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Abstract
In this paper among many other things we prove that the topological left
amenability and left amenability of a weighted hypergroup (K, ) are equivalent. For
a normal subgroup H of K, we define a weight function @° on K/H and obtain
connection between left amenability of (K, w) and (K/H, w®). Let H be a compact
subhypergroup of K. We define the weight function w°on K//H and obtain connection
between left amenability of (K, w) and (K//H, @°).

Introduction

Throughout this paper, K will denote a hypergroup
with a fixed left Haar measure A. Unless otherwise speci-
fied our notation will follow that of [3]. The following
notations are different from those in [3].

6 The point mass atx € K
X, The characteristic function of the non-empty set

ACK

Ifll_= ess sup If |

The involution on X is denoted by x —x ~. If f is a Borel
functionon K and x,y €K the left translation for L fand
the right translation fy orR ,f are defined by L f(y)= f(y)=
R fix)= Jif d(&*8y)= fix*y), if the integral exists. The
functionf - is given by f(x)=f(x ). The integral /... dA(x)
is often denoted by f...dx.

Let X be a hypergroup and let p: K — (0, o) be a Borel
function. Let X be a Banach space of measures of
equivalence classes of functions on K. We define the
corresponding weighted space as X(p)= {f/ pf €X}. We
norm X(p) so that the map f — pf: X(p) — X becomes an
isometry.

In what follows we shall use one of the following spaces for
X.

M(K)= {n | u is a regular Borel measure, lipli= Il

(K)<es},
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L!(K)= {f| f Borel measurable and /If | dx < eo},

L=(K)= {f| f Borel measurable and lIfll_ < oo},

RUC(KK)= {f € L~(K) | x — f is continuous from X to
LK), 1)},

LUC(K)= {f € L~(K) | x = f, is continuous from K to

(LK), 111 )},
UC(K)=RUC(K)N LUC(K).

Definition 1. A function @: K — [1, o) is called a Borel
weight function on X, if

(i) for every t € spt(8, *8), aH)<a(x)axy),

(ii) w(e)= 1 (e is the unique element of X such that
8*6=0*3=24,forall x €K),

(iii) w is Borel measurable and locally bounded.

Weshalluse M (K), La(K), Lo(K), RUC,(K), LUC,(K)
and UC (K) instead of M(K) (w), L*(K) (% ), L'{(K)(w),
RUCK)(L), LUCK)(L) and UC(K)(L). We shall use
Il and || ||% respectively for norms of Lis(K) and Ly (K).

Lemma 2. Lo (K) is a translation invariant Banach space
containing the constant functions and .

Proof. Letf eLo(K)and s €K.

Lo =fEI. | [® )| &) 00 y5+
54 rwc) R A
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<w(s)j U g e,% 8y 0= w@,(lﬂm

a)"f |51,

(3, 3.1 B]. Thus sf €Ly X) and lfllo<|lfllo@(s). Hence

La(K) is translation invariant.
The proof of other statements are clear. (]

Let X be a hypergroup with a fixed left Haar measure
A and @ be a Borel weight function on K. Let X be a left

translation invariant subspace of Lo(K) containing the
constant functions. A linear functional m on X is called a
mean if £ > 0(Aa.¢) implies m(f) 2 0 and m(1)= 1. A mean
mon X is called aleft invariant mean [LIM] if m(L_f)=m(f)
forallx €K,f €X. We call (K, @), the hypergroup K with
the weight function wand (X, w) is called left amenable, if

there is a LIM on L(K) .
Let f € La(K) andp €Lo(K) , the functionsfp.pf €
Lo(K) are defined by,

N I
Smce6 eL~(K), s(l—fa;) €

<fpa>= <fp*q>, <pfa>= <fq*p> g€ Lo®). (1)
This is in fact the module operation defined on page 50 of
(1]

Let P (K)= {p € Lo(K)/ p20, [p(x)dx= 1]. A mean
mon Lg(K) is said to be a topological left invariant mean

[TLIM] if m(f.p)= m(f) (f € Lo(K) ,p € P (K)). K,0) is
called topologically left amenable, if there is a TLIM on

LoKK).

Henceforth, the welght function is continuous.

Lemma 3. Letf €L3(K),p € Lo(K) and 5, t €K. Then,
@ pfix)= <f, -p>,

®) pfis*)= <f, ~(-p)>,

© lp.pt - pfU<UFN N -p-pll 1,

@ fp(x)= <f, A(x)p- >,

© f.p(s*t)= <f, A(s)A(t)(p,~);- >,

® NFp)-£pI, < UFIJIA(s)ps — pll,!

