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Abstract
A non-abelian finite group G is called sequenceable if for some positive
integer £, G is k -generated (G =<a,,a,,...,a, >) and there exist integers
a,,a,,...,0, such that every element of G is aterm of the k -step generalized
Fibonacci sequence x, =a,, i=12,....k, x,=(x, )%, )% ..(x, )%,
i 2k +1. A remarkable application of this definition may be find on the study of
random covers in the cryptography. The 2-step generalized sequences for the

dihedral groups studied for their periodicity in 2006 by H. Aydin and it is proved
that in many cases for ¢; and ¢, , they are not periodic. Aydin’s work was in

continuation of the research works of R. Dikici (1997) and E. Ozkan (2003) where
they studied the ordinary Fibonacci sequences (sequences without the powers) of
elements of groups. In this paper we consider 3-step generalized Fibonacci
sequences and prove that the quaternion group O, (for every integer n >3) and
the dihedral group D,, (for every integer n > 3) are sequenceable. The o -covers

together with the Fibonacci lengths of the corresponding 3-step sequences have
been calculated as well.
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(one may see [1,3,4,6,13,14], for examples). It is

Introduction obvious that each of the following subsets of G isaso
Let G =<a,b > be a non-abelian finite group. The agenerating set for G :
well known Fibonacci sequence of G with respect to
the generating set A ={a,b} is defined to be the e R T R G Il
sequence where, / =LEN ,(G) isthe least positive integer such
x,=a,x,=badx, =x,x, ,,n=3 that
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X,0=X, and X, 0 =X,.

For every integer k£ >2 we define the k -step
generalized Fibonacci sequence as follows:

Definition 1.1. For every integer k&  where,
2<k <LEN ,(G), the sequence {y,} of the
edementsof G defined by

y,=x;, i=1..k,

Y =000 P2k +l

is called a k -step generalized Fibonacci sequence of
G , for some positive integers o, ..., ¢, .

Definition 1.2. For an integer k£ >2, a non-abelian
finite group G =<a,b > is cdled a k -sequenceable
group if every element of G isaterm of a periodic % -

step generalized Fibonacci sequence where, k <
LEN ,(G) and A4 ={a,b}. Moreover, G is cdled
sequenceableif G isk-sequenceable for some integer k.

Note that there are differences between our definition
of k -step generalized Fibonacci sequence and the % -
nacci sequence of Aydin [2]. The article [2] is a nice
generalization of the ordinary Fibonacci sequences of
elements of a group and this article studies the 2-step
generalized Fibonacci sequences by proving that the 2-
step generalized Fibonacci sequences are not periodic in
many cases. The article [2] is in continuation of the
articles [5] and [9] which studying the ordinary 3-step
Fibonacci sequences (as a notation of these articles the
“ordinary” is used for the sequences without powers) in
certain classes of finite groups. The basic difference
between our results in this paper and the approaches of
the articles [5] and [9] is the considering of 3-step
generalized Fibonacci sequences and the notion of
sequenceable groups which was posed firstly in [2],
inspired us to give the Definition 1.2 and to pose two
natural questions: which groups are sequenceable? And
how applicable may be the sequenceability of finite
groups?

To investigate these questions we follow Svaba [12]
and recall the notion of a cover of afinite group:

Definition 1.3. Let G be a finite group and
a=[A4,,4,,...4,] be a collection of ordered subsets

] of G . Then « is caled a cover
for G if for every element g € G there exist elements
a; €A, suchthat

A, =[a,,,a,,,...,a

1 ir.
ir;

g = aljlazjz ..aSj‘ .
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This cover isknown asan o -cover for G .

The covers and « -covers are the interesting and
important tools in generation of random covers which
themselves are useful in the cryptography, specially
when G is non-abelian (one may see[7,8,10,11,12], for
examples).

As a result of finiteness of the group G =<a,b >,
LEN ,(G) isfinite.

A k -step generalized Fibonacci sequence {y,},

may be periodic and to distinguish this period with the
Fibonacci length LEN ,(G) we have to give the
following definition.

