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Abstract 

This study evaluated the effectiveness of the inerter-based active tuned mass damper (ATMDI) 

for controlling wind-induced vibrations in tall TV towers, and compared its performance with 

other systems, including the traditional tuned mass damper (TMD), tuned mass damper with an 

inerter (TMDI), and active tuned mass damper (ATMD). A multi-degree-of-freedom model of 

a tall TV tower was analyzed using the frequency-domain method for various wind speeds, in 

both crosswind and along-wind directions. The results indicated that crosswind vibrations 
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exceeded along-wind vibrations, with crosswind acceleration surpassing human comfort limits 

for the uncontrolled structure. The performance of these systems in reducing crosswind 

acceleration was examined parametrically, considering key variables such as damper mass ratio, 

inertance ratio, and ATMDI optimization parameters. The advantages and limitations of the 

studied systems were also discussed. While all systems reduced crosswind acceleration, the 

ATMDI demonstrated the most significant improvement, benefiting from both the active 

control mechanism and the mass amplification effect provided by the inerter. Additionally, the 

inerter reduced the damper stroke compared to the ATMD, addressing a key limitation of the 

latter. 

Key words: wind-induced vibration, TV tower, vibration control, active control, inerter 

1. Introduction  

With the advancement of progressively taller and more intricate civil structures, concerns 

have arisen regarding their safety during natural disasters, such as earthquakes and typhoons. 

Due to the low inherent damping and high aspect ratio of tall TV towers, these structures are 

vulnerable to wind dynamic loads in both the along-wind and crosswind directions. Occupant 

discomfort due to wind-induced vibrations is a major serviceability concern in the design of tall 

and slender structures (Ubertini et al., 2017). Users' comfort to vibrations is evaluated based on 

the acceleration at the level of interest, which is usually the highest occupied floor (Johann et 

al., 2015). Typical acceptable ranges for peak accelerations, based on a 10-year Mean Return 

Interval (MRI), are 0.15–0.20 m/s² for office buildings and 0.10–0.15 m/s² for residential 

buildings (Simiu, 2011; Simiu and Yeo, 2019).  

In recent years, the application of structural control strategies to mitigate the vibrations of 

tall structures has received increasing attention, with a focus on enhancing their safety and 
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performance (Wani et al., 2022). Passive control methods, such as tuned-mass and tuned-liquid 

dampers, are cost-effective and straightforward to apply. They have been extensively studied 

for vibration control. Zhang et al. (2009) examined fluid-viscous dampers to mitigate along-

wind vibrations in the Hefei TV tower. Najafi et al (2024) conducted an eexperimental and 

numerical study to examine the performance of friction damper on the seismic behavior of RC 

bending frames. Cetin et al.  (2025) experimentally investigated a TMD on a 10-story steel 

frame under harmonic and seismic excitations. The results demonstrated the TMD's high 

effectiveness in reducing structural displacements and accelerations, confirming its potential as 

a passive control solution for enhancing seismic resilience. Khodaie and Eimani (2018) 

proposed a self-control approach to suppress vibrations caused by wind loads in tall TV towers. 

Khodaie (2020) investigated the effect of integrating the tapering strategy as an aerodynamic 

modification and TMD system to control wind effects in super-tall buildings. Aydin et al. (2023) 

experimentally studied different pendulum damper placements on a 3-storey frame under 

harmonic excitations. They concluded that dampers were highly effective at structural 

resonance, and models with multiple dampers also reduced dynamic response. Suthar and 

Jangid (2021) proposed an optimal design methodology for tuned liquid sloshing dampers to 

control across-wind response in tall buildings. Cetin et al. (2025) presented an optimization 

procedure for Multiple Tuned Mass Dampers (MTMDs) to control vibrations in cantilever 

beams under harmonic, seismic, and wind excitations. Their optimized system indicated 

significant reductions in displacement, acceleration, and rotational responses of the beam. 

Similar optimization and efficacy of MTMDs have also been investigated for vibration control 

in tall structures (Elias et al., 2019 and Yang et al., 2021). 

Recent studies have explored advanced control strategies, such as integrating TMDs with 

active or semi-active systems (Pinkaew et al., 2001 and Li et al., 2011). Kim et al. (2014) 
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investigated ATMD systems, which showed significant improvements in vibration control. He 

and Li (2014) studied the motion data of a 492-meter-high building equipped with an ATMD, 

during a typhoon event. Shahi et al. (2018) examined seismic control of high-rise buildings 

using ATMDs, accounting for soil-structure interaction effects. Zhou et al. (2020) examined 

vibrations in a high-rise building equipped with a 600-ton ATMD system during a super 

typhoon, using an LQR-based control algorithm. Jafari and Alipour (2021) reviewed methods 

for controlling wind-induced vibrations in tall buildings, emphasizing both passive and active 

strategies, and highlighted the effectiveness of damping systems and aerodynamic 

modifications. 

The inerter device, introduced by Smith (2002), has been extensively studied over the past 

two decades to enhance conventional passive control systems. This two-dimensional 

mechanical element generates a force that is proportional to the relative acceleration between 

its terminals (Ma et al., 2021). Essentially, an inerter mimics a system with high inertia but has 

a very small mass (Wu et al., 2022). When combined with TMDs, various tuned mass-damper-

inerter (TMDI) configurations can be designed, either by replacing the TMD mass or increasing 

its inertial effect (Weber et al., 2022). Research on TMDI has shown its effectiveness in 

suppressing seismic excitations (Lazar et al., 2014; Lara-Valencia et al., 2020; Wu et al., 2022), 

with the advantage of achieving better vibration control with less added mass compared to 

TMDs. Su et al. (2022) examined inerter-based double tuned mass dampers to improve wind-

induced vibration control and reduce weight in slender structures. Qiao et al. (2022) studied 

structural control of high-rise buildings using TMDI under multi-hazard excitations, optimizing 

design parameters for wind and earthquake responses. Suthar and Banerji (2023) introduce an 

inerter-assisted pendulum-tuned mass damper for crosswind response control in tall buildings. 