{g) Let f be continuous. Then

-11}

1L (5*9- f(‘("’)) 570 1<iif losup (1L - @(),)

w(t )

Proof. We only prove statements (d), (e), (f) and (g). The
proof of other statements are similar.

Proof of (d). By definition of fp,fp(x)=f] JO*x)p(y)dy.
Since the modular function A [3] isconstanton spt (8, * 8)
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with value A(x)A(y), for all x, y € K, then pA(y*x)=
p(y*x)A(y*x). Hence

S 0Ax )dy= SF)p(y*x JAy*x ")A(y “)dy

= [f)pAGY*x )Ay Jdy= S y*0)pAYIALY )dy

= [Sf(y*x) py)AY )Ny Idy= SRy*x)p(y) dy. 3

Formulas (2) and (3) imply <f, A(x “)px->=f.p(x).

Proof of (e). p(s*t)= [fp(z)d(8*8)z)= S d(8*8)z) J
SO)A(z)pr (y)dy

=Jf(y)dy.S Az )p= (y)d(8,*8)(2)=LF)A(s)A(E) p(t*s)dy
=S1)A(s )Nt Np,-), (y)dy=<f, M)At ") (p,-),.>.

Proof of (f). |(:(fp) -(fp)) ) = |fP *0-fp @ |=
o® @)

SEAO M) @e)e->-<FAE P>
[01(5)
=154 (AGs) ps-p)r ARt )> L
ad)
Thus s (£ p) -£p NS If NallA (57 ps-- plis

Proof of (g).

£ @9 L1 i (- Ly d G ) 1
) 0@ 0

11-29 1y ¢ 16, 5)
a(s)

Hf Ngmax

If 2’_((3‘%2 1,since x € pt(&* &), D) < B B, e
s,

w(x)
a(s)

get0<m(x) -1 w@)-1.1f —2<1 since x € Pt (&* &),

()
SE (& * &), thusa(s) <w(x) @) . So,
oWy 1
o® @)

0<1- . Therefore

Il-wISrmx(ll-_l_l, lw(@)- 11}. Hence,
o(s) o)

L (- T i Hosup (11- @@L 1L 1107

@ (9 w(t)
Proposition 4. LX) . L5K) =RUC (K)={f €LaK)/x
— _f is norm continuous at e}.

Proof. Letf € Lo(K),p EL(K) ands,t €K



J.Sci. I.R. Iran

(fp )(s)- fp =)= rfp (*s)- fp (s)|<|fP *9) L),

w(s)

wtEPED FPO |y by sup 11- 00, 111
o) o) )

HIF Ul AGCT) pr- plo. [cf. Lemma 3 £,g]
Since @ is continuous at e and ¢ —A(t)p, from K to

L&(K) is continuous, then fp ERUC_(K). The rest of the
proof is similar to the proof of proposmon 130f[2]. O

Lemma 5. Let X be a hypergroup and let  be a weight
function on XK. Each of the spaces UC K),RUC (K) and
LUC (K) isanorm closed, conjugate closed and translation

invariant subspace of Lu(K) containing the constant
functions and w.

Proof. If g € RUC (K), write g=f.p where f €Lg(K), p

€ L&(K). Then, for x € K &= (fp)= fA(x Jps- €
RUC (K). So RUC (K) is left translation invariant, and it
is easily seen to be right translation invariant.

By lemma 3(g), 1 € RUC (K). The other statements are
similar. (J

Theorem 6. The following statements are equivalent.
() (K, w) is topologically left amenable

(ii) (X, w) is left amenable

(ii1) There is a left invariant mean on UC (K).

Proof. (iii) — (i). Let 4, be a left invariant mean on X=
UC(K)and p € P (K) with compact support. Since the
mapping x — f(f € X) from K to (X, ILIl ) is continuous
and the point evaluation functionals in X* separate the
points of X, we have

tp= J p()dx.

Thus
B(f-p)= 1,

It is proved similar to non-weighted case that for all f&
LUC (K)and p,p, € P (K) with compact support

w,(f-p,)=n(fp,

Let V' be a compact neighbourhood of e and set p=ExL .
%
Then p(f)= u,(p.f.p) definesa TLIM on L (K). O]
A subgroup H of X is called normal if xH= Hzx, for all
x €K. Let Hbe anormal subgroup of K and let K/H be the
set of all cosets xH, x € K, equipped with the quotient
topology with respect to the natural map p(x)= xH. Then
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K/H becomes a hypergroup under the convolution
J 4@ * Ba=| fopd(&*8) (wye K fe Colk/H)),

Let o be a weight function on K. The function @w%xH)=
inf{o(t)lt €xH} is anuppersemicontinuous weight function
on K/H [5].