Definition 1.4. For a finite non-abelian group
G =<a,b >, the period of a k -step generaized
is cadled the k -step
be denoted by

Fibonacci sequence {x,}’
Fibonacci length of G and will
LEN (G ,x 00X ).

This number depends on the fixed integers «, ...,

of the Definition 1.1.

We are now ready to investigate the posed questions.
Indeed, in what follows we prove that the quaternion
group Q,, and dihedral group D,, are 3-sequenceable

for every integer n > 3.
Moreover, following the Definition 1.3, if we let 4,

as singleton subsets, then by proving the sequenceability
of agroup G , we are able to give an « -cover for G .
In this paper we will construct the appropriate o -
coversfor the considered groups.

Sequenceability of D,,, (n > 3)

Let D, =<x,y |x?=y" =(xy)*=1>. For every
integer n >3, we define the 3-step generalized
Fibonacci sequence {a,, ], of the elements of D, as
follow:

G =X, A=)y, d43=Xxy,

— s
am _am—S(am—Z) am—l’ mz 4

for apositive integer 3.
Our main results in this section are the Propositions
2.1 and 2.4. These propositions identify the values of S

for different values of the integer » .

Proposition 2.1. For every even value of n>4 and
B=n-1, {a,} is periodic. Moreover, For every
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element ge D,, , there exists an integer m =1 such
that g =a,,.

To prove this proposition first we identify the
elementsof {a, }," by thefollowing lemma.

Lemma 2.2. Let n be even. Then, every element of
{a, } where,

a, =x, a, =y, a; =xy,

_ n-1
a, =a, a, , a,, mz=4

m m

may be represented by
m-1
xy 2, misodd
am =
y E, mis even.

Proof. We argue by induction on m. For m =1,
m=2 and m=3 it is true and by the induction
hypothesis, if the assertion holds for m -1, m -2 and
m —3, then we may consider two casesfor m :

Case 1. m iseven, then m —1 and m —3 are odd,
S0,

-1

_ n
a, =a, 34, » 4,

m

=xy (m—4)/2(y (m—2)/2)n—1xy (m-2)I12

X (n174)/2+(n71)(n172)/2x (m-2)12

=xy Y

—((m—-4)2+(n 71)(n172)/2)x 2., (m-2)I2

=Yy Yy )
(for, (xy)*> =1yidds xy* =y *x)

_ . (-m+4—(n-1)(m-2)+m-2)/2
am =)y

_ 711(m72)/2y (—=m+4+m—-2+m—2)/2

y
_ .,ml2
am =) .

Case 2. m isodd, then m —1 and m —3 are even

and we proceed in the similar way as above to show that

a, =xy (m-1)/2

n

Proof of Proposition 2.1. Every element g of the
group
D2n =<x’y |x2 =y” =(xy)2 =1>

may be written in the form g =x'y’ where i =0,1

279

and j=01..,n-1. If i =0 then g =ay, and if
i=1then ¢ by using Lemma 2.2. To find the

=4y

period of {a, ] we show that
LEN ,(D,,,a,,a,,a;,) =2n where, 4 ={x,y}.

Let LEN ,(D,,.qa,.a,,a;) =t . Then the equations

a.,=a,a,,=a, and a,_, =a, hold, or
equivalently,
at+1 =X, at+2 =V at+3 =Xy

If + iseventhenusing Lemma2.2, givesus
xyt/Z =x, y(t+2)/2 (t+2)/2

=xy,
y'"?=1. Since y is of order n then, ¢=2n.
However, ¢ is not an odd integer, for, in this case the
equation a,,, =x vyields y “?? =x which shows that

D,, isan abelian group. Consequently,

=y and xy i.e;

LEN ,(D,,,a,,a,,a,) =2n .