De Angelis et al. (2023) investigated the optimal design and placement of TMDI in MDOF 
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structures for enhanced performance. Suthar (2024) proposes an inerter-assisted tuned liquid 

sloshing damper (IA-TLSD) for vibration control in SDOF systems, enhancing performance 

over traditional TLSDs. Pen and Sun (2024) performed reliability-based design optimization of 

TMDI to mitigate structural vibration, improving control and reducing mass. Similar studies 

have also explored the mitigation of wind-induced oscillations in tall buildings using TMDI 

(Giaralis and Petrini, 2017a,b; Zhang and Fitzgerald, 2020). Furthermore, TMDI systems have 

been investigated for controlling vibrations in bridges subjected to earthquakes and wind loads 

(Xu et al., 2019; Dai et al., 2019, 2021; Liang et al., 2021). Additionally, Wang et al. (2020) 

and Pandey et al. (2021) examined the use of inerters to enhance the performance of tuned liquid 

column dampers. 

Previous studies have focused on the role of inerters in passive control systems. This study 

explores the use of an inerter in combination with active mass dampers to control wind-induced 

vibrations in tall TV towers. A numerical example of a tall TV tower is presented, modeled as 

a multi-degree-of-freedom (MDOF) cantilever beam with lumped masses. The wind-induced 

responses are computed and compared under various conditions, including an uncontrolled 

structure, structures equipped with TMDs (with and without an inerter), and structures with 

ATMDs (with and without an inerter). The study also examines the effects of various 

parameters, such as basic wind speed, inertance ratio, TMD mass ratio, and ATMD system 

parameters, through a parametric analysis. 

2. Wind effects  

2.1. Mean wind speed profile 

In this study, the power law is utilized for the wind velocity profile, as expressed below 

(Kwon and Kareem, 2013): 

𝑈(𝑧) = 𝑎𝑈𝑏(
𝑧

𝑏
)𝛼 

 

(1) 
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where Ub denotes the basic wind speed, a, b, and α are terrain constants, and z represents 

height.  

2.2. Along-wind loads  

Along-wind force is stated as the sum of a mean and a fluctuating part. The mean component 

𝑓𝐷̅ and the dynamic component  𝑓𝐷
′(𝑡) per unit height are specified as follows (Simiu, 2011): 

𝑓𝐷̅ =
1

2
𝜌𝑎𝑈̅2𝐶𝐷𝐵 ,       𝑓𝐷

′(𝑡) = 𝜌𝑎𝑈̅𝑢(𝑡)𝐶𝐷𝐵 

 

(2) 

 

where ρa represents air density, 𝑈̅ is the mean wind velocity, u(t) is the along-wind 

fluctuating speed, CD  denotes the drag coefficient, and B represents the length perpendicular to 

the wind direction. The power spectral density (PSD) of the along-wind dynamic force is: 

𝑆𝑓𝐷
(𝜔) = 𝜌𝑎

2𝑈̅2𝐵2𝐶𝐷
2𝑆𝑢(𝜔) 

 

(3) 

 
where 𝑆𝑢(𝜔) is PSD of the fluctuating wind speed, which can be obtained using the 

following formula (Simiu, 2011):  

𝑆𝑢(𝑧,𝑛) =
𝑢∗

2

𝑛

200𝑓

[1 + 50𝑓]5/3
          𝑓 =

𝑛𝑧

𝑈̅(𝑧)
 

 

(4) 

 

where z, 𝑢∗ and 𝑈̅(𝑧) denote altitude, friction velocity, and mean velocity at the point 

considered, respectively, and 𝑓 =
𝑛𝑧

𝑈̅(𝑧)
 is the reduced frequency. The wind speed correlation 

between two distinct points can be computed using the following relation (Simiu, 2011): 

𝑐𝑜ℎ𝑗𝑘(𝑛,𝑧) = 𝑒𝑥𝑝 (−
𝑛𝑐𝑧|(𝑧𝑗 − 𝑧𝑘)|

1/2[𝑈̅(𝑧𝑗) + 𝑈̅(𝑧𝑗)]
 )   

 

(5) 

 

The recommended value for the constant cz is 10.   

2.3. Cross-wind loads 

The PSD of the crosswind force can be expressed as follows (Simiu, 2011): 
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SFs
(z,n)= [

1

2
𝜌𝑎𝐷(𝑧)𝑈2(𝑧)]

2

SCL
(z,n) 

 

(6) 

 
where 𝑆𝐶𝐿

(𝑧,𝑛) is the lift coefficient spectrum: 

𝑆𝐶𝐿
(𝑧,𝑛)

𝐶𝐿̅
2 =

1

√𝜋𝐵𝑛𝑠

[−(
1 − (

𝑛
𝑛𝑠

)

𝐵
)

2

] 

 

 

(7) 

 

where 𝑛 denotes frequency, 𝐶𝐿̅ represents the root-mean-square (RMS) lift coefficient, and 

𝑛𝑠 corresponds to the shedding frequency, around which the fluctuating lift force is focused: 

𝑛𝑠 =
𝑆𝑡𝑈(𝑧)

𝐷(𝑧)
 (8) 

 

St  is the Strouhal number. B represents bandwidth, which is an indicator of the breadth of 

the lift spectrum: 

𝐵2 = 𝐵0
2 + 2𝐼𝑧

2 (9) 

 
B0 denotes smooth flow bandwidth, which typically ranges from 0.05 to 0.1, and Iz is the 

turbulence intensity. The lift coefficient 𝐶𝐿̅, Strouhal number 𝑆𝑡, and the aerodynamic 

damping in the vortex-induced-vibration (VIV) lock-in range 𝜁𝑎 were obtained using the 

following formulas (Menon and Rao, 1997):  

