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Abstract

Lotus leaf is famous for its so-called lotus effect, which has evoked many
advanced biomimetic designs, especially for surface’s wetting properties, its
tree-like veins are also a source of brilliant innovations. The geometry of the
veins is similar to that of blood vessels, where Murray’s law can elucidate
the branched structure. However, the law is not valid for the lotus’ vein
structure. Here we find a new law to reveal the geometry, and its biological
understanding is elucidated, furthermore Murray’s law is a special case of
the new found law. Our findings may be of great biological and
technological importance, especially in plant ecology, urban traffic
planning, watershed planning, and chemical engineering.
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1. Introduction

The lotus leaf has been a subject of scientific study for a considerable period, distinguished by its distinctive
"lotus effect," a phenomenon characterized by its exceptional superhydrophobicity and self-cleaning behavior,
attributable to its nano/micro-scale surface morphology [1]. This distinctive property has led to the development of
pioneering biomimetic designs, encompassing self-cleaning coatings [2, 3], omniphobic surfaces [4], and
microelectromechanical systems (MEMS) [5, 6]. The periodic solutions of MEMS systems have undergone
extensive research [7, 8]. The geometrical potential theory [9] has provided theoretical frameworks for explaining the
wetting properties, while empirical studies have demonstrated its mechanical robustness [10].

The hierarchical structure of the lotus leaf has been employed for a variety of purposes, including vibration-
proofing [11, 12], the creation of artificial blood vessels [13], the development of soft machines [14, 15], and the
fabrication of electronic skins [16].

Despite the extensive research conducted on the leaf's surface architecture, the hierarchical vein structure—with
its tree-like branching morphology—has received comparatively less attention, notwithstanding its critical role in
fluid transport and mechanical support. Early anatomical studies of leaf veins primarily focused on taxonomic
implications. In contrast, recent investigations have highlighted the functional significance of vein networks in plant
ecology, paleoenvironmental reconstruction, and urban infrastructure planning (e.g., traffic and watershed
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management).

The branching pattern of lotus leaf veins exhibits a remarkable similarity to biological vascular systems, thus
prompting investigations into the applicability of Murray's law—a seminal principle in fluid dynamics that describes
optimal branching in transport networks [17]. Murray's law postulates that the cube of the mother vessel's diameter is
equivalent to the sum of the cubes of the daughter vessel diameters. This relationship is extensively employed in the
context of modeling blood vessels [18] and microfluidic devices [19, 20]. However, our preliminary experiments
reveal significant discrepancies between Murray's law predictions and measured vein diameters, indicating its
inadequacy for describing lotus leaf venation. This invalidity is consistent with recent findings in non-vascular
systems, such as the lymphatic network [21], highlighting the necessity for a revised theoretical framework.

The objective of this study is to establish a novel law for lotus leaf vein geometry, integrating fluid mechanics
and geometric potential theory. It is demonstrated that the novel legislation not only rectifies the limitations of
Murray's law but also incorporates it as a particular case. The proposed framework underscores the pivotal function
of surface-enhanced transport, a phenomenon propelled by geometric potential and surface tension. This framework
elucidates its ramifications for biological fluid dynamics and engineering applications, encompassing microchannel
design, ecological modeling, and urban infrastructure optimization.

2. Lotus leaf’s vein geometry and fluid transport framework

The lotus leaf exhibits a distinctive hierarchical venation system, see Fig.1, characterized by a central primary
vein branching into secondary and tertiary veins in a tree-like architecture. This morphology, as visualized in Fig. 1,
resembles biological vascular networks in both geometry and branching patterns, with each vein tree featuring
bifurcated structures that distribute fluids across the leaf surface. Microscopic observations reveal that the vein
diameter decreases exponentially with branching order, while the bifurcation angles vary dynamically to adapt to
spatial constraints. Notably, 20 vein trees were initially identified on the measured leaf surface, though four were
excluded due to abnormal development or severe geometric distortion, highlighting the influence of environmental
factors on venation morphology.