Lemma 2.3. For every odd value of » consider the
group

Dy, =<x,y |x*=y" =(xy)" =1>,
And the sequence {c,, }, asfollows:

CL=X, C=)YV, C3=XY,

_ 3
Cow =Cn-Lm—2Cpas m 24

Then for every m >1,

y _(5), m = 0(mod 4)
-
xy 2?27, m =1(mod 4)
Cn = m
y2, m = 2(mod 4)
m-1
xy 2, m = 3(mod4).

Proof. We argue by induction on m . The assertion
holds for m =1, m =2 and m =3. Let m 24 and
suppose that the assertion holds for all integers £ <m .
Consider four casesfor m modulo 4.

If m=0(mod4), then m —1=3(mod4),
=2(mod4) and m —3=1(mod4) .

We now use the induction hypothesis and get:

m-—2
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_ 3 _ —(m-4)/2 (m=-2)I2\3 (m=-2)12
Cp =Cu L 2Cpa =Xy (y ) Xy

_ -ml2+2_ 3m/2-3 mil2-1 __ m-1 ml2-1

=Xy Y Xy =Xy Xy

2 -m+l, ml2-1 _ _ -ml2

=Xy y =Yy .

Proofsin other cases are similar.

Proposition 2.4. For every odd values of n >3, the
sequence {c, }’ defined as above,
Moreover, for every element ge D, , there exists an
integer m >1 suchthat g =c,, .

is periodic.

Proof. Since n isodd then by Lemma 2.3, we get:

_ _ _ _
¢ =X, C,=Y, C3=Xy, C€,=y
oy 2 _ 3 -
Cg =Xy  Ce=)Y , C;=Xy , Cg=)
_ —4 5 _ 5 —
Cg=XY & C =Yy Cyu=XY 1..iCp o, =V,
— —l, — —,, 1
C2nfl =XV CZn - CZn+l =X, CZn+2 =) ’
o _ .2 2
Consz =XV v Coua =YV y  Cous=X)V
_ -3 __..-3 _ .4
Conse =YV v Coppz =XV & Cp =)

_ .4 _ -1
Conyg =XV 4ee0sCqy 2 =)

c4n :1’

_a
Cona =XV

Coanit =X Cap2=Vy Cguz =X)V yeens

Every element of D, appears exactly twice in the
set {¢;.¢y,..0c,,} and

LEN (D, ,c,,c,,c3) =4n, (Where, 4 ={x,y}) for,
if LEN ,(D,,.c;,c,.c;)=t, then the equations,
n=C,=y,ad ¢, ,=c,=xy hold.

Cz+l:clzx 1 cz

The integer t is even, for, otherwise ¢, , =y “*? or
Cu=y 2 thus x =y D2 or x =y Y2 That is,
D,, is abelian. Also, if ¢+ =2(mod4), then we get
Clop =Y So, xy =y'** which yields the
contradiction x =y "'*2. Hence t=0(mod4), and
then ¢, =xy 112 =y (+2)12 (22
(+2)12

—(t+2)/12 .

and ¢, ,=xy
ThUS xy 112 =x, y (t+2)/2 =xy,
i.e; y'"?=1 holds and the least value of ¢ is indeed

4n .

=y and xy

Sequenceability of 0 , ,n >3

For every integer n >3 the generalized quaternion
group Q,, isdefined by the presentation
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ot 2 2 -1
0, =<x,y[x" =Ly“=x" ,y"xy=x">

which is finite of order 2'. The main result of this
section is:

Proposition 3.1. For every integer n >3 thegroup Q,,
is 3-sequenceable.

Proof. Consider the sequence {b, ], of the elements of
o, as follows:

b, =x,

b,=y, by=xy,

b, :bk—S(bk—2)7bk,1n (k = 4).