𝐶𝐿̅ = [0.46 + 0.07 𝑙𝑜𝑔(𝐾𝑠 𝐷̅⁄ )](0.754𝑙𝑜𝑔(𝐻 𝐷̅⁄ ) − 0.074) 
 

 

 

(10) 

  

𝑆𝑡 = [0.175 − 0.015𝑙𝑜𝑔(𝐾𝑠 𝐷̅⁄ )](0.452𝑙𝑜𝑔(𝐻 𝐷̅⁄ ) + 0.348) 

 
(11) 

  

𝜁𝑎 = −(
𝜌𝑎𝐷̅2

𝑚𝑒𝑞
)𝐾𝑎      ,      𝐾𝑎 = 𝐾𝑎0 (1 − (

𝜎𝑦

𝜎𝑦𝐿

)) 

 

      𝐾𝑎0 = [0.87 + 0.08 𝑙𝑜𝑔(𝐾𝑠 𝐷̅⁄ )](0.754𝑙𝑜𝑔(𝐻 𝐷̅⁄ ) − 0.074) 

 

 

 

 

 

(12) 

 

where H is height, 𝐷̅ is the effective diameter, which is equal to the averaged diameter over the 

top one-third of the structure, 𝐾𝑠 is the equivalent sand roughness, 𝜎𝑦 is the RMS tip 
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displacement, 𝜎𝑦𝐿
= 0.4𝐷̅ is a limiting RMS displacement, and 𝑚𝑒𝑞 is the equivalent mass 

obtained as: 

𝑚𝑒𝑞 =
∫ 𝑚(𝑧)𝜑𝑟

2(𝑧)𝑑𝑧
𝐻

0

∫ 𝜑𝑟
2(𝑧)𝑑𝑧

𝐻

0

 

 

(13) 

 
 

where 𝜑𝑟(𝑧) is the mode shape, and 𝑚(𝑧) is the vibrating mass per unit length.  

The coherence function between the crosswind forces at two different heights is obtained 

using the following equation (Simiu, 2011): 

𝑐𝑜ℎ𝑗𝑘 = 𝑐𝑜𝑠(2𝑟 3⁄ ) 𝑒𝑥𝑝 (−(𝑟 3)⁄ 2
),      𝑟 =

2|𝑧𝑗 − 𝑧𝑘|

𝐷(𝑧𝑗) + 𝐷(𝑧𝑘)
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3. Analytical model  

3.1.  Structure dynamic properties 

The equation governing the vibration of MDOF structures under dynamic excitations can 

be expressed as follows: 

 𝑴𝒔𝑿̈ + 𝑪𝒔𝑿̇ + 𝑲𝒔𝑿 = 𝑭 (15) 

where X represents the nodal displacements vector and F denotes the vector of excitation 

forces. Ks, Cs, and Ms stand for stiffness, damping and mass matrices, respectively. The 

procedure for determining these matrices for the specific structural model can be found in prior 

studies (Khodaie and Eimani, 2018; Khodaie, 2020).  

3.2. Modeling of TMD and Inerter systems 

General representation of a rack and pinion-type inerter is shown in Fig. 1(a). The inerter 

force (Fig. 1(b)) can be written as follows: 

𝑓𝑏 = 𝑏(𝑢̈2 − 𝑢̈1) (16) 
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where b denotes inertance, and 𝑢̈ represents acceleration response at the inerter terminals. 

Fig. 2 illustrates the schematic of the studied tower and its analytical model equipped with the 

TMDI and ATMDI systems, along with a conceptual detail for the installation of the inerter. In 

this configuration, one terminal is connected to the mass damper, while the other terminal is 

attached at a lower height to the internal wall of the tower shaft. 

Since the inerter force is proportional to the relative acceleration between its terminals, the 

mass amplification effect of the inerter on the TMDI system is significant when one of its 

terminals is connected to the ground or a structural point with a lower acceleration response 

(Ma et al., 2021). Therefore, this approach is adopted in the present research, where the inerter 

is connected between the TMD and the i-th node of the structure, which is at a lower height 

than the TMD (Fig. 2(b)).  

 
Fig. 1 Scheme of: (a) rack and pinion-type inerter (Sun et al., 2017) (b) an inerter with 

associated DOFs (Pandey DK, Mishra, 2021) 

The equation of motion for a TMDI-equipped structure is similar to Eq. (14), requiring the 

inclusion of the inerter, TMD’s mass, stiffness, and damping effects into the corresponding 

overall matrices. For instance, the mass matrix for an MDOF structure with a TMDI system 

(Fig. 2(b)) is given by: 
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𝑴 =

[
 
 
 
 
 
𝑚1

0
⋮
0
⋮
0
0

0

𝑚2

⋮
0
⋮
0
0

⋯

0

0
⋮

𝑚𝑖 + 𝑏

⋮
0

−𝑏

…

0

0
⋮
0
⋮

𝑚𝑛

0

0

0
⋮

−𝑏
⋮
0

𝑚𝑇𝑀𝐷𝐼 + 𝑏]
 
 
 
 
 

 
(17) 

 

   𝑚𝑇𝑀𝐷𝐼 = 𝜇𝑀1,            𝑏 = 𝛽𝑀1 (18) 

 

where n is the number of the lumped masses of the structure, 𝜇 is the TMDI’s mass ratio, 𝛽 is 

the inertance ratio, and 𝑀1 is the first modal mass of the structure. When the inertance ratio 𝛽 

is zero, the TMDI system becomes equivalent to the traditional TMD system. Details of 

obtaining the stiffness and damping matrices for a TMD-equipped structure can be found in 

Khodaie (2020). The frequency and damping ratios for the TMDI system are defined as follows 

(Giaralis and Petrini, 2017b):  

𝑓𝑟 =
√𝑘𝑇𝑀𝐷𝐼/(𝑚𝑇𝑀𝐷𝐼 + 𝑏)

𝜔1
 

𝜁𝑟 =
𝑐𝑇𝑀𝐷𝐼

2√(𝑚𝑇𝑀𝐷𝐼 + 𝑏)𝑘𝑇𝑀𝐷𝐼

 (19) 

where 𝜔1 is the fundamental natural frequency of the primary structure, and 𝑘𝑇𝑀𝐷𝐼 and 𝑐𝑇𝑀𝐷𝐼 

are the stiffness and damping constants of the system, respectively. 

