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Abstract

This study presents first principles derivation of the partial differential equations (PDEs) for
flexural solutions of Mindlin’s first order shear deformation plate theory (MFSDPT). The
PDEs were formulated using the kinematics, constitutive and equilibrium equations in an
equilibrium approach. The resulting PDEs are coupled system of three PDEs in three unknown
displacements — one transverse displacement w and two rotations A, and A,. The study

considered a simply supported thick plate bending problem for illustrative solutions. Double
finite sine transformation methodology (DFSTM) was utilized for solutions in that double sine
kernel functions of the transformation satisfies the simply supported boundary conditions. The
DFSTM simplified the system of PDEs to a system of three algebraic equations with
displacement amplitudes Wmn, Amn and Bmn for w, 1, and 1, respectively. Analytical solutions

were obtained for uniformly and linearly distributed loadings transversely applied on the
domain. The present results for in-plane and transverse displacements are comparable to
previously obtained results. The MFSDPT results are closed form in the theoretical framing of
small displacement elasticity theory for homogeneous, isotropic thick plates. The DFSTM has
been shown to give accurate solutions to the resulting equations.

Keywords: Mindlin plate, first order shear deformation plate theory, double finite sine
transform method, integral transform, differential equation of equilibrium
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1. Introduction

Plates are load transmitting structures used
in naval, aeronautical, spacecraft, building,
machine and civil structures. They are
known to have in-plane dimensions that are
much larger than their transverse
dimensions. The in-plane dimensions are
length and breadth while the transverse
dimension is the depth, h. They can be
subjected to static, dynamic or in-plane
compressive forces. Depending on their
natural properties, they can be isotropic,
anisotropic, orthotropic; homogenous or
non-homogenous. When made of different
materials, they are called composite plates
(Pagano, 1970). They can also be made of
laminae and hence become laminated
plates. They can be of different shapes —
rectangular, skewed, circular, trapezoidal,
rhombic, or polygonal.

The behaviour of plates is largely
determined by the ratios of the least in-
plane dimension to the thickness, h. Plates
are called thin when the ratio of the
thickness to the width is less than 0.05;
called moderately thick when this ratio
exceeds 0.05 but less than 0.1; and thick
when the ratio exceeds 0.20.

Commonly, thin plates have ratios of
width (a) to thickness (h) lying between 8

and 100. Thick plates have 8/ <10. When

the ratio of depth to breadth is greater than
0.10, the use of thick plate theories become
imperative because it becomes thick.

Kirchhoff (1850) derived Kirchhoff
plate theory (KPT) for plates bending using
the Navier-Kirchhoff hypotheses requiring
rectilinear lines originally orthogonal to the
plate’s middle surface remaining rectilinear
and orthogonal to the plate’s mid surface
after flexural deformations, and also
remains unstretched (Alcybeev et al, 2022;
Goloskokov  and  Matrosov, 2022;
Singhatandgid and Singhanart, 2019).

The Navier-Kirchhoff orthogonality
assumptions imply that transverse shear
deformation effects are neglected in the
formulation, thus restricting validity for

resulting theory to slender plates where
transverse shearing deformation effects do
not significantly affect the flexural or
buckling behaviours (Ike, 2022; Mama et al,
2020). KPT gives a fourth order partial
differential equation in terms of the
transverse displacement, and has been
solved using several methods yielding good
results for thin plate bending, but
unsatisfactory results for moderately thick
and thick plates.

Classical plate bending theory (CPBT)
is one of the oldest theories used for plate
bending solutions. The CPBT equations
exclude transverse shear deformation
effects and this limits it to thin plates. It has
been observed that CPBT underestimates
the deflection of thick plates, rendering it
unsafe for use in thick plate bending
analysis. The CPBT also gives
overestimated values for natural vibration
frequencies and stability loads when
applied to moderately thick plates. The
errors of the CPBT when used for thick
plate analysis increase with increase in the
plate thickness. The drawbacks of the
CPBT have resulted in the search for
refined, sinusoidal, hyperbolic and
parabolic plate theories for the analysis of
moderately thick plates.

Several researchers have formulated
other theories that consider transverse
shearing deformation effects on bending
and buckling solutions of plates. The
effects of transverse shear deformation is
significant for the flexural and stability
solutions of moderately thick and thick
plates.