This is a generalized 3-step Fibonacci sequence and
we show that for every &k =1, b, may be represented

by: if £ =1(mod8) then,

x 2

Sk (kA)(k-9) _ _
) ,(W)’z 22

b, =
3k+1  (k-1)(k-9),, .
Th'(fm“ ) (k-9))+.42 2’(([( -D(k _9)),< 2

2

X

where, 1<k <2" -7,
if £ =2(mod8) then,

k2 =2y (g — )
x 2 2 y’(( > ) )’22n—2,
b, =
k=2 (k=2 (k=2 .o 4
S ) 2 k-2, -
27 2 y,(( 25))<2 2

where, 2<k <2" -6,
if £ =3(mod8) then,

925 (k-3)(k-11),, _ _
v 2 02 )y‘(wg‘m)’zzfﬂ‘
by = (-3

(k-11),, . "2
() (k-3 (k1D +. 42 k -3)(k -11),, .-
2 y ’(( )é )) < 2 2’

925
2
X

where, 3<k <2" -5,
if £ =4(mod8) then,

5k +20 ,(k-4)*,
ey ((k —4)“),>2,1,2
, > = )
b, =
5k+20 (k-4 (k-4)*, -2 4
XT+(T)+(T) t2 ’((k ;54) )/< 2:1—2’

where, 4<k <2" -4,
if £ =5(mod8) then,

13k +63 _(k-5)(k-13),, _ _
S e A (= W
b, = 2
k _ 5y
w_(&;13))4((/(_5)(A-13))'+...+2”’2Y ((k -5)(k —-13) y<2?,

2

X



Non-Abelian Sequenceable Groups Involving a-Covers

where, 5<k <2" -3,
if £ =6(mod8) then,

(k-6)*,,

) (k-6)*,_ .,
z yv(%)zz 2,

9k-50 ,(k—6)(k-14).,
T“f) (

bA =
9k-50 , (k-6)(k-14),, (k-6)* , (k-6)*, -2 4
T (Y (L () 2 k —6 B
2 2 2 24 y’(( 25))/<2n 2’

where, 6<k <2" -2,
if k =7(mod8) then,

%73 (k-T)(k-15),, _ _
x 2 2 @KW)’ZT‘Z,

b, =

9k-73 ,(k-7)(k-15),, ,
B A G L U Zy ’ ((k -7)(k —15)), <o

2

where, 7<k <2" -1,
if £ =0(mod8) then,

~13c416 | (kB)(10) (& -8)* y
— >

2

k-8, ..
X ,(%)22 2,
b, =

~13k +116_ (k-8)(k-16),, (k
2 2 )=(
X

g gt
258) )’+(L 2?) Y+.42072 ((k _8)4

25 )/ < 21172'

where, 8<k <2, in which, (@)’=2 where ¢ isthe
q

largest odd integer such that ¢ dividing a .
Proof is easy by using the induction on k& by
considering 32 cases. For example, let £ =0(mod8) .
The assertion holds for £ =1,2,...,8. Let £ >8 and
let the assertion holds for every ¢ <k . Suppose
k —8=2¢q , for some positive integer s , where ¢ is
an odd integer, i.e.;

(k —8)’=k—_8, similarly, let (k—16)'=k;,16.
q q

Let > 2""% Observe

f— 4 f— —

that k-1=7k -2=6
b, :bk—S(bk—2)7bk—l

and k-3=5. So,

-13(k ~3)+63-(L=8UE-16),,

9(k -2)-50  (k-8)(k-16),, (k-8)*,
> #( )'=( P )

2

. X v’

9%k =173, (k-8)(k-16),,
X 2 2

_ _ _ _ _ - - a4
13k2+102_((k 8)(2k 16)),+9k268+((k 8)(2k 16)),_((k 58) y
=X 2

_% —82_((k —8)(k -16) y
X 2 2
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—13k +116 (k -8)(k -16) (k -8)*
2 2qq’ 2544

=X

2 2

—13k +116 _ (k-8)(k -16),, ,(k-8)*,,
( y-(H220
=X 2 y

Asrequired.

To prove the sequenceability of O, , we consider its
relations. By the relations y xy =x* and y2=x7?",
we deduce that every element ¢ e 0, may be written
in the form

g=x'y’/, 0<i<2? 0<;<Ll

The rest of proof is similar to that of the Proposition
2.1 by considering two cases: j =0 and j =1. This
provesthat g =b, , for someinteger & >1.