3.3. ATMDI system and the state-space equations 

Active control systems mitigate structural motions by applying external forces. As depicted 

in Fig. 2, the ATMDI system includes stiffness, damping, and inerter elements, as well as a 

sensor and actuator to apply the anticipated active force. For an MDOF structure equipped with 

an ATMDI, the vibration equation is expressed as: 
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Fig. 2: (a) Schematic configuration of the studied TV tower, (b) analytical model of the structure with 

ATMDI, (c) schematic layout for inerter installation, and details of: (d) TMDI, and (e) ATMDI. 

𝑴𝑿̈(𝑡) + 𝑪𝑿̇(𝑡) + 𝑲𝑿(𝑡) = 𝑩𝒔𝒖𝑢(𝑡) + 𝑫𝒔𝒇𝑭(𝑡) 
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 where M, C, and K are matrices corresponding to generalized mass, damping, and 

stiffness, respectively, X and F are displacement and external excitation vectors, and 𝑩𝒔𝒖 

denotes a vector representing the position of the actuator while 𝑫𝒔𝒇 indicates the position of 

external forces. 𝑩𝒔𝒖 and 𝑫𝒔𝒇 for the studied structure are as follows: 

𝑩𝒔𝒖 = [01∗(𝑗−1), −1, 01∗(𝑛−𝑗), 1]
′
 ,     𝑫𝒔𝒇 = [

𝐼𝑛∗𝑛

01∗𝑛
] 
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 where n represents the total node count in the structure and j signifies the specific node 

number where the ATMDI is installed. The state-space relations for Eq. (20) can be written as 

follows: 

𝑍̇(𝑡) = 𝐴𝑍(𝑡) + 𝐵𝑢𝑢(𝑡) + 𝐷𝑓𝐹(𝑡) 

 

 

 

 

(22) 
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where: 

𝑍(𝑡) = [
𝑋(𝑡)

𝑋̇(𝑡)
]
(2𝑛+2)×1

,            𝐴 = [
0𝑛+1 

−𝑀−1𝐾

𝐼𝑛+1

−𝑀−1𝐶
]
(2𝑛+2)

   ,  

  𝐵𝑢 = [
0(𝑛+1)∗1

𝑀−1𝐵𝑠𝑢
]
(2𝑛+2)×1

,                 𝐷𝑓 = [
0(𝑛+1)∗𝑛

𝑀−1𝐷𝑠𝑓
]
(2𝑛+2)×𝑛
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(23) 

 

The structure's output can be expressed based on its current state and the applied control 

input. Various techniques can be employed to determine the optimal active force. The most 

common technique is the LQR method. Fig. 3 illustrates the application of the LQR technique 

to the structure under external excitations. This regulator minimizes a cost function that 

balances control effort and desired control performance. The cost function is given by the 

following performance index (Mei et al., 2020):   

𝐽0 =
1

2
∫ [𝑍𝑇(𝑡)𝑄𝑍(𝑡) + 𝑢𝑇(𝑡)𝑅𝑢(𝑡)]𝑑𝑡

∞

0
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where Q and R are the weight matrices for the states and input, respectively. To minimize 

the cost function Jₒ, the state equation defined by Eq. (22) serves as the constraint. Minimizing 

this cost function gives the relevant control force: 

𝑢(𝑡) = −𝐺𝑍(𝑡) 
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 The feedback gain matrix, G, can be obtained by solving a Riccati equation (Mei et al., 

2020). In this study, as defined by Ricciardelli et al. (2003), the first term of the LQR 

performance index (Eq. (24)), involving the state vector, is defined as follows:  

𝑍𝑇(𝑡)𝑄𝑍(𝑡) = q1 ∗ (𝑥1
2 + 𝑥2

2 + ⋯+ 𝑥n
2)+q2 ∗ 𝑥𝑛+1

2 + 

                            q3 ∗ (𝑥̇1
2 + 𝑥̇2

2 + ⋯+ 𝑥̇n
2) + q4 ∗ 𝑥̇𝑛+1

2 

 

 

 

 

 

 

(26) 

where q1, q2, q3 and q4 are variables of Q, 𝑥 is the displacement, and 𝑥̇ denotes the velocity. 

In the context of a narrowband response, the relationship between displacement and velocity is 
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nearly in phase with the angular frequency of the structure. This relationship is formally 

expressed by the following equation: 

𝑞1 𝑞3 ≈⁄ 𝑞2 𝑞4 ≈⁄ 𝜔1
2 
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(27) 

where 𝜔1 represents the structure's fundamental angular frequency. Under these 

assumptions, the control action of the ATMDI depends on the ratios 𝑞1 𝑞3⁄  and 𝑞1 𝑅⁄ , which 

represent the relative importance of the structure's response versus the ATMDI's response and 

the amount of control energy consumed, respectively. 

 
Fig. 3 Block diagram of the LQR technique applied to a structure subjected to external 

excitations 

4. Characteristics of the tall TV tower and wind modeling assumptions  

To investigate the control efficiency of the studied systems, an illustration featuring a tall 

TV tower is provided. The schematic layout of the examined tower is shown in Fig. 4. The 

assumed structure closely resembles the Milad Tower in Tehran in various structural and 

geometric aspects. However, since both along-wind and crosswind responses are numerically 

investigated in this study, which require extensive wind engineering data, and because this 

information is more readily available for a circular cross-section, the tower's shaft cross-section 

is assumed to be hollow and circular. The geometrical and physical properties of the shaft are 

chosen to align the natural frequency and mass of the example tower very closely with those of 

the Milad Tower. As illustrated in Fig. 4, the tower is constructed with three principal parts 

above the foundation: the shaft, head structure, and antenna mast. The shaft is a reinforced-
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concrete structure, reaching a height of approximately 315 meters from the ground floor. 