The formulations of the first order
shear deformable plate theories involve the
introduction of transverse shear correction
coefficient. =~ The  shear  correction
coefficient is required in order to correct the
transverse shear stresses obtained by
Mindlin’s FOSDPT. This is because the
FOSDPT vyields constant values of
transverse shearing stresses across the plate
depth, rather than parabolic or quadratic



transverse shearing stresses distribution
obtained using classical mathematics
theories of elasticity. The fact that
transverse shear stress-free boundary
conditions are violated in the FOSDPT has
been considered to be a serious limitation
of FOSDPTSs.

However, transverse shear stress
correction coefficients ameliorate the
discrepancies obtained in the FOSDPT
estimation of transverse shear forces and
the elasticity solutions. Extensive research
works have been presented for issues of
determinations use of transverse shearing
stress correction parametres.

Mindlin (1951) used a displacement
based procedure to derive another theory
called Mindlin plate theory (MiPT),
another first order shear deformable plate
theory. The GPDE are represented by three
equations, with three unknown
displacements — two rotations and one
transverse deflections.

In MiPT, the transverse shear stress at
the plate surfaces (z = +0.5h) are constant

and hence violate the transverse shear stress
free boundary conditions at the plate
surfaces. In order to overcome this defect,
transverse shear stress correction factors
were defined in order to ensure the
prediction of correct strain energy of
deformation.

Nwoji et al (2018) studied the bending
solutions of simply supported rectangular
Mindlin  plates under bisinusoidal
transverse loading covering the plate. They
obtained closed form analytical solutions
that satisfied the PDEs of equilibrium at
every points, and also satisfied simple
support  boundary conditions.  Their
solutions agreed with previous solutions in
literature.

Despite its amelioration by the shear
correction factors, the violation of the
transverse shear stress-free boundary
conditions of the surfaces (z = £0.5h) is the

major defect of the MiPT. In addition, there
is a lack of systematic procedure for

calculating the transverse shear stress
correction factors in FOSDPT.

Mindlin plate theoretical frameworks
are basically simple to use for modeling the
shear deformation behaviour of thick plates.
Research efforts to further improve on the
FOSDPTs by obviating the need for
transverse shear stresses correction factors
have led to the development of transverse
shear deformable plate theories (SDPTSs),
Higher order shear deformation plate
theories (HOSDPTs) and Refined shear
deformation plate theories (RefSDPTS).

SDPTs were studied by Ghugal and
Pawar (2011). Ghugal and Pawar (2011)
used hyperbolic shear deformable plate
theoretical framework for the flexural and
buckling solutions of thick plates,
respectively. Ghugal and Sayyad (2013)
also presented TSDPT for the bending
solutions of thick orthotropic plates.
Sayyad (2013) used exponential shear
deformable plate theories (ESDPT) for the
bending solutions of thick non-isotropic
plates.

HOSDPTSs were investigated by Reddy
(2004). Refined shear deformable plate
theories (RefSDPTs) were derived and
implemented by Do et al (2020) and
Rouzegar and Abdoli Sharifpoor (2015).

Thick  plates  problems  were
formulated and solved using exact methods
of the theory of elasticity by Pagano (1970).
Finite difference method (FDM) has been
utilized for approximate analysis of plate
problems by Pisacic et al (2019).

Onyeka et al (2023) explored a
polynomial displacement function in a
potential energy methodology to find
bending solutions for thick plate with
simply supported, free and clamped (SCFS)
edges. They obtained solutions for center
deflections that were 2.9% — 3.7% different
from the exact solutions of three
dimensional (3D) elasticity theory.

Onyeka et al (2022) used an energy
minimization methodology for bending
solutions of thick rectangular clamped



plates. They used 3D kinematic and
constitutive relations and shear correction
factors were not needed in their equations.
They used a trigonometric displacement
function to obtain satisfactory results that
differed from the Mindlin plate solution by
3.02% and differed from the HSDPT (using
polynomial displacement function) by
0.33%.