Note that the defined sequence {b,} as above, is
periodic. Moreover, LEN ,(0,, ,b,,b,,b;)=2", for, if
t =LEN ,(Q, ,b,,b,,b;) then the equations b,,, =b,,
b,,=b, and b, ,=b, hold. Suppose ¢ +#2". Since
n >3 then t =a(mod8) where, ae{+1,+2,+3/4} . In

each case we get a contradiction. For example, if
t =1(mod8) then ¢ +1=2(mod8) . So,

t+3

(l _1)4 -1 (-0,
If (T)’zzﬂ-2 then x 2 Z 'y =x which shows
that 0, isabelian, and if
t-0*, ..
( > Y <22
§+(ﬂ)'+(ﬂ)’+...+2”’2
Then, 22 z y =x which aso

proves the abelianity of 0, .

Results

For every even velue of n, an « -cover for D, ,
may be given by using the sequence {q,} asfollows:

A4, ={La}.

Also for the odd values of n we use the sequence
{c,} and define

a=[4,,4,,...4,,1,

a=[4,4,,..4,], 4, ={lc}.
Similarly, an « -cover for O, may be defined by
using the sequence {b,} as

a=[B,,B,,..B,,], B, ={1b}.
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Each of these covers are indeed logarithmic
signatures (i.e., representing every element of the
groups in terms of A; or B;, is unique, see [12] for the
definition and for the properties ). To prove this
property it is sufficient to consider the following
obtained results:

LEN ,(D,,)=2n, neven,
LENA (DZn) = 41’[, n Odd1
LEN,(0,)=2", n23

Acknowledgements

Authors would like to offer their thanks to the
referees for their useful comments and careful reading
of the manuscripts of this paper.

References

1. Aydin H. and Smith G.C. Finite p-quotients of some
cyclically presented groups. J. London Math. Soc., 49(2):
83-92 (1994).

2. Aydin H. and Karaduman E. On the periodic 2-step
general Fibonacci sequences in dihedral  groups.
MATEMATHYKH BECHUK , 58: 47-56 (2006).

3. Aydin H. and Dikici R. Genera Fibonacci sequences in
finite groups. Fibonacci Quarterly, 36(3). 216-221
(1998).

282

10.

11.

12.

13.

14.

Campbell C. M., Doostie H. and Robertson E. F.
Fibonacci length of generating pairs in groups. In:
Bergum G.E., et a (Eds), Applications of Fibonacci
numbers, 3° Ed., Kluwer Academic Publishers, pp. 27-35
(1990).

Dikici R. and Smith G. C. Fibonacci Sequences in Finite
Nilpotent Groups. Turkish J. Math, 21: 133-142 (1997).
Knox S. W. Fibonacci sequences in finite groups.
Fibonacci Quarterly, 30 (2): 116-120 (1992).

Maliveras S. S. and Memon N. D. Algebraic properties of
cryptosystem PGH. J. of Cryptography, S: 176-183
(1992).

Madliveras S. S, Stinson D. R. and Trung T. Van. New
approaches to designing public Key Cryptosystems using
one-way functions and trap-doors in finite groups. J. of
Cryptography, 15: 285-297 (2002).

Ozkan E., Aydin H. and Dikici R. Applications of
Fibonacci sequences in afinite nilpotent group. J. Applied
Mathematics and Computations, 141(2-3): 565-578
(2003).

Sun Z. W. Finite coverings of groups. Fund. Math. Soc.,
134: 37-53 (1990).

Sun Z. W. On covering multiplicity. Proc. Amer. Math.
Soc., 127: 1293-1300 (1999).

Svaba P. and Trung T. Van. On generation of random
covers for finite groups. Tatra Mountains Mathematical
Publications, 37: 105-112 (2007).

Wall D. D. Fibonacci series modulo n. Amer. Math.
Monthly, 67: 525-532 (1969).

Wilcox H. J. Fibonacci sequences of period » in groups.
Fibonacci Quarterly, 24: 351-361 (1986).