Beginning with a 28-meter diameter at ground level, it gradually tapers to 17 meters at the 240-

meter height, maintaining this diameter up to the 315-meter level. The tower's head extends 

from the 240-meter to the 315-meter level. Above that, there is a 120-meter-high steel antenna 

mast. 

 
Fig. 4 Schematic configuration and dimensions of the assumed tall TV tower 

As previously mentioned, the tower is regarded as an MDOF structure. A total of 25 nodes 

is considered. At the tower's head, due to substantial dimensional variations, the distance 

between the nodes is assumed to be smaller than that at other locations. Dimensional and 

physical characteristics of the structural model are detailed in Table 1. 

The assumed values for the required parameters are as follows: ρa=1.25 kg/m³, Ub=30 m/s, 

α=0.36, CD=0.65 (NBCC, 2015). Additionally, the structural damping ratio is assumed to be 

1.5%.  
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Table 1. Geometric and physical parameters characterizing the theoretical model of the 

tower 

Node  Height(m) 

Width 

against 

wind (m) 

Area 

against 

wind (m2) 

Shaft 

outside 

diameter 

(m) 

Moment of 

)4inertia (m 

Mass 

(tons) 

1 20.0 27.08 541.67 27.08 11751.74 7199.53 

2 40.0 26.17 523.33 26.17 9855.69 6427.60 

3 60.0 25.25 505.00 25.25 8180.10 5708.71 

4 80.0 24.33 486.67 24.33 6876.31 5130.86 

5 100.0 23.42 468.33 23.42 5729.40 4597.52 

6 120.0 22.50 450.00 22.50 4726.58 4105.64 

7 140.0 21.58 431.67 21.58 3970.44 3729.56 

8 160.0 20.67 413.33 20.67 3308.58 3385.86 

9 180.0 19.75 395.00 19.75 2732.84 3072.35 

10 200.0 18.83 376.67 18.83 2312.28 2854.03 

11 220.0 17.92 358.33 17.92 1940.86 2655.75 

12 240.0 17.00 270.73 17.00 1614.78 1950.41 

13 250.0 27.75 277.50 17.00 1614.78 2002.28 

14 260.0 38.50 385.00 17.00 1614.78 3120.98 

15 270.0 49.25 492.50 17.00 1614.78 4602.74 

16 280.0 60.00 567.81 17.00 1614.78 5847.98 

17 290.0 45.00 456.25 17.00 1614.78 4068.04 

18 300.0 35.00 350.00 17.00 1614.78 2714.86 

19 310.0 25.00 189.69 17.00 1614.78 1349.87 

20 314.5 17.79 52.74 17.00 1614.78 373.52 

21 315.5 5.98 43.15 5.98 4.87 121.55 

22 345.0 4.65 69.09 4.65 1.91 169.23 

23 375.0 3.30 49.50 3.30 0.54 97.31 
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24 405.0 1.95 29.25 1.95 0.0834 43.45 

25 435.0 0.60 7.03 0.60 0.0015 7.72 

5. Analysis and Results 

The structural responses are obtained for the uncontrolled structure and for structures 

equipped with TMD, TMDI, ATMD, and ATMDI systems. As explained later, the primary 

control objective for the studied tower is to reduce vibrations to levels below the human comfort 

threshold. According to the tower’s schematic layout (Fig. 4), the highest occupancy level 

occurs at approximately 300 meters. This height, corresponding to node 18 and located in the 

upper part of the tower head, is designated as the reference height. Wind-induced responses at 

this level are compared across the various scenarios considered. Control efficiency is defined 

as the percentage reduction in the structure's response compared to the response of the 

uncontrolled structure. The results from the various scenarios are presented and discussed in 

the subsequent sections. 

5.1 Uncontrolled structure 

This section presents and discusses the responses of the uncontrolled tower. Fig. 5 shows 

the first three mode shapes of the tower. The angular frequencies associated with these modes 

are 0.963, 3.988, and 5.711 rad/sec. At the reference level, the static displacement is 14.48 cm 

for the assumed design wind speed of 30 m/s. The responses to varying basic wind speeds up 

to 30 m/s are computed for both along-wind and crosswind directions. Figs. 6(a) and 6(b) depict 

RMS displacement and acceleration at the reference height relative to the basic wind speed, 

respectively. As shown, along-wind responses increase parabolically with rising wind speed, 

while crosswind responses peak at approximately 28 m/s. This marks the critical wind speed, 

where the vortex shedding frequency aligns with the structure's dominant frequency. At this 
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speed, crosswind RMS displacement and acceleration at the reference height are 8.87 cm and 

8.5 cm/s², respectively. The maximum negative crosswind aerodynamic damping ratio, 

corresponding to the critical wind speed, was found to be 0.39% using Eq. (12). This value is 

approximately 26% of the assumed structural damping ratio. The maximum along-wind 

responses measure 6.15 cm and 4.40 cm/s². This indicates that the crosswind acceleration and 

displacement are respectively 44% and 93% greater than the corresponding along-wind 

responses at the assumed basic wind speed. 

   
𝛚𝟑 = 𝟓.𝟕𝟏𝟏 𝛚𝟐 = 𝟑.𝟗𝟖𝟖 

 
𝛚𝟏 = 𝟎.𝟗𝟔𝟑 

Fig. 5. The first three vibration modes and their corresponding frequencies of the tower 
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(a) (b) 

Fig. 6: RMS displacement (a) and RMS acceleration (b) in the along-wind and cross-

wind directions at the reference level versus basic wind speed. 

