soajisin the center
of A which is equal to C,. Thus aj=jt for some complex

number of. Hence ¢ =E_ aj@bj:z@(};;l obj)=t Kb

where b::E;;I ajbj.

To prove the second assertion of the Lemma, we
haved, o, 6,00)=3 ¢, ,(5,(x ))=8 .o, (8,7 ).

We can therefore deduce that 3 i (O N-(8,())=0for
each x €A. Thus 6,(y) -6',(y =X b, , for some b € B. But
we have

1xp,, =8,(0)- &,y w)
=(8,( -6, Nt R+ (1 Ry)(S,()-
(0 (@) =1 @b’a&ybco)‘
Hence b = b +yb , and we may take E@)=d, O

Lemma 2.3. Let 8, be an A-derivation with respect to
AR B and there is an inner B-derivation 8, in [5],.
Suppose that each derivation of B is inner. Then each B-
derivation 8,€[0 ], isinner. Let 8, be an inner A-derivation
with respect to A®ﬁ and each derivation of B is inner.
Then there is an inner B-derivation with respect to A@p,
say &, such that 8, is compatible with 8,. Moreover, each
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B:derivation 5(0],is inner.

Proof. We have (8,-8',) 0)=1&¢ () for some derivation
& of B. Butf =8, for some beB and we have 6,-8)0)=E
S, y)=6 @ (& y)=. Now since §, is inner, thereisa c€
A (B such that 8, =61 ). Thus (5)0)= 6, 0)-
» 5(; b) (I ®yM (e @b) ("@y)' This prOVCS meﬁrst‘m
of the Lemma.
Now if 8, ())=3(x ®1) for some ceA (X B, then we
may put §,0)= 51 &y). O

Remark 2.1. We can easily extend the above Lemma o
 the case of approximately inner derivations.
Remark 2.2 We may extend theabove notion, inductively,

to finite tensor product®_1A; and we may define A-

* detivation withrespect to ®}.1 A Moreover wecanextend
this to infinite tensor product-®;;1 Al

‘We finish this section with the following Theorem of
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Sakai (see[4]) which helps us prove our main resuit. Note *

that we say 8is a derivation on A whenever D(8)=A.

Theorem 2.1, Every derivation on a simple C*-algebra is
inner.

3. Results S
We now aim to characterize the derivations of A B

‘interms of the derivations of A and B, but prior to that we

characterize the A-derivations with respect oA B .

Theorem 3.1. Let {¢j};: and ()71 be two basesfor A and
B, and$8,,8,be A-derivationand B-derivations withrespect
to AR B, respectively. Then there are sequences {Cj}and
{&} of derivations of A and B, respectively, such that ,

@)=, { &S, and 8, 0)= 516840

"Proof, We write §, (x)=2;1 ﬁ;@ S where Cj.(x)EA. Now
for each x, z €D(3,) we have

S 5, (x2)=8, ()& V+x & 8, (2).
0

2y (G GG @) x G @NBF F0.
And since s are linearly independent, we have -

(GO )z +x Gz )

"The notation (< denotes the C*-tensor product under a
C*-norm.
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By the same argument we can show 81()'):.2;1 e®E,
(y) for some sequence{ g } of derivations of B. J

Theorem 3.2. Suppose that 8, (x)=( (x Y b is an A-
derivation with respect to A KB, where Gis a derivation
(8,1, of Aandb is an element of B. Let also[ 8} is non-void.
Then Cis approximately inner or b=P for some PeC.

Proof. Let 5,€[ 5,1, and {¢,}, (£} be two bases for A and
B, respectively. By the above 'I‘flemmwe can write &,
(y)=2;;1ej®§j (7) for some sequence{{; } of derivations
of B. Now by Lemma 2.1 we must have 5 4,8,0)) =
8“@), (6,(x)). Hence ~
(@R EO=EL M RED).
LR B,0)=E1218 I Ty % O

X (50,008 RS

We can also write 8,()=Z,_; 0, 0)f,, here 0;,0) € C.
So we must have :

I 040 ) OXBS= 5k Ee 0 008, (B,

Andsincef;'s arelinearly independent, wecantherefore
deduce that o
o, () ()= zj._-,-_-l o, ()8,(x) Vx eN @)

Now if b€ C,, then b &B' and we can find a y €B such
that §,(y)# 0. This shows that @, (y)*0 for some natural
number k, and so by (+) we can deduce that {(x)=

Z;;l Z’;(y; 8, (x), which is approximately inner. (I

In the following we suppose that {¢;}zo and {f; }ro are
Schauderbasesof A and B, where e andf, are the identities
of A and B, respectively.

Theorem 3.3. Let §, (3)= o, ()& f, be compatible

with 8, )= Efw e, & Q}(y). Then C, and & , are inner
derivations on A and B, respectively, for each j €N

Proof, By Lemma 2.1 we must have:

Z204 8, 0)= Z208, DR E6) 0)
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for each x €D(8,) and y €D (8,). The lefi-hand side of (}) is
defined for each y €4, and hence so is the right-hand side.
This shows that § (y) is defined for each y€A provided that
3, (x)#0 for some x €D(3,). But for each j#0, we can find
anxeD(8) with 8, (x)#0, since otherwise, if 60. (0)=0 for
eachxeD (8,).then 54 (x)=0foreachx€A,andsoe e A'=Ct,
which is impossible since ¢ 's are linearly independent. We

Mehrvarz and Samei

can therefore deduce that éj.s are everywhere defined for

each j €N and Theorem 2.1 implies that £ 's are inner. [J

For each derivation { of A and £ of B, denoting by {(X
£ the derivation mentioned in Example 2.3, 1. e. (K &= (X
1+, &, we have

Theorem 34. Let d: D(d) CA & B —A KB

inner derivation of A B.

Proof. Let ,and §, be the first and the second component

restrictions of d, respectively. By the above Theorem we
can write

8 =L R I8, RS,

whereq €A. Define 5, by 8, (5)=1RE G)+Z;. a},-®5ﬁ(y){

where 'is an arbitrary derivation of B. Then &', €[3] ,,
because if d'(x (y)
=5, (UL Y+HEE DB, (), then I (x B y)= ((KE)

ORy»+ 218 (g, R)(x ).
Now=2;:1 8(,; & fisanapproximately inner derivation

ofA X B and we have
=R+

bea
derivation. Then d= (X E+8, where 8 is an approximately .
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Vol. 11 No. 1
Winter 2000

But since 8,=0"(mod §,), by Lemma 2.2 there is a
derivation £"of B such that §,=8 +1 (K£". so we have

dx ® y)= 3, ()X Y+ 08,0
=d'(x K ')
= ((RAC+HENH) ¢ Ry)

Putting &=E+&" completes the proof.CJ

Corollary 3.1. If the derivations of A and B are
approximatelyinner, then so are the derivations of A @ﬁ

Remark 3.1. Powers and Sakai have conjectured that
each strongly continuous one-parameter group of*-
automorphisms of a UHF algebra is approximately inner.
In {1] it is shown that the conjecture can be reduced to a
certain UHF algebra A_, namely the Glimm algebra of
rank {s(n)=p,...p,}, where p’.is the}.-th prime number. The
above Corollary helps us to reduce the conjecture again to

the UHF algebras A and B with A ® B =A, But A =@y,

M, where Mp is the matrix algebra of px p matrices over
C . This motivates us to extend our results to the case of
countable tensor product of simple C*-algebras.
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