Gajbhiye et al (2021) used a fifth order
shear deformable theoretical framework for
free vibration solutions of thick isotropic
plate, but didn’t consider the use for
flexural analysis. In another study,
Gajbhiye et al (2022) explored a quasi-
three-dimensional theoretical formulation
considering transverse shearing and normal
deformations for obtaining flexural
solutions of simply supported sandwich
plates. Their work did not need transverse
shearing stress modification factors and
satisfied the transverse shear-stress free
boundary conditions at the plate surfaces.
They utilized virtual work principle for
obtaining the domain equations of
equilibrium and the boundary conditions,
and Navier’s single series method to obtain
accurate solutions for sinusoidal and
uniformly distributed transverse loadings.

Zhong and Xu (2017) studied
analytical flexural problems of rectangular
thick plates with clamped edges. The thick
plate was modelled using Mindlin plate
theory. They introduced a new function that
was used to decouple the three coupled
equations of the plate into three
independent uncoupled PDEs that could be
solved separately.

Do et al (2020) developed a single
displacement variable refinement of plate
theory for the flexural solutions of
functionally graded material (FGM) plates.
They used a displacement method and
equilibrium approach to find field
equations that did not need shear correction
factors. They applied Navier’s series
methodology for obtaining accurate

bending solutions for simply supported
plates.

Rouzeger and Abdoli Sharifpoor (2015)
implemented a finite element method using
the two-displacement variables refinements
of plate theory (RefPT) for the bending
solutions of plates. The RefPT used is
applicable to slender plates and to thick
plates and yields quadratic variations of
transverse shear stresses across the depth,
thus satisfying the transverse shear-stress
free boundary conditions at the plate
surfaces (z = +0.5h)

Onah et al (2020) have formulated
using rigorous first principles methods
displacements and stress functions for three
dimensional analysis of elastostatic flexural
problems, and illustrated their applications
for accurate bending solutions of thick
circular plates under transverse uniformly
distributed load.

Recently, lke (2023) presented third
order shear deformable plate flexural
formulations for moderately thick and thick
plates. The formulation used a third order
polynomial function of the transverse
coordinate, made to satisfy the 3D strain-
displacement relations of elasticity theory
and the transverse shear stress-free
boundary conditions at z=+0.5h. The
formulations used variational calculus
methods for deriving system of domain
equations which were coupled and
contained three unknowns. The set of
coupled equations was solved for various
loading cases using Navier’s series method.
Exact solutions were obtained in the study
as all boundary conditions were satisfied
together with the governing PDEs.

Haggblad and  Bathe  (1990)
investigated plate bending finite elements
derived via Ressner Mindlin plate theories
(RMPTS). Their work provided insight and
guidance on how to choose boundary
conditions in the RMPT based finite
elements. Belounar et al (2020) developed
novel triangular finite elements for the
natural dynamics analysis for plates. They



used the RMPT and strain-based
formulation; and used three displacement
degrees of freedom at each of the three
corner nodes. The element was based on a
linear variation of the three bending strains
and constant transverse shear strains. The
element was found to give accurate results
for moderately thick plates.

Shahnavaz et al (2023) derived
accurate solutions for the freely vibrating
in-plane FGM plates using displacement-
based FEM by using accurate shape
functions that interpolate the displacement
field inside the element. Their work
however did not consider static bending
analysis.

Altekin (2018) studied RMPT in the
analysis of thick elliptical shaped plates
under transverse load by the use of four-
noded isoparametric quadrilateral plate
bending elements having three degrees of
freedom per node. Parameter based studies
in their work showed that the results agreed
with previous results.

Zhong and Xu (2017) studied flexural
analysis of rectangular thick plate with
various combinations of clamped and
supported edges. They used Mindlin’s

higher-order shear deformation plate theory.

They used novel functions to uncouple the
three coupled PDEs of the domain, thus
rendering them solvable independently.
They solved the uncoupled equations to
obtain closed form solutions for clamped
and supported edges. Shetty et al (2022)
developed a third order one-displacement
variable plate model for “bending analysis
of thick plates with simply supported
edges”. The merit of their formulation is
that the domain equation and expressions
for internal forces are analogous to those of
thin plates bending theories equations.
Other significant studies on plates include:
Yekani and Fallah (2020); Belounar et al
(2020) and Kianmofrad et al (2018).
Literature review shows that there are
few studies on the flexural vibrations of
thick plates modeled using Mindlin plate

theoretical frameworks and focused on a
first principles systematic derivation of the
governing domain equations. Still very few
studies have focused on providing solutions
to the Mindlin plate equations for bending
of thick plates under uniform and linear
distributed transverse loadings.