Fig.1 Lotus leaf’s vein geometry

Murray 1926 law [17], a cornerstone in vascular network theory, posits that the cube of the mother vein diameter
(do) equals the sum of the cubes of daughter veins (d; and d»):

(do )3 = (dl )3 + (dz )3 (1)

Eq.(1) is a widely adopted analytical tool in the study of diverse biological networks [18], as well as a key design
principle to design hierarchical structures [23,24]. For sample No. 6 (do = 3.32mm, d;= 1.57 mm, d,= 1.33mm),
calculations yield 3.32% =36.59 vs. 1.57% + 1.333% =6.2225, demonstrating a 83% discrepancy. This invalidity is
consistent across 16 samples, see Fig. 2, where the predicted (do)® by Murray’s law systematically overestimates
experimental data.
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Fig.2 Prediction by Murray’s law (star points) vs the experimental data (cycle points)

Previous modifications of Murray’s law also fail to describe lotus venation. Talkington et al. [21] proposed an
exponent of 1.45 for lymphatic vessels:

(d0)1.45 :(d1)1.45 +(d2)1.45 (2)

Yet for sample No. 6, 3.32!4=5.69 vs. 1.57'4+1.33!% = 3.43, the 40% error suggests the potential invalidity of
the modified law in this study. Tree-like branching networks have been employed extensively in the study of
permeability in porous concrete [22, 23], microchannels [24-26], and natural fibers [27]. In a study by Li and Yu [28], a
modified Murray law was proposed as a means of optimizing thermal conductivity, which is

(dy)* =(d,)* +(d,)’* 3)

But 3.32%= 11.02 vs. 1.57*+1.33%= 4.23, the 62% error shows that Eq. (3) is invalid for the lotus surface’s vein
trees. Some researchers have employed fractal theory to examine the Murray law [29]. The tree-like geometry
suggests a fractal modification as a natural consequence, which can be written in the form [29]:

(dy)" =(d)" +(d,)" )

where @ is the fractal dimensions. The tree-like vein is of fractal character, and the two-scale fractal geometry [30-
32] can model its geometry, and the fractional models can model the diffusion in the network [33-36]. It should be
pointed out that the vein tree is something like a fractal partner, but Eq. (4) might be valid for some special cases.
Nevertheless, it should be noted that the value of & in the aforementioned equation is not equivalent to the fractal
dimensions, so fractal modifications [29] also prove inadequate, indicating that lotus veins require a fundamentally
new theoretical framework.

For laminar flow in cylindrical veins, the Hagen-Poiseuille equation describes volumetric flow rate

_ zr*AP
SuL

Q 6))

where r is the vein radius, AP is the pressure gradient, g is fluid viscosity, and L is vein length. This equation
highlights that flow rate scales with the fourth power of diameter, underscoring diameter’s critical role in fluid
transport. For lotus veins, the non-Newtonian properties of phloem sap (e.g., viscosity = 107 Pa-s) and varying L
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necessitate integrated modeling of branching networks.
Based on 16 valid vein trees, we derive the following relationships for diameter and length:

g d . d

=
cosq, cosa,

L L
— 1 2
L,= +
cosq, cosa,

(6)

(7

where do and Lo represent the diameter and length of the mother vein, while di and L; (i=1,2) correspond to the
diameters and lengths of the daughter veins. A total of 16 primary vein trees were selected on a lotus surface, and
the resulting comparison is presented in Figs. 3 and 4, respectively. The data indicate a relatively high degree of
agreement. The sample No.4 has the largest error, the second cascade has not bifurcated, see Fig.1.

10

260

240

220
200
180
160
140
120
100
80
60
40
20
0

L * d,

® d /cosa td,/cosa,

e ©
I ® * §
® ¥ x * *
%o ® x o & ?
2 & o o )

- * *

Lacba b oLg U b 450 e 0 o Vel 51 s 0 21 &1 o 1 &1 ¢ |
0 1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 17
Samples

Fig.3 Comparison of the vein's diameter by our model and the experimental data
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Fig.4 Comparison of the vein's length by our model and the experimental data

The accuracy of the prediction regarding the length of the daughter veins has been found to be relatively poor.
This is due to the fact that the morphology of each vein tree within the lotus leaf is contingent upon the external and
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internal environmental conditions. To illustrate, the angle between the two adjacent trees marked with “X” in Fig. 1
is only 5 degrees, a value that is considerably less than the others. The intense competition for space results in the
two trees exhibiting a pronounced degree of curvature.