 

 

 

The structural peak responses are determined by multiplying the RMS values by a peak 

factor of 3.71, derived from a relation provided by Kwon and Kareem (2013). The computed 

crosswind peak acceleration of 31.54 cm/s² exceeds the widely accepted comfort limit for tall 

structures (typically less than 20 cm/s², Simiu, 2011). Due to the dominance of crosswind 

responses and the crosswind acceleration exceeding comfort levels, discussions of controlled 

systems will primarily focus on crosswind responses.  

5.2 TMD system 

The performance of the TMD depends on its frequency and damping ratios. Fig. 7 illustrates 

the variation in normalized crosswind acceleration, defined as the ratio of the controlled 

structure's acceleration at the reference height to that of the uncontrolled structure, for different 

values of frequency and damping ratios. According to the figure, the optimal frequency and 

damping ratios that minimize the structural response are approximately 1.0 and 0.02, 

respectively. The precise optimal values for these parameters require an optimization technique. 

The optimal design parameters for both the TMD and TMDI were determined through an 

iterative optimization process. The objective was to minimize crosswind acceleration at the 
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reference height. The optimization began with an initial guess based on theoretical relations for 

the optimum TMD parameters, derived from a two-degree-of-freedom (DOF) model by 

Warburton (1982), as follows: 

𝑓𝑟𝑜𝑝𝑡 =
(1 + 𝜇)

1
2⁄

1 + 𝜇
  , 

 

 

 

 

 

 

𝜁𝑟𝑜𝑝𝑡 = √
𝜇(1 + 3𝜇/4)

4(1 + 𝜇)(1 + 𝜇/2)
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(28 ) 

Where 𝑓𝑟𝑜𝑝𝑡 and 𝜁𝑟𝑜𝑝𝑡 are the optimal frequency and damping ratios, respectively, and 𝜇 

represents the mass ratio. To evaluate the vibration control efficiency of the TMD, the tower's 

responses at the reference height are computed for various TMD mass ratios (µ = 0% to 5%). 

For a TMD mass ratio of µ = 1%, the TMD mass is approximately 55.17 tons. Table 2 presents 

the results, including the TMD mass ratio, corresponding optimal TMD parameters, and the 

structure and TMD responses. The table shows that the structural response decreases with 

increasing µ. Notably, for µ = 0.5% and µ = 5%, the reductions in crosswind acceleration are 

20.29% and 43.73%, respectively. A higher mass ratio (µ) improves vibration control by 

increasing the TMD's inertia, allowing it to more effectively counteract the building's motion 

and reduce wind-induced vibrations. 
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Fig. 7: Variation in normalized crosswind acceleration at the reference height as a 

function of frequency and damping ratios. 

Table 2. TMD mass ratio and associated crosswind response values for the tower and TMD 

Mass ratio 

µ (%) 

Optimum parameters Cross-wind responses TMD response Acceleration 

Reduction (%)  𝑓𝑑𝑜𝑝𝑡
 ζ𝑑𝑜𝑝𝑡

 𝜎𝑥𝑐
(cm) 𝜎𝑥̈𝑐

(cm/s2) 𝜎𝑥𝑐𝑇(cm) 

0   8.87 8.50   

0.5 1.0020 0.0176 6.93 6.77 125.53 20.29 

1 1.0029 0.0248 6.29 6.21 84.18 26.88 

2 1.0042 0.0352 5.60 5.61 54.92 34.02 

3 1.0052 0.0431 5.18 5.24 42.30 38.31 

4 1.0064 0.0498 4.88 4.98 34.99 41.37 

5 1.0074 0.0558 4.64 4.78 30.11 43.73 

 

5.3 TMDI system 

To evaluate the vibration control efficiency of the TMDI, the responses of the structure are 

computed for µ=1%, and various values of height difference between the inerter terminals, ∆hi, 

and inertance ratio, β. Table 3 displays the structure and TMD responses for µ=1% and β=25%, 

considering different values of ∆hi. Fig. 8(a) shows the variation in crosswind acceleration 

reduction with respect to ∆hi for this scenario. The results indicate that, for constant mass and 

inertance ratios, the control efficiency of the TMDI improves with increasing ∆hi, because of 

the greater acceleration difference between the inerter terminals. Table 4 provides the responses 

for µ=1% and ∆ℎ𝑖=60m, with 𝛽 varying between 0 and 40%. Fig. 8(b) shows how the reduction 

in crosswind acceleration changes with different values of 𝛽.  For 𝛽=0%, the acceleration 

reduction is 26.88%. This reduction increases to 45.13% for 𝛽=40%.    

Table 3. Crosswind responses for the tower and TMDI for µ=1% and 𝛽=25% as a function of ∆ℎ𝑖  

∆ℎ𝑖 (m) Optimum parameters Cross-wind responses TMDI response Acceleration 

Reduction (%)  𝑓𝑑𝑜𝑝𝑡
 ζ𝑑𝑜𝑝𝑡

 𝜎𝑥𝑐
(cm) 𝜎𝑥̈𝑐

(cm/s2) 𝜎𝑥𝑐𝑇(cm) 
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0 1.0029 0.025 6.29 6.21 84.18 26.88 

30.0 1.0028 0.027 6.13 6.06 17.28 28.64 

40.0 1.0040 0.034 5.67 5.66 17.19 33.40 

50.0 1.0054 0.041 5.27 5.31 15.58 37.50 

60.0 1.0068 0.048 4.94 5.03 14.57 40.80 

80.0 1.0097 0.062 4.44 4.60 13.31 45.91 

 

Table 4. Crosswind responses for the tower and TMDI for µ=1% and ∆ℎ𝑖=60m versus 𝛽 

Inertance 

ratio 𝛽(%) 

Optimum parameters Cross-wind responses TMDI response Acceleration 

Reduction (%)  𝑓𝑑𝑜𝑝𝑡
 ζ𝑑𝑜𝑝𝑡

 𝜎𝑥𝑐
(cm) 𝜎𝑥̈𝑐

(cm/s2) 𝜎𝑥𝑐𝑇(cm) 