Proposition 7. If (K, ) is left amenable, so is (K/H, ©°).

Proof. LetmbeaLIMon L (K) and write <M f> = <mf

0 p > (f € Lz (K/H). Since fis Borel measurable and p is
continuous, f o p is Borel measurable and since w°(xH) <

w().fop € La(K) . Wehave (fop)(y)=_,fop(y),hence

MisaLIMon L; (K/H) . OJ

We have shown in {4] that there is a group K with a
normal subgroup H and a weight @ on K such that (K, )
isamenable, but (H, w} is not amenable. However, we have
the following.

Proposition 8.1f (H, w) and (K / H, w°) are left amenable,
then so is (K, w).

Proof. Let m, be a LIM on Lg(H) and m, be a LIM on

L (KIH) .Forf € UC (K) write, f,(x)= <m,, f],>(x €
K). Then f, is continuous and constant on the cosets of H
inK. Fort € xH,

Lf,(x) 1= 1 £,(t) 1 < i L IF1_eo(1), then

oo

_fit) |
0" ()

Hence we can writef,=Fop,F EL:} (KH).Put<m, f>=
<m,, F>,then misaLIM on uc (K) [6, prop 3.6]. Thus
by Theorem 6, (K, w) is left amenable. [

Let J and L be hypergroups with left
measures. The J x L with convolution, &uy) * &y y) =
(6x * 84) X (6 * 6y,) , is a hypergroup with a left Haar
measure [3]. If @, and @, are weightsonJ and L respectively,
then w= , X w, given by w(x, y)= ,(x)a,(x) for (x,y) €
J xLisaweightonJ xL.

Haar

Proposition 9. (J xL,w) is left amenable if and only if both
(J, w,) and (L, w,) are left amenable.

Proof. See proof of proposition 3.8 of [6]. O

Let H be a compact -subhypergroup of K, and let A
be a Haar measure on K and ¢ be the normalized Haar
measure on M. Forx,y €K, let HxH= H*x*H. The set
K //H= {HxH Ix € K} is the set of all double cosets of H in
K. This set equipped with the quotient topology with
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respect to the projection n: K — K/H, n(x)= HxH and
convolution, 8, * &, ,=/,8,,(8 *0*8 )t isahypergroup.
For details see [3, 14.2F].

Lemma 10. Let @bea weight function on X whichisequal
‘to on H, then @ YHxH)= inf{aXz) | z € HxH} is an upper
semicontinuous weight function on K//H and @ YHxH)=

oxx).

Proof. Since x € HxH, o (HxH) < axx). If z € HxH, then
HzH= HxH. Hence x € HzH and axx) < a(z). Therefore
WYHxH)= oxx). Let HzH Espt(ﬁm*ﬁ,w): {Hz:H |z €
xHy}. Then w°%H:H)= w(z) < ofx)o(y)=
WYHxH)wYHyH). Thus @is a weight function on K/H. [}

Proposition 11.If (K, w) is left amenable, so is (K//H, 0)°).
If § *o= 0 *§, for each x € K where ¢ is the normalized
Haar measure of H, then the converse is also true.

Proof. Let m be a TLIM on L3(K), and f €L (K/H),
write <M, f>= <m, fo 1t > where & is the projection of K
onto K/H.Letp € P ;5 (K//H), then an easy computation
shows that,

(fplom=(fom). (pon). :
Since @ YHxH)= a(x), /p o n(x)dx= 1 and Jpom(x)oxxjdx

< ®Xporw &P (K) ThusMisa TLIM onL:} K/H) . The
rest of the proof is similar to the proof of proposition 3, 10
of [6].00

Let # be a compact hypergroup and J a discrete
hypergroup with HnJ= (e} where ¢ is the identity of both
hypergroups. Let K= H \/J be the joint hypergroup of H
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and J [6]. Let @, be a weight function on J, then the
function,

1 xe H
. w(x):
G xelJ

is a weight fanction on K.

Corollary 12. (K, o) is left amenable if and only if (7, )
is left amenable.

Proof. [6,3.12]. 0
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