In this paper, thick plate flexure
analysis problems are modeled via Mindlin
plate theory derived rigorously using
Newtonian equilibrium methods, and the
fundamental  principles of  small
displacement elasticity theory in three
dimensions. The governing equations of
equilibrium derived are solved using
double Fourier series method for the case of
simply supported plate boundaries and the
two cases of transversely applied:

- uniform loads, and
- linear distribution of loadings.

2. Theoretical Framework

2.1 Assumptions

The assumptions are as follows:

(i) The plate material is linear in its elastic
properties. It is also isotropic and
homogeneous.

(it) The displacement variation across the
thickness is linear, yielding constant
transverse shear strains and transverse
shear stresses across the depth.

(i) A small line segment initially
orthogonal to the plate middle surface
would remain rectilinear. However it
will not remain normal to the plate
middle surface after deformation.

(iv) The plate is transversely inextensible.

2.2 Thick plate bending problem

This work considers a simply supported
moderately thick plate bending problem
depicted in Figure 1 defined by the three-
dimensional Cartesian coordinates x, y, z by:
0<x<aq, 0<y<hbh, -0.5h<z<0.5h;

where a and b are in-plane dimensions of
the plate and h is depth of the plate.



Figure 1: Isometric view of rectangular thick
plate
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Figure 2: Cross-sectional view of simply
supported thick rectangular plate under

uniformly distributed load, q,
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Figure 3: Cross-sectional view of simply
supported thick rectangular plate under linear

load distribution g, (X, y) = qo%

2.3 Displacement field

The displacement  expressed  using
transverse displacement of the middle
surface w(x, y, z = 0) and the rotations X,

and %, of the middle surface. At a generic

point (X, y, z) on the plate, displacement
field components are:

u=2zA, (1a)
V=2, (1b)
wW=Ww (1c)

u, v, w are the displacement field
components in the x, y, and z coordinates
respectively. The in-plane displacement

components u(x, y, 0) and v(x, y, 0) vary
linearly with the thickness coordinate
variable, z, rendering the resulting
formulation FOSDPT.

2.4 Strain fields

The strain fields are found from unknown
displacements  field by substituting
displacement fields in the kinematic
relations of small displacement elasticity
theory. Thus normal strains &, €y, &,, are

found as: The formulation does not extend
to large deflection analysis and
geometrically nonlinear problems.
on,

AL (22)
O\

Syy = ZEy (Zb)

6, = z% -0 20)

The shear stains v,,, y,, and y,, are found
as:

on, O\
" [ oy EJ (2d)
ow
Vxe = 7"x + & (2e)
ow
Vye =hy + o (2f)

2.5 Stress-strain law

The stress-strain relations for homogeneous
isotropic linear elastic thick plate material
are used in this paper. The formulation does
not apply to anisotropic, non-homogeneous
plates.

2.6 Stress-displacement equations

The stress-displacement relations are found
from stress-strain and strain-displacements
equations as:

O\

o, = EZ2 6%X+H y (3a)
1—p | ox oy
o/

o, = Ez2 “6kx+ y (3b)
1-pn ox oy



o, o
Ty = Gz[ " ij (3¢)
t, =G (xx ; %) (3d)
ow
Ty, = G [Xy + EJ (36)

G is the shear modulus, E is the Young’s
modulus, p is the Poisson’s ratio.

Equations (3d) and (3e) reveal that tx. and
Tyz are constant across the plate thickness
and hence transverse shear stress-free
boundary conditions at the plate surfaces
are violated. However, shear stress
correction factors are introduced to ensure
that the correct shearing forces are obtained
in this formulation.

2.7 Internal force resultants
The distribution of bending moments Mxx,
Myy and twisting moments Mxy are given by

integrals across the thickness:
h/2

M, = _[ G20z (4a)
—h/2
hi2

M,, = I G,y20z (4b)
—-h/2
h/2

M,, = _[ Ty 202 (4c)

—h/2
The shear force distributions Qx and Qy are
given by:

h/2

Qx = j ksszdZ (4d)
-h/2
h/2

Q= | kydz (4e)
—h/2
where ks is the transverse shearing stress
correction factor.
By substitution of the expressions for
stresses and integration, the internal force
resultants are obtained as:

O\
My = D(a}\'x +H_y] (5a)
OX oy

Oh 57»
my=o{u -3

(5b)

M = D(l—u)(axx . %y] (50)

i 2 oy  ox
Q, - kSGh(kX +%) (5d)
Q, = ksGh(xy N %} (5€)

2.8 Partial Differential Equations of
Static Equilibrium

The PDEs of static equilibrium are
expressed using force resultants as:

_ aMxx aMXy
Qy = o + oy (62)
B GMXy aMyy
Q=+ (6b)
0
;ix (Sy +0,(%y)=0 (6¢)

Substitution of Equations (6a) and (b) into
Equation (6c) gives, after simplification:
2 20°M,, *M
o NL +——+——2+0,(% ) =0 (7)
OX Oxoy oy

2.9 Mindlin FSDPT Equations
Substituting Equations (5a) — (5¢) into
Equation (7) gives, after simplification:

NE)D axy -
DV [6x 6yj_ q,(x,y) (8)

Similarly, substitution of Equations (5a),
(5b) and (5d) into Equation (6a) gives:

o
kseh(xx+@j=@ Py Oy
x) ol ox oy

s
—D(1- Y 9
SouwfZ ) o
Simplifying,

ow D(azxx o2, %, azxXJ
=— + +

axz 8y2 axay _M 8y2

...(10)
D, = k,Gh (12)
Similarly,

DSLXy+%j=2D(1— )[ axy}
oy ) ox oy o

Ay +—=
ox D



O\
Op P, Py (12)
oy ox oy
Simplifying,

o, o 2 o
%Xy+@= LANE y+axx_u Y
D oy x> ey?  oxoy - oxP

...(13)
3. Double Fourier Series Method
(DFSM)

For simple supports at boundaries (0, y), (a,
y), (X, 0), (x, b), the boundary conditions are:
My (0,y) = My (ay) =0
Ay(0,y)=2y(a,y)=0
w(0,y) =w(ay)=0

M,, (x,0) = M, (x,b) =0

Ay (X,0) =X, (X, b)=0
w(x,y=0)=w(x,y=hb)=0
The generalized displacements are
constructed using double Fourier series

terms satisfying all the boundary conditions
as:

W(x,y) = 33 Wy sin(@, x)sin(f,)

(14)

16 y) =3 AL cos(@x)sin(B,y)  (15)

2%, y) =SS By sin(@, x) cos(F,y)

where &, =m7/; B, = N/
m=123...0; n=123,... 0

Wmn are amplitudes of w(x, y)
Amn are amplitudes of A, (x,y)

Bmn are amplitudes of 1, (x, y)

The load 0:(x, y) is represented by the
double Fourier series

qz(x’ y) = iiqmn Sin(amX)Sin(Eny) (17)

gmn are Fourier coefficients of the load
function gz(x, y)
Equation (8) becomes:

fi{&m (@5 + B ) Au Sin(@nx)sin(B,y) +

(16)

|

Bn (7, + B ) B sin(cnX)sin(B, )|

_ —Blzzq sin(@,x)sin(B,y) (18)
Hence,

am<a§1 +B§)Aﬂn +En(6~§1 +B§)an :_qﬁ

...(19)
Similarly, Equation (10) becomes:

37" (A COS(GX)SiN(E,Y) +
Gty Wiy €OS(y X)SIN(B,Y))

:Dﬂgi{—(aﬁw B ) Amn COS(0i X)SIN(B,Y) -

0B, By COS(L,, X)SIN(B,Y) +

1B? Anm €OS(6 X)siN(B,Y)|  (20)

Hence,

A + 0t Wogy = D%(—(aa +B2) A -
BB + 1B AM ) (21)

Simplifying,

AmDRS(—(afn +B2)+ 1B2) ~ Awm —

D_ —
Eamﬁn Bin = 0tWipn =0 (22)

S

Similarly, Equation (13) becomes:
2 2" (A Sin(@nx) cos(Byy) +
BaWonn SIn(at,,X) cos(B,Y))

=D£s§ Z:): {— (afn +B2 ) By SiN(Cy X) COS(B,Y)
— 0By Ay SIN(@L,, X) COS(B,Y) +
HOtE By SIN(Gi, X) cOs(B, )} (23)
Thus, simplifying,

ii(Amn + B Wiy ) sin(a,, X) cos(B, y)