0 1.0029 0.0248 6.29 6.21 84.18 26.88 

5 1.0030 0.0281 6.05 5.99 33.91 29.50 

10 1.0040 0.0341 5.66 5.65 24.15 33.48 

20 1.0058 0.0441 5.13 5.20 16.55 38.85 

30 1.0077 0.0523 4.78 4.89 13.12 42.45 

40 1.0095 0.0597 4.52 4.66 11.09 45.13 

 

  

(a) (b) 

Fig. 8. Crosswind acceleration reduction percentages for: (a) µ=1% and 𝛽=25% as a 

𝛽 for different values of0m 6=∆ℎ𝑖 µ=1% and (b),  ∆ℎ𝑖 function of 

 

 

 

 

 

 

 

5.4 ATMD system 

To examine the effect of ATMD, the responses of the tower equipped with this system at the 

reference height for µ=1% are computed using the LQR technique for different values of the 

ratios q1/q2 and q1/R, which are introduced in Section 3.3. Fig. 9 illustrates variations in 
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crosswind acceleration reduction for different values of q1/q2 and q1/R ratios. The q1/q2 ratio 

ranges from 20 to 200, and the designated values for q1/R are 109, 1010, 1011, and 1012. As 

illustrated in this figure, the response of the structure decreases with an increase in q1/q2 and 

q1/R ratios. Within the assumed range of values for these ratios, the maximum reduction in 

acceleration is 57.03%. 

Fig. 10 shows the variation in RMS active force as a function of q1/q2 and q1/R. As depicted, 

the active force shows an upward trend with increasing values of these ratios, reaching a 

maximum RMS active force of 28.97 kN within the assumed range of the ratios. 

Fig. 11 illustrates the RMS displacement of the ATMD versus q1/q2 and q1/R for µ=1%, 

demonstrating a distinctive response pattern compared to the structure. In contrast to the 

structural response, the ATMD system exhibits an increase in response with higher q1/q2 and 

q1/R ratios. For instance, for q1/q2= 200 and q1/R=1e12, which corresponds to the maximum 

control action, the RMS displacement of the ATMD is 158.16 cm, indicating that the 

displacement of the ATMD exceeds that of the TMD system by 88%. Therefore, it is crucial to 

note that the higher control performance of the ATMD on the main structure is directly 

associated with an increase in the ATMD's vibration amplitude. 
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Fig. 9. Variation of crosswind acceleration reduction for the ATMD-equipped structure 

versus q1/q2 and q1/R for µ=1%. 

 
Fig. 10. Variation of RMS active force for the ATMD versus q1/q2 and q1/R for µ=1% 

 
Fig. 11.  RMS displacement of the ATMD as a function of q1/q2 and q1/R for µ=1% 

 

5.5 ATMDI system 

For the ATMDI system, control efficiency depends on several factors. These include the 

mass ratio µ, the ratios q1/q2 and q1/R, the inertance ratio 𝛽, which relates to the inerter's 

contribution to the system’s overall inertia (Eq. (18)). Another important factor is the vertical 
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distance between the two terminals of the inerter ∆ℎ𝑖. A larger ∆ℎ𝑖 results in a greater 

acceleration difference between the terminals, which subsequently increases the inerter force 

and improves the system's control performance. 

Figures 12, 13, and 14 respectively show the variations in crosswind acceleration reduction, 

RMS active force, and RMS displacement of the ATMDI system for ∆ℎ𝑖 = 60 𝑚, µ=1%, 

q1/q2=200, under different values of inertance and q1/R ratios. The curves corresponding to    

𝛽 = 0  represent the performance of the ATMD system. These figures indicate that the control 

effectiveness of the system improves with increasing values of 𝛽 and q1/R, which requires 

higher active force. On the other hand, as 𝛽 increases, the displacement of the ATMDI system 

decreases, which is an advantage of this system. 

 

Fig. 12.  Crosswind acceleration reduction for the ATMDI-equipped structure with   

∆ℎ𝑖 = 60𝑚, µ=1%, q1/q2=200  versus  𝛽 and q1/R 
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Fig. 13.  Variation of RMS active force for the ATMDI-equipped structure with        

∆ℎ𝑖 = 60 𝑚, µ=1%, q1/q2=200 versus  𝛽 and q1/R 

 

 

 

Fig. 14.  RMS displacement of ATMDI for ∆ℎ𝑖 = 60𝑚, µ=1%, q1/q2=200 versus 𝛽 and 

q1/R 

 

Table 5 presents the crosswind responses of the structure and the ATMDI for µ =1%, ∆ℎ𝑖 
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table demonstrates that the inerter significantly improves the control efficiency of the system, 

with higher values of 𝛽 leading to more effective control actions. For instance, the acceleration 

reduction values for 𝛽 = 0% and 𝛽 = 10% are 57.96% and 69.18%, respectively. 

Table 5. Crosswind responses of the tower equipped with ATMDI for µ=1%, ∆ℎ𝑖 =60m, 

q1/q2=200 and q1/R=5.0E12 versus 𝛽 

Inertance 

ratio (𝛽) 

Cross-wind responses ATMDI response RMS Active 

force (kN) 

Acceleration 

reduction (%) 𝜎𝑥𝑐
(cm) 𝜎𝑥̈𝑐

(cm/s2) 𝜎𝑥𝑐𝑇(cm) 

0 3.260 3.572 159.59 59.76 57.96 

2 2.564 2.989 116.27 83.82 64.82 

4 2.288 2.774 90.62 95.81 67.35 

6 2.164 2.683 73.69 104.18 68.42 

8 2.103 2.640 61.80 109.91 68.93 

10 2.072 2.619 53.05 113.92 69.18 

 

 

Figures 15(a) and 15(b) illustrate the percentage reduction in crosswind acceleration and 

the ATMDI RMS displacement, respectively, as a function of 𝛽 for mass ratios µ = 0.5% and µ 

=1%, with ∆ℎ𝑖 = 60 m, q1/q2 = 200 and q1/R=5.0E12. The figures indicate that as 𝛽 increases, 

the difference between the responses for to the two mass ratios decreases, highlighting that the 

inerter plays a predominant role in vibration mitigation for the ATMDI systems examined. 