The geometric pattern expresses a simple aesthetic with a simple mathematical formulation, the simpler is the
better, it can also be seen as the most efficient representation of mass, energy or electricity transport on the divine
nature, which is based on Plato's ideas that God created the universe according to a geometric plan— “God
geometrizes continually”.

Combining with Hagen-Poiseuille flow, the flow distribution ratio between daughter veins is:

U (s sy ®)

0, d,” cosq,

This reveals that flow allocation depends on both diameter and branching angle, explaining why Murray’s law—
ignoring angle effects—fails for lotus veins.

3. Blood vessels vs plant veins: Fluid transport contrast

A fundamental distinction between biological vascular systems lies in the vectorial direction of fluid transport. In
mammalian blood vessels, blood flows from the high-pressure aorta to low-pressure capillaries, a unidirectional
process optimized for oxygen and nutrient delivery. By contrast, lotus leaf veins facilitate transport in the opposite
direction: fluids (e.g., phloem sap) move from minute terminal veins toward the primary vein, driven by osmotic
pressure and transpiration pull (Fig. 5).
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Fig. 5 Blood vessels vs plant veins

This inverse transport vector has profound implications for network geometry, as evidenced by the following
contrasts:

1. The concept of branching polarity is a critical component in this field of study. Blood vessels exhibit
"downstream" branching, also known as "mother-to-daughter" branching, while lotus veins feature "upstream"
branching, otherwise referred to as "daughter-to-mother" branching. This results in divergent versus convergent flow
patterns.

2. The process of diameter scaling is a critical component in the overall analysis. In the context of blood vessels,
it has been observed that the diameter undergoes a decrease in proportion to the branching order, with the aorta
exhibiting a lower diameter compared to the capillaries. Conversely, lotus veins demonstrate an increase in diameter
as they approach the primary vein. This design, characterized by an increase in diameter towards the primary vein,
serves to minimize flow resistance in the context of convergent transport.

3. The pressure gradient is defined as the difference in pressure between two points, which is calculated by
dividing the difference in pressure by the distance between the two points. It is important to note that blood vessels
rely on cardiac-driven pressure gradients, while plant veins depend on osmotic and surface tension-driven potentials.
This highlights the existence of distinct energy sources for fluid motion.

The inverse transport direction necessitates a modified theoretical framework for plant veins. For blood vessels,
Murray’s law assumes downstream flow, but for lotus veins, we derive the following relationships by incorporating
transport vector and branching angles:
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d,cosa, =d, cosa, +d, cosa, (€)
L,cosa, =L cose, + L, cosa, (10)

where ¢, is the angle of the mother vein relative to the transport vector, and ¢, ¢, are daughter vein angles. This

formulation accounts for the vectorial component of flow, as each branch’s contribution is weighted by its cosine
angle to the main transport direction.

In the event that L, =L, , d, =d, and o, =, , the following is true:
L,=2L cosq, (11)
d, =2d, cosq, (12)

When o, =a, =7 /4, we have
d, =2d, cos(%) =24, (13)

This is the Li-Yu law [28], which describes the optimal thermal conduction process. When ¢ =a, =0.8893,

the result is
d, =2d, c0s(0.8892939) = 0.6299 (14)
This is a requisite consequence of Murray's law [17]:
d,=2"d, =0.6299d, (15)

Consequently, our model, as delineated in Egs. (11) and (12), encompasses both Li-Yu law and Murray's law as
particular instances.

4. Surface-enhanced fluid transport mechanism

The preceding theory posited that the branching network should maximize hydraulic conductance [37]. Our
experiment demonstrates, however, that it is vector transport through the surface, with the surface of the veins
playing an important role in the transport process. To ascertain how this optimal outcome may be attained, we put
forth a novel concept: the surface-enhanced transport. All previous theories assumed that transport occurred through
microtubules. The results in this paper demonstrate that the optimal network is achieved by the surface. It is
therefore evident that the surface area of the network should be maximized in order to facilitate the most efficient
reception and distribution of substances. The process of transport itself is of lesser importance in comparison to the
aforementioned reception and distribution. In the event that the quantity of nutrients is insufficient, the speed of
transport is of no consequence.

The lotus vein’s nano/micro-scale topography generates a significant surface tension gradient, driving fluid
transport via the Young-Laplace equation:

1 1
AP=y(—+— 16
7/(R1+R2) (16)

where AP is the pressure difference across the fluid interface, y is the surface tension coefficient, and R,, R, are
the principal radii of curvature. For lotus veins, the hierarchical roughness (e.g., micro-papillae and nano-wax
crystals) creates curved interfaces with R <100 nm, R, <100 nm, yielding AP ~ 10 Pa—sufficient to drive fluid
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motion independent of osmotic pressure.
This surface tension effect is formalized by the geometric potential theory [9], which defines the potential energy
per unit area as:

2h
O=y(1+—
7/(+R) amn

where £ is the feature height of surface roughness. For lotus leaves, #=5~10um and R =50~100nm, giving

® =10°J / m*—an order of magnitude higher than smooth surfaces.
Combining Young-Laplace and Hagen-Poiseuille theories, the fluid velocity (v) in lotus veins is governed by:

VoC pad (18)

ML

This relationship reveals that surface-enhanced transport scales with the square root of geometric potential,
explaining why nano-structured veins facilitate up to 100,000-fold faster flow than predicted by traditional fluid
mechanics [38].

We consider a special case when ¢ =, =7/ 3, this results in

d, =2d, cos(%) =d, (19)
L, =2, cos(%) =1 (20)

That means Ly=L=L, and dy =d, :dZ, such a case arises in the minimum tree problem [39], and it is the
fundamental geometry pattern in carbon nanotubes and graphene [40, 41]. This geometrical structure provides a rapid
surface-enhanced transport of thermal energy [42] and surface-enhanced transport of electrical current [43, 44], which
gives rise to a multitude of applications in engineering [45, 46].

5. Discussion

In this article, we present a new law for the geometry of veins on the lotus surface. The formulations given in
Egs. (6) and (7) and the modified Murray law given in Eqgs. (9) and (10) suggest the existence of a hidden surface-
enhanced transport phenomenon. This phenomenon is characterized by a dependence of transport efficiency on the
surface of the branches and the surface energy (geometrical potential) [9, 47], which may serve as the primary factor
for the transfer of water, nutrients, and metabolites. This finding has significant potential for technological
advancement in a number of fields, including plant ecology, global warming index, urban traffic planning,
watershed planning, drug delivery, and others. The surface-enhanced tree-like network also offers promising
applications in permeability, diffusion, catalysis, electrode materials, and reactors. The implications of this research
are far-reaching, with potential applications in biomimetic optimized networks for water evaporation [48], fractal
microreactors [49], and high filtration efficiency [50]. It is our expectation that this assay will serve as a foundation
for more advanced investigations into the tree-like branched structure, with a view to potential applications in both
biological and technological contexts.

The following limitations are currently in effect:

1. The phenomenon of species specificity is defined as follows: The model has been validated in lotus leaves;
however, further testing in other plant species (e.g., ferns, succulents) is necessary to confirm its universality.

2. The occurrence of non-Newtonian effects has been observed. The viscosity of phloem sap was found to vary,
and future studies could incorporate the phenomenon of shear-thinning properties.

3. The dynamic environmental factors are as follows: Spatial competition between vein trees (e.g., 5° angle
cases) was observed; however, the long-term environmental stress effects (e.g., drought, temperature) remain
uninvestigated.

Future research may explore the following:
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Multi-physics modeling of vein transport is a multifaceted approach that integrates various physical phenomena,
including osmotic pressure, surface tension, and transpiration pull.

The employment of 3D bioprinting technology to engineer synthetic vein networks has emerged as a novel
approach for conducting in vitro transport studies.

The utilization of renewable energy has been demonstrated in a variety of applications, including lotus-inspired
solar water evaporation systems.

6. Conclusion

This study proposes a novel theoretical framework for understanding biological transport networks. Integration
of fluid mechanics, geometric potential theory, and experimental validation is demonstrated to reveal that lotus leaf
veins exhibit a modified Murray law, optimized for surface-enhanced transport. The new framework:

1. This study resolves the invalidity of traditional vascular models in plant systems.

2. It unifies diverse branching laws under a single theoretical umbrella.

3. It facilitates the development of biomimetic designs, with applications ranging from microfluidics to energy
and urban planning.

The findings emphasize the significance of interdisciplinary research at the intersection of biology, mechanics,
and materials science, thereby establishing a foundation for the development of next-generation technologies that
draw inspiration from natural transport networks.
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