D S @+ BB b+

e, By )SiN(@in X) OS(B,Y) (24)
Hence,



D _ _
Amn + BnWmn = E(_(aﬁw + Br?)an -
s

1B Awn + 1By (25)
Or,
D _ = D _2
ES Ann(_amBn) = Am + E Bin (“am -

(&ﬁw + Br%)) - BnWmn =0 (26)

Using matrix format, Equations (19), (22)
and (26) are expressed as Equation (27):

ap  ap  ag\ Am - q%
@y 8p 8xh| By |=| 0 (27)
az @y ag )\ Wy, 0

where:

- (=2 n2
a11 = O('m(OLm + Bn)

n (=2 n2
A = Bn(am + Bn)

Dz 2 a2
8 = Es(uﬁn - (@n +BY)-
D_ —
gy = == 0Py (28)
DS
Ay = —Qy
8g) = —— 0By —1

S

a, = Dﬂs(uasn -@ +F2))
ag3 =Py

Using Cramer’s rule, the unknown
amplitudes Amn, Bmn and Wmn are
determined in terms of gmn. Hence the
problem is solved for known values of gz(X,
y) for which gmn are found using Fourier
series theory.

4. Results and Discussion

4.1 Uniformly distributed loads

For uniformly distributed load of intensity
q(x, ¥) = o, the Fourier series coefficients
Qmn are expressed by:

4q0 jsm X dx jsm %dy (29)

Integratmg, gives:

16q, mM=135..0
™ mne?’ n=135,... o

30
_0 m=246,6,...© (30)
G =5 n=24,6,... 0
4.2 Linearly distributed loads
The linear load distribution,

qZ(x,y):qo% over 0<x<a 0<y<b
on the thick plate is as depicted in Figure 4.

Figure 4: Isometric view of linear distribution
of loading on thick rectangular plate

By the Fourier series expansion, the
coefficient (of the linearly distributed load)
gmn IS expressed by:

4 35q,x . mmx
=—[[2Zsin—=
Grmn ab!-([ a a

Evaluating the integrals gives:
4 = 80, coszmn (32)
mnm
wherem=135,7,...00 n=1357,...©
The results are presented in terms of
dimensionless displacements and stresses
defined in Equations (33). The results for
displacements and stresses are formulated
in Table 1 for the present study and for
previous works. The results for linearly
distributed loads are presented in Table 2
for present work and for previous studies in
the literature.

Hence, u = U%se'

sin %dedy (31)

W
= T00E ghs* (33)

_ = 2
Oxx = OxUS



Ty = TylS T = T US

Table 1
In-plane displacements u(0,0.5b,+0.5h), transverse displacements w(0.5a, 0.5b,0), in-plane

normal stress &,,(0.5a,0.5b,£0.5h), in-plane shear stress t,, at (0,0,£0.5h), shear stress

Xy

TSR TEE at (0,0.5b,0) in isotropic, square plates subjected to uniform transverse load.

s =% Reference E/Ilztgels a W O Ty T T
Present FSDPT (3'70;0‘/10) (_i’zgg% (_2:551307/0) 0.195 (_301'?’534?,/0) 0.495
Reddy (2004)  |HSDPT (332,7;)) (3?576;)) (_2:2209/0) 0.218 (27488(;) 0.452
Pagano (1970) (EE"';‘(Sat(':‘t’)'ty 0072 | 5604 | 0307 | - | o460 | -
2%‘1%‘3" e S¥edlrsppr (20.'?87;) (_83225;)) (305381‘2) 9208 (%‘532) 0.420

* 8%‘31') o0l PAYRI | ipsppT (3'7027%) (58885‘;) (-(3)23207@) 0.185 (3(,).'74;;) 0.451
soyvado19)[esorr | 018 [ 8816 T 0300 110" 0481 T
Rouzegar and
Abdoli-Sharifpoor |FE-RPT — — - - - -
(2015)

Kirchhoff (1850) [P/ (29%;0) (_242'_40392/0) (-223/0) 0195 | - | 0495
Present FSDPT (flg;f/t) (égg%) (%'égz/f) 0.1946 (_252308/0) 0.495
Reddy (2004)  |HSDPT (29%2) (51_'6657(30) 0('3330 0.1990 (%_1812/8) 0.486
Pagano (1970) (EE'?(ZI(':%'W 0073 | 4640 | 0289 | - | 0487 | -
corgy o YTSDPT | (o | (oo | (@236 | ©15 | (@) | 0481

10 (ngﬁzl) and Pawar| s ppr (fé);;) (é'gf;)) (20202? 0.193 (c()).ff;)) 0.486
Sayyad (2013)  |ESDPT (3'7047(2) (éggi) (20202? 0.204 (fff;) 0.490
Rouzeger and
é%(i(él)i—Sharifpoor FE-RPT - (é2625(y00) (0022%1%2) 0.1971 (_0;1172102) -
Kirchhoff (1850) [SFT (ﬁgg(;)) 4o (96?5897(,2) 01946 — | 0.495

Table 2

In-plane displacements T(0,0.5b,+0.5h), transverse displacements w(0.5a, 0.5b,+0.5h), in-
plane normal stress ,,(0.5a,0.5b, £0.5h), in-plane shear stressT,, at (0,0,+0.5h), transverse

10



shear stresses

distribution of transverse loading q(x, y) = qo%

727 (0,0.5b, 0),

7.5(0,0.5b,0) in isotropic square plates under to linear

S =% Reference Il?/llztdeels u W Gy Ty | T TEE
Present Results | FSDPT (g'gg/g) (_i:gg@ (_g:égio) 0.097 (_205.1266?%) 0.247
Reddy (2004)  |HSDPT (g'ggg/f) (3235’(;) (_2:3200/0) 0.109 (2'72;0/10) 0.226
Pagano (1970) (EE'izt(';f)“y 0.0360 | 2847 | 0153 | - | 0230
S:;f:c: (2013) 0 s ((2)'23;33/2) (-g:gggo) (30912530) 0.104 (4(1).'722?0/10) 0.210
* 22”1912') o0 PAYRI | psppT (gggg/f) (226?82;)) (-gé;l?/o) 02 (gsazf;)) 0.225
Sayyad (2013)  |ESDPT (("1%?;2;3 éfﬁ% (-223280) 0.111 (2'32;(30) 0.236
Rouzegar and
Abdoli-Sharifpoor | FE-RPT - — - - - _
(2015)
Kirchhoff (1850) [rroT / (2'232/2) 2218 (-215332) 0007 | - 0237
Present FSDPT (2'.‘;?;2/8) (ég’g’(;) (_g:égf/o) 0.097 (_302:.13685%) 0.248
Reddy (2004)  |HSDPT (2'2%2) (5'53’;(;)) ?6%2)4 0.101 (8'8224(23) 0.243
Pagano (1970) (EE"';‘(S:(':‘;)“V 00365 | 2320 | 0144 | - | 0244 | -
S:;)?;dl (2013) | Tsopt 0('8;)(3)5 (-522(%03/0) (g2155<30) 0.097 (3?22550) 0.241
0 |G P s 0550 826 | 02
Sayyad (2013)  |ESDPT ((2"2%/?) (02.'3392;) (26102;1 0.102 (3'2234;0) 0.245
Rouzeger and
é%ci(;l)i-Sharifpoor FE-RPT - (%iig/i) (%11121/3) 0.0781 -
Kirchhoff (1850) |°FT 8‘%3;3/2) (_2431(,2) (_8%303/0) 0097 | - |0.248

4.4 Discussion of Results
This paper has presented a rigorous first
principles derivation of PDEs for flexural
analysis of Mindlin’s plate. The equations
need shear correction factors but satisfy
kinematic, constitutive and equilibrium
equations.

The GDEE are a coupled system of
three equations in three displacements

11

parameters. The equations are solved using
the DFSM which reduced the system to
algebraic  equations  with  unknown
displacements amplitudes. Solutions were
obtained for two cases of uniformly
distributed loading and linearly distributed
loading and illustrated in Tables 1 and 2
respectively.



Table 1 presents the in-plane
displacements w(0, 0.5b,+0.5h), transverse

displacement  Ww(0.5a,0.5b,0), in-plane
stress G,, (0.5a,0.5b,+0.5h), in-plane shear

stress T,, at (0,0,40.5h), and transverse

shear stress from constitutive relations (CR)
7o}, and T, computed from equilibrium
equations (EE) denoted by 7= at
(0,0.5h, 0) respectively.

The results in Table 1 are presented for
homogeneous, isotropic square plates
under uniform loading. Table 1 also
presents comparative results from previous
related studies by Reddy (2004), Pagano
(1970), Ghugal and Sayyad (2013), Ghugal
and Pawar (2011), Sayyad (2013) and
Kirchhoff (1850).

Table 1 shows that for a/h = 4, the
present results are closely similar with
previous results obtained by using HSDPT,
HPSDPT. Present results differ from the
exact results of Pagano by 2.78% for u, -
1.07% for w and -6.51%for G,,, fors=a/h

= 4. This illustrates that for a/h = 4, the
present results more accurately predict the
values for T and w than Reddy’s results

which differ from the exact results by 9.72%

for U, and 3.07% for w.

Table 1 further shows that for a/h = 10,
the present results differ from the exact
results by 1.37% for T, 0.65% for w, and -
0.59% for G,,. The present results for a/h
=10 are comparable to previous results that
used HSDPT, TSDPT, HPSDPT, FSDPT,
and FE-RPT.

Table 2 presents the in-plane
displacements w(0, 0.5b,+0.5h), transverse
displacements w(0.5a,0.5b,0), in-plane
stresses G, (0.5a,0.5b,+0.5h), in-plane
shear stress at 1,,(0,0,40.5h), and

CR _EE
zx 0 Tax

transverse shear stresses < at
(0,0.5b,0) respectively.

The results in Table 2 are presented for
homogeneous, isotropic square plate under

12

to linear distribution of loading. It further
presents comparative results from previous
related studies by Reddy (2004), Pagano
(1970), Ghugal and Sayyad (2013), Ghugal
and Pawar (2011), Sayyad (2013) and
Kirchhoff (1850).

Table 2 illustrates that for s = a/h = 4
and s = a’h = 10, the present results are
closely similar to previous results obtained
using HSDPT, TSDPT, HPSDPT, ESDPT
and elasticity methods. For a/h = 4 the
present results differ from the exact
elasticity results of Pagano (1970) by 2.78%
for u, -1.05% for w, -5.88% for G,,. The

differences of the present results are
comparable to the differences obtained
using HSDPT, TSDPT, HPSDPT, ESDPT
For a/h = 10, the present results differ from
the exact results by 1.37% for u, 0.65% for
w, and -0.69% for &,,. The results are

comparable to previous results by Reddy
(2004), Ghugal and Sayyad (2013), Ghugal
and Pawar (2011), Sayyad (2013) and
Rouzeger and Abdoli-Sharifpoor (2015).

5. Conclusion

The study has presented a detailed rigorous
first principles derivation of Mindlin plate
bending formulation. It incorporates
transverse shear stress correction factors,
and violates shearing stress-free boundary
conditions at top and bottom surfaces
(z = £0.5h). In conclusion:

() Mindlin’s plate bending problem
satisfies kinematic relations,
constitutive laws and equilibrium
equations; and is considered exact
within the framing of the underlying
hypotheses of small displacement
elasticity theories for homogenous
isotropic thick plates.

(i1) the formulation was done using the
equilibrium approach.

(iii) the  present results for inplane
displacements and transverse

displacement for uniformly distributed
transverse loads are comparable to
results previously obtained using



HSDPT, HPSDPT,
TSDPT.

(iv) the present results for inplane normal
stresses and inplane shear stresses for
linearly distributed loadings are also
comparable with previous solutions
that used HSDPT, HPSDPT, ESDPT
and TSDPT.

(v) The present results violate transverse
shear stress free boundary conditions,
do not accurately predict the transverse
shear stress obtained by constitutive

relations (<S?). The <SF for uniformly

distributed load obtained by the
present study is -31.54% different
from the exact results for a/h = 4 and -
19.34% different for a/h = 10. This is
because the FSDPT violates the
transverse shear stress-free boundary
conditions at the plate’s top and
bottom surfaces (x, y, +0.5h)

(vi) For the case of linear distribution of
loading <S® from this present study is

-28.26% different from exact solutions
for ah = 4; and -32.38% different
from the exact solution for ah* = 10.
This is because the present FSDPT is
in violation of the shear stress-free
boundary conditions at both top and
bottom surfaces z = +0.5h

ESDPT and
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