Additionally, as 𝛽 increases, the system's stroke reduces. For instance, at 𝛽= 10%, the crosswind 

acceleration reduction is approximately 69%, and the ATMDI RMS displacement is about 53 

cm. Thus, inclusion of the inerter in the ATMDI not only enhances the system's vibration 

mitigation effectiveness but also reduces its stroke compared to the ATMD. 
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(a) (b) 

Fig. 15: (a) Crosswind acceleration reduction percentages, and (b) ATMDI RMS 

𝛽 versus/R=5.0E12 1and q =2002/q10m, q6=∆ℎ𝑖, 1%0.5 and µ= for displacement, 

 

 

 

 

 

5.6 ATMDI Design Considerations 

The numerical analysis in the preceding section evaluated ATMDI performance for the 

structure. Effective design of this hybrid control system requires establishing clear performance 

targets, typically defined by occupant comfort criteria where peak acceleration serves as the 

primary metric. As referenced in the introduction, acceptable acceleration thresholds for tall 

structures under a 10-year return period range from 15–20 cm/s² for offices to 10–15 cm/s² for 

residential buildings. For the case-study tower, the computed crosswind peak acceleration of 

31.54 cm/s² exceeds these limits, requiring vibration control implementation. 

The parametric study of an ATMDI configured with µ=1%, ∆ℎ𝑖 = 60 𝑚, q1/q2=200, and 

q1/R=5.0×10¹² (Table 5) confirms the system's efficacy, demonstrating that its implementation 

across various inertance ratios yields acceleration reductions of 60–70%, thereby bringing 

structural responses within established comfort thresholds. This enhanced performance results 

from the combined action of the TMD, inerter, and active actuator, which together enable 

considerable design versatility. 

This versatility offers practical advantages. For example, to achieve a specific design 

objective, such as a 62% acceleration reduction (corresponding to β=1% in Table 5), multiple 
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design alternatives exist. Table 6 presents various combinations of mass ratio (µ), inerter height 

difference (∆ℎ𝑖), and inertance ratio (β) to achieve this control level, which allows designers to 

balance performance objectives against practical constraints such as the required space for the 

TMD mass block, the installation feasibility of the inerter mechanism, and the capacity and 

power requirements of the active actuator. Consequently, the design process becomes an 

optimization exercise within a multi-parameter solution space, enabling selection of the most 

feasible and efficient configuration for a given project. 

Table 6. Alternative ATMDI designs for a sample 62% crosswind acceleration reduction 

target (q1/q2=200 and q1/R=5.0E12) 

Mass ratio 

µ(%) 

height difference 

∆ℎ𝑖(m) 

Inertance 

ratio 𝛽(%) 

RMS Active 

force (kN) 

1.0 30 2.7 92.5 

1.0 40 1.8 83.64 

1.0 50 1.3 79.04 

1.0 60 1.0 76.21 

0.5 30 11.0 106.69 

0.5 40 4.9 142.70 

 

 

6. Conclusion 

This study evaluated the effectiveness of the inerter-based active tuned mass damper 

(ATMDI) for controlling wind-induced vibrations in tall TV towers, and compared its 

performance with other systems, including TMD, TMDI, and ATMD. While the primary goal 

was to assess the ATMDI system, a parametric comparison of all four systems was also 

conducted. These comparative results provide valuable insights for selecting the most suitable 

system, customized for specific conditions and available resources in practical applications. A 

tall TV tower was modeled as a multi-degree-of-freedom system and structural responses were 

analyzed for basic wind speeds up to 30 m/s in both the crosswind and along-wind directions. 
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The maximum crosswind acceleration at a basic wind speed of 28 m/s was identified, which 

was approximately 93% greater than the maximum along-wind acceleration and surpassed the 

human comfort limits. Therefore, the effectiveness of the control systems in reducing crosswind 

acceleration is examined and discussed. Below is a summary of the results obtained under 

various conditions: 

All four systems demonstrated a positive impact on reducing crosswind acceleration. 

However, the ATMDI system, which integrates both active control and the inerter, proved to 

be the most effective in vibration control. Specifically, the reductions in crosswind acceleration 

for µ=1% were 26.88% for TMD, 38.85% for TMDI (𝛽 = 20%, ∆ℎ𝑖=60 m), 57.96% for ATMD 

(q1/q2=200 and q1/R=5.0E12), and 69.18% for ATMDI (𝛽 = 10%, ∆ℎ𝑖=60 m, q1/q2=200 and 

q1/R=5.0E12). 

Higher control efficiency for TMDs typically requires larger mass dampers, which can 

present installation challenges and may negatively impact internal forces in the structure, 

particularly seismic forces. The inerter enhances the performance of the mass damper without 

requiring a significantly large increase in mass. In the case of ATMD, the application of active 

force improves control, but the large stroke of the damper may limit its effectiveness. In 

contrast, the ATMDI system not only provides superior control but also significantly reduces 

the damper stroke compared to the ATMD. 

Despite the advantages of the ATMDI system, its practical application comes with several 

limitations: 1) For a fixed mass ratio, the higher control capability of ATMDI compared to 

ATMD requires more active force; 2) In both TMDI and ATMDI systems, the performance of 

the inerter depends on the acceleration difference between its terminal attachment points, and 

in tall structures, the significant height difference required for effective inerter performance 

(e.g., more than 10% of the height of the reference point) may pose challenges for the 
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installation of the inerter; 3) The integration of the inerter with an active system introduces 

mechanical complexity, potentially leading to increased maintenance and operational costs